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WARING THEOREMS OF NEW TYPE. 
By L. E. Dickson. 


1. Denote az* + by® by (a,b) and similarly for several variables, which 
we restrict to integral values = 0. We shall prove 


2 THEOREM 1. Every integer = 0 is a sum of three values of any of the 
forms (1,1,j), =1,2,5; (1,2,k), k=2,---,6. 


For (1,1, 1), this is Waring’s theorem on nine cubes. 


3 THEOREM 2. Lvery integer = 0 is a sum of five values of (1,2). All 
wmtegers > 11? (19.006868) are sums of five values of {1, 5). 


In Theorem 2 we may take zero as one of the ten cubes. 

Call a form universal if it represents all integers'= 0. Theorem 5 gives 
6344 universal forms each a sum of nine products of a cube by a positive 
integer. Certain of them yield Theorem 1. 

Our method is a direct generalization of the classic one for nine cubes.” 
For some of our forms the auxiliary work in Lemma 3 is much simpler than 
that for nine cubes. The problem is under investigation by different methods. 


2. The four lemmas. 

Lemma 1. If p is a prime =2 (mod 8), every integer not divisible by p 
is congruent to a cube modulo p*. 

This well known Lemma (Transactions, loc. cit.) implies 

Lemma 2. If p=2 (mod 3), and if is not divisible by the prime p, 

| every integer not divisible by p is congruent modulo p” to the product of a 

cube by 

; Consider the forms 

2, 

D= 2? + + 22’, + 2y?+ 322, + dy? + 42’, 

4 2y?+ 527, + dy? + 62. 


E 1Dickson, Transactions of the American Mathematical Society, vol. 30 (1928), 
© Ppp. 1-18. The discussion on pp. 7-13 becomes simpler by our new Lemma 4 since 
e now obtain the final © at once without reducing a preliminary C. As on p. 14, 
| We readily extend our Lemma 8 to further values of P. 
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Lemma 3. Let P and e be gwen integers =0. If P=5 (mod 16), 
every integer = P*-11* is represented by P*y* + 6f, where y=0 and f is 
B, HL, or F. If P=5 (mod 48), every integer = P*- 22° is represented by 
Pey® + 6f, where y= 0 and f is A, D, or H. If P=11 (mod 48), every 
integer = 23° 1s represented by P*y®+6f, y2=0, f—=A or C. If 
P=11 (mod 50), every integer = P*- 11° is represented by P*y® + 64 with 
y= 0. 

The proof is simplest for B, #, F, or G. Elsewhere * I proved that F 
represents exclusively all positive integers not of the form 4*(16r-+ 10). 
Hence £ represents every positive integer congruent modulo 16 to 


(1) 1, 3, 4, 5, 6, 7%, 9, 11, 12, 18, 14, 15, 


or 2, which we omit. Let (y,u) denote the least positive residue of 
+ 6» modulo 96. The 72 distinct numbers (y,»), with OS and 
» ranging over (1), together with 


(6,4) —48, (6,6) —60, (6,12) —0, (6,14) =12, (7,1) —61, 
(7,7) =1, (7,9) =18, (7,15) = 49, (8,4) 56, (8,6) —68, 

(8,12) —8, (8,14) —20, (9,3) 75, (9,5) —8%, (9,11) — 2%, 
(9,13) = 39, (10,4) —64, (10,6) — 76, (10,12) —16, (10,14) — 28, 
(11,1) 89, (11,7) —29, (11,9) — 41, (11,15) — 77, 


are found to be a rearrangement of 0,1,- - -,95. Since the product of the 
numbers (1) by 5 (and hence by P) are congruent modulo 16 to the same 12 
numbers permuted, we conclude that, if is any integer, 


(2) n = P*y® +-6u (mod 96) 


has integral solutions with OS y= 11, , in (1). Thus there is an integer 4 
for which 


(3) n= + 96g = P*y? + 6m, 169. 


Let n= 11°. Then n= P*y’, m = 0, whence m is represented by 


Proof for B. The form B represents exclusively all positive integers not 
of the form 4*(16r + 14). Hence B represents all congruent modulo 16 to 


(4) 1, 2, 3, 4, 5, Y%, 9, 10, 11, 12, 13, 15, 


or 6. The 72 residues (y,~), with y= 5 and in (4), together with 


® Bulletin of the American Mathematical Society, vol. 33 (1927), pp. 63-70. 
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(6,2) = 36, (6,4) = 48, (6,9) =178, (6,10) —84, (6,12) =0, 
(7,5) = 85, (7,7) =1, (7,13) —37, (7,15) 49, (8,2) —44 
(8,4) = 56, (8,10) =92, (8,12) —8, (9,1) —63, (9,3) =%5, 
(9,9) = 15, (9,11) (10,2) = 52, (10,4) —64, (10,10) —4, 

(10, 12) = 16, (11,5) =17, (11,7) =29, (11,13) = 65, (11,15) = 77, 


? 


form a rearrangement of 0,1,---,95. The products of (4) by 5 are con- 
gruent modulo 16 to the same 12 numbers rearranged. Hence (2) is solvable 
with 0OSy=11, p» in (4). We have (3) with m represented by B. This 
proof applies unchanged also to F. 


Proof for G. By Bulletin, loc. cit., G represents exclusively all 
positive integers 4 25*(25r + 10) and hence represents all =p (mod 50), 
pow l,-:-,9, 11,---,14, 16,+-+,24, 26,-:-,34, 36,---,39, 41,---, 49. 
Since 11 & 5 = 5, multiplication yields 11j==7 (mod 50) for 7 = 5, 20, 30, 45, 
i.e., for all the values of » which are multiples of 5. When a ranges over the 
integers prime to 5 and < 50, the same is true of the residues of 11 2 modulo 50. 
Hence » and lip take the same residues modulo 50. For 0S y=11, the 
residues modulo 300 of y* + 6y are found to be 0,1,- - -, 299. Multiplication 
by P= 11 (mod 50) shows that n= P*%y* + 6y (mod 300) is solvable for 
every n with OS y=11. 


Proof for H. The form H represents* exclusively all positive integers 
not of the form 4*(8s-++ 5). Hence H represents all = 


(5) 2, 3, 6, %, 8, 10, 11, 12, 14, 15, 


or 1 or 9 (mod 16). Employ 0Sy35, all win (5); p=7,11, y=7, 11,15; 
11,15, y—9,13,17; 8, y= 7, 9,10,11,18; p12, y= 6,-- -,9, 
11,14, 22. The resulting residues (y,) form a permutation of the numbers 
0,---,95 except 6+ 8r (r=0,--+,11). The latter are the values of 
(y,m) for »=1,9, y=0,2,4,6,8,10. Hence, for e—0, (2) is solvable 
with OS 22 and »—1,9 or one of (5). In 5(6-+ 8r) —6 + 8p, 
p=3- 5r ranges with r over a complete set of residues modulo 12. Hence 
multiplication by 5 of the 12 numbers 6+ 8r or of the 10 numbers (5) 
merely permutes them modulo 96. Evidently the same holds when 5 is 
replaced by P. The final step of the proof for H is the same as for A 
(Transactions, loc. cit.). That proof for A applies unchanged to D since A 


and D each represent exclusively all positive integers ~ 4*(8s + 7). 


2B. W. Jones, Chicago Dissertation (unpublished), 1928, p. 72. 
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Proof for C. The form C represents* exclusively all positive integers 
~ 4*(8s +3). Hence C represents all =1,4,9 or 


(6) 2, 5, 6, %, 8, 10, 13, 14, 15, 


modulo 16. Employ 0 Sy all pin (6); »=—5, 7, 8, 13, 15, y = 6, 8, 10; 
p= 6,14, y—9,13,17,21; »—2,7,8,10, y—%,11; p—7,15, 
p=2, y=15,19,23; p=—8, y= 14,18, 22. The resulting residues (y, ») 
give 0,- - -,95 except 0, 32,64. The proof for C is now completed as for A 
in (Transactions, loc. cit., p. 9), since the products of (6) by 11 are congruent 
modulo 16 to the same nine numbers permuted. 


Lemma 4. (Given R and the positive numbers s and t such that 
(7) s=t+t/9, (ts RS a, 
we can find an integer 1 = 0 satisfying 
(8) K = 3[t(s —t)?]”. 


Ifs<R+K, (8) holds fori Henceforth, lets=R-+K. Deter- 
mine a real number r so that s—tr? = FR. By (1%1), 


r=1/3. 


We may write r—1-+f, where 0=f <1 and 7 is an integer =0. Since 
S—# and R=s— ti’, as desired in (8). Next, 


= tu, 
w— 1° — (r—f)* — f(8r—f) < < 31%, 


since 8r—f>0. By t= R, tr?=s—t, whence 
3tr? = K, s— tw —R=—tw < 3t° SK. 


3. General theory. When C > 0 and p > 1, Cp** increases indefinitely | 
with z. To any s—t> 0 therefore corresponds an integer n = 0 for which 


(9) <= < Cp 


THeEorEM 3. Let s, t, l, hi, he, hs be given positive integers for which 
s=t+t/9*. Choose a prime p, p=2 (mod 3), which divides neither t nor 
1, such that, as a composite of the cases in Lemma 8 with P = p, every integer 
= p°g® is represented by p*y® + 6f for every integer e = 0, where y = 0 and 


* Dickson, Annals of Mathematics (2), vol. 28 (1927), pp. 340-341. 
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(10) f = + hows? + hgts?. 

Restrict e and n to integral values for which 

(11) e== 0, 1, or 2, e-+ n=0 (mod 3). 

Choose v and C so that, when n= v (see § 4), 

(12) (C—l—w)p'?= Cp" + 2kS (6+ w)p™, Cp*=t, 
where 

(13) w= 2(hi + he+hs), =3(tC?) 


Determine n by (9). Then if s=t+Cp*’, there exist nine integers 
a,b,c, yi, (C= 1, 2,3), each = 0, such that 


(14) s= ta’ + 1b? + +3 hi + 2°). 


The final inequality (9) gives K < k for K in (8). 

First, let Cp°**+ 2kSs. Then and Cp"-+& are values of 
satisfying (72). Hence by (8) there exist integers J and J, each =0, 
such that 

Ss—th < Cp™+k, 
Cp" +kSs—td® < + 2k. 


Since these intervals contain no common number, 1 J. Hence there exist 
two distinct integral values of 1 which satisfy 


(15) Cp" <s—t® <Cp™+2kh, 


Second, let Cp*"+2k>s. By (91), (15) holds when 10 or 1. 
Hence in both cases there exist two distinct integers and hence two consecutive 
integers 7 — 1 and j which are both values of 1 satisfying (15). At least one 
of the integers s — ¢(j —1)* and s — ¢j® is not divisible by p. In fact, their 
difference is the product of ¢ by 3j2—3j +1. If p= 2, this is not divisible 
by p. If p> 2, 

12(3j? — 3j + 1) — (6j—3)? +3 


is not divisible by p since the reciprocity law gives 


Hence there exists an integer a = 0 such that (15) holds when 1 =a, and 
such that s — ta® is not divisible by p. By Lemma 2, s — ta* = 1° (mod p"), 
where 8 is not divisible by p. Evidently 8B =b, where 
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(16) s—ta® = 1b? + p"M, 0<b< 
By (122) (16) and (15) with 1—a, 
Cp S 1b* + pM < (6+ w)p, (C—1)p < Cp — 
(C —1)p*" < p"M < (6+ w)p™. 
Cancel p" and write N+ Thus 
(17) (C—l—w)p™ < N < 6p", 
(18) s = ta® + 1b? + p"(N + wp). 


By an assumption in Theorem 3, N is represented by p*y® + 6f if 
N = p’g* and hence by (17,) if (12,) holds. By (11), p"*¢y® is the cube of 
an integer c=0. Thus 
(19) p"N = 6fp", 
(20) s = ta® + 1b? + c® + p"(wp*" + 6f). 


Since w = 23hi, 


(21) hal (p" + + wp + 


Evidently (20) now gives (14). If a; > p” for a certain 1, then f > p™ 
by (10), and N > 6p" by (19), contrary to (17). Hence each of our nine 
cubes is = 0. 


4, Conditions (12). For’ n=3, the minimum of 2n—e is 6, and 
(12,) holds if 


(22) C—l—w2 (g/p*)*. 
Henceforth let n= 4, Then 1/p”* =1/p? and (122) holds if 
(23) C + (t0?)*°(6/p?) S 6 + w. 


For example, consider D. Here p=5, g=22, w=10. First, let 
1=4. Then C > 14% by (22), C? > 215, C?/* > 5.99 and (23) fails. When 
3, C = 13.68147 and (23) gives 4. 

In this way we obtain the complete solution of (12) when n= 4: 


5Let »=3. We have (23) with p* replaced by p. This case is excluded for 
forms B, D, HE, F, G. . But for C, it arises only when 1=2, t=1; 1=1, t =1,2,3. 
For H, there are many sets 1,t. Any set with »=3 is evidently a set with »=4. 
We obtain universal theorems for all the latter sets. Hence we ignore those special 
sets which are also sets with v = 3, in spite of the lowering of the constant C3. 
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Bp=5. Jed, [=2, 42; 
1, £104. 


Dp=5. 2, i516; 1, ¢= 42. 
E, l=3, tS7; [== 2, $21; 
[== 1, ¢= 50. 
F,p=5. == 3, 2, £16; 
1, 87. 


G,pwll. l=—5,1518; [—4,15163; 612; 
1—2, 1619; t< 3545. 


THEOREM 4. For all these sets l,t such that t is not divisible by p, and 
for the least C determined by (22), conditions (12) hold, so that the final 
statement in Theorem 3 is proved. 


5. Universal theorems. We employ a lemma whose proof (Transactions, 
p. 4) is very similar to that of our Lemma 4. 


Lemma 5. (Given the posite numbers s and t and a number T for which 
0S=TSs, t= 9%s, we can find an integer 1= 0 satisfying 


(24) T<s—ti® < T + 3(ts?)¥, 


Consider the unfavorable case G = x? + 2y? + p=11,1=—1, t =7, 
tS 3545. By (22), the minimum C is 17.00075. The form ® J = (11122) 
represents all positive integers < 40,000. For 3s?/* = 40,000, Lemma 5 with 
[=0, t=1, shows that s=7*+ J if log s = 6,1874082. Apply Lemma 5 
with —0, and s replaced by o. Hence if 3(507)'/*—s, viz., 
log o = 8.2159453, all positive integers So are represented by (14, 22,5). 
Repeat and take 3(5S?)1/* =o, whence log S = 11.2587510. Hence all posi- 
tive integers = 8 are represented by 1,4, 22,5). Finally, apply Lemma 5 with 
T =0,t—r,s replaced by v. Take 3(rv?)'/? = 9, whence log v = 14.3976364. 
Hence all positive integers = v are represented by L = (14, 22, 52,7). By §§ 3, 4, 
all integers = K —7r-+ Cp are represented by L. Since log K < 13.7272, 
K <v. The two results prove that all positive integers are represented by L. 

Evidently we obtain a like conclusion if we start with B, D, FH, F, or H 
instead of G, since ascent again begins with J. 

For forms (1;, 5.,¢t,1) obtained from C, we take 1 1 and begin ascent 


° Bulletin of the American Mathematical Society, vol. 39 (1933), p. 720. 
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from (1,); but we can make only three ascents (instead of four as heretofore), 
The integers N < 12,000 which require 7, 8, or 9 cubes are listed by Jacobi.’ 
It is readily verified that N — 5 is a sum of six cubes unless V = 47,111,300. 
But 111 — 5-271 and 300 — 5- 2* = 260 are sums of five cubes; while 
47 —5—5 is a sum of four. The table by Von Sterneck * shows that each 
integer > 8042 and < 40,000 is a sum of six cubes. Hence all integers 
< 40,000, except only 47, are represented by (16,5) while all are represented 
by (1¢,5.). Taking ¢5 and making three ascents, we find that (1g, 5) 
represents all integers < s if logs = 10.143227. Our least C is 15.006868; 
for it, log (¢ + 11°C) = 13.6730025 = L. 

But by use of Von Sterneck’s table to 40,000, we can show that also all 
integers from 40,000 to 700,000 are sums of six cubes. The three ascents 
now lead to s, with logs > L. 


THeroremM 5. The following 6344 forms are universal: (1s, 22, t, l), 
24, t, l), (1s, Re, 32, t, l), (1s, 22, t, l), (13, Ro, t, l), (13, Ro, 62, t, l), 
where t,l have the values under B, D, FE, F, G, H, respectively in § 4. Also, 
(16, 5s). 


6. There exist infinitely many primes p= 2 (mod 3) such that p is any 
of the four forms P in Lemma 3. If 0 < q1, take p*= g*/q. Then (22) 
holds if C=/+w-+q. Evidently (23) fails if ]=6, but holds if 75 
when p is sufficiently large. The same is true when vy = 3 whence p? is replaced 
by p in (23). Hence the general theory in §3 applies when v = 8 or 4, 
1/55, ¢t arbitrary, and p sufficiently large. 


Lemma 3 fails for the majority of forms f. For example, 2? + y? + 32° 
represents all positive integers ~9*(9r-+ 6); but 9=y* + 6y (mod 27) 
requires »==6(mod9). Also, 2? + y? + 62? represents all ~9*(9r + 3), 
while 18 = y* + 6p (mod 27) requires »==3 (mod 9). Next, x? + 3y? 4+ 32° 
represents all 4 9*(3r + 2), while 3=~y* + 6y (mod 9) requires » = 2 (mod 3). 
Finally, 2? + y? + 42? represents all except 8r-+3 and 4*(8r+ 7), while 
+ (mod 8) requires »==3 (mod 4). 

Report will be made later on the result of using various primes p instead 
of our single p, on forms involving only eight cubes, and on the generalization 
of my papers on sums of values of cubic polynomials to sums of their products 
by arbitrary integers. 


THE UNIVERSITY OF CHICAGO. 


7 Werke, VI, p. 323; Journal fiir Mathematik, vol. 42 (1851), p. 41. 
* Akademie Wissenschaften, Wien, Sitzuwngsberichte, vol. 112, Ila (1903), pp. 1627- 
1666. 


FUNDAMENTAL SYSTEMS OF UNITS IN NORMAL FIELDS. 


By J. WEIss. 


Recently Professor Latimer proved some interesting theorems? on the 
fundamental systems of units in algebraic fields cyclic with respect to the 
rational field. Here some of these theorems are extended to non-cyclic alge- 
braic fields by a consideration of the integral group ring as a ring of operators 
for the group of units in the field.” 

Let 2 be a normal extension of degree g of the rational field and G the 
Galois group of 2. From the Galois theory it is known that the maximum 
real subfield A of © belongs to a subgroup H of order one or two according 
as © is real or imaginary. In either case denote the degree of A by r+ 1. 
In a normal field a unit 4; can always be chosen in A such that 7 and its 
conjugates generate a subgroup M of finite index m in the group of all units U 
of 0. Every r of the conjugates form a system of independent units in 0. 

The quotient group U/R, where F is the group of roots of unity in Q, 
is invariant under G. Since M is generated by a complete set of conjugates 
under G, the quotient group M/R’, RF’ being the subgroup of roots of unity 
found in M, is also invariant under G. When these two quotient groups have 
been written additively F and R’ correspond to zero, and throughout the paper 
we shall so write them. Note that the classes of U/R containing units which 
form a fundamental system of units in 2 form an independent basis for U/R, 
while any r of those classes of M/R’ which contain one of the conjugate units 
form an independent basis for M/R’. 

If ¢ is any unit of Q and S any element of G, by S{ we shall mean that 


g 
element obtained from ¢ by performing the operation 8S. By > a,Si¢ we shall 
4=1 


mean the unit I (Sig)*. Hence the group ring with rational integral 
4=1 


coefficients, which we shall denote by [G@], can be taken as a ring of operators 4 
for the additive modules M/R’ and U/R. 


*C. G. Latimer, American Journal of Mathematics, vol. 56, no. 1 (1934), pp. 69-74. 

* The author is indebted to the late Professor Emmy Noether for suggesting this 
method of treating the problem. 

*H. Minkowski, Goettinger Nachrichten (1900), p. 90; H. Hasse, Klassenkoerper- 
theorie, Anhang. Theorie der Einheiten. 

*E. Noether, Mathematische Zeitschrift, vol. 30, pp. 641-692. 
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We shall use a notation which will combine the cases 2 real and Q 
imaginary. If in all that follows the sum 1/23H, the sum being over the 
elements of H, is replaced by the identity H, the imaginary case reduces to 
the real case. Let (G) denote the group ring with rational coefficients. The 
left ideal (G) SH can be written as the direct sum of the two left ideals (@) F, 
and (G)H,, where 1/g3G and = 1/23H —1/g3G are idempotents. 
Write the group G=H+S,H+-:--+S8r,H. Using the integral group 
ring as a ring of operators, we shall set up an operator isomorphism between 
the [G@]-left module [G]mL, = [G]m/22HE,, which we shall denote by M, 
and the additive module M/R’. Note that 1/23Hy, =, and label the con- 
jugates of », so that S;1/23Hy, = yi, 1 = 2, 3,---,r-+1. Further denote 
the class of M/R’ containing { by ¢*. If we let 


m/22HE, = mE, m* 
and 


m/2 = ni* (1 = 2, 3,° 1), 


we have the desired operator isomorphism. Now 


r+1 


r+1 
m/2 > > = () 
4=1 i=1 
and 


r+1 
m/2 > —> aini™ 
i=1 i=1 
equals zero if and only if the a; are equal. Note that if 


m/2 >, aS, .HE, ¢* 
4=1 
and if 
r+1 
= m/2 > > 
4=1 
then 


r+1 


W, — W, = m/2 > (ai — = 0, 


and a; —b; =k, thus showing that w, and w, differ only by zero. We con- 
clude that only r of the elements m/23HE2, m/2S,3HE.,- - 
are linearly independent, and any r of them may be taken as an independent 
basis of Mt. 

Since M is of finite index m in U, the m-th power of every unit in 0 is 
found in M. From the operator isomorphism we have established, we see that 
the image of every class of U/F is found in the [G@]-left module [G]E.. 
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If £:, -, form a fundamental system of units in U, we have w’; mé,*, 
wu’, an element of Mt, i—1,2,---,r. Hence Thus all 
linear forms of the u; with integral coefficients generate a module M{ which is 
operator isomorphic to the additive module U/R, the integral group ring being 
the ring of operators. Note that if the elements 1, v2,- - -, vr are elements of 
a second basis of 11, then (v1, Ur) = (th; U2," +, Ur) A, where A is a 
matrix whose determinant equals + 1, but then 


and ¢,’, fo’, - -, ¢,” form a fundamental system of units of U. Thus we have 
a one to one correspondence between the independent bases of 1 and the 
fundamental systems of units in U. 

The above operator isomorphism enables us to establish a criterion for 
the existence of a fundamental system of units composed of conjugates. If 
the modules {Jt and MU are operator isomorphic under the integral group ring, 
we see that a fundamental system of units composed of conjugates may be 
chosen. On the other hand if a fundamental system of units composed of 
conjugates exists, Jt and WU are operator isomorphic. Hence we may state 


THEOREM 1. A necessary and sufficient condition for the existence of a 
fundamental system of units composed of conjugates is that the modules M 
and Ut be operator isomorphic under the integral group ring. 


Note that if © is real or if the subgroup H is normal, Mt is a two sided 
[G]-module, generated by a single element. Hence in these cases our criterion 
for the existence of a fundamental system of units composed of conjugates is 
analogous to the one given by Latimer.® 

We may also draw some conclusions concerning the existence of a funda- 
mental system of real units. If © is imaginary and a fundamental system 
of real units exists, the conjugate imaginary 7% of a unit 7 equals p%y, where 
pis a root of unity generating R. In this case every class of U/R is invariant 
under H. However, from the operator isomorphism we have set up, we see 
that every class of U/R is left invariant by H, if and only if H is invariant. 
Moreover, if every class of U/R is invariant under H, a unit and its con- 
jugate imaginary are found in the same class. Hence we may seek funda- 
mental systems of real units only in those fields whose maximum real subfield 
is normal. 


THEOREM 2. A necessary condition for the existence of a fundamental 


°C. G. Latimer, loc. cit., Theorem 2. 
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system of real units in an imaginary field 2 normal with respect to the 
rational field is the invariance of the subgroup H. of the Galois group G to 
which the maximum real subfield of Q belongs. If H is invariant the con- 
jugate imaginary of a unit of Q equals p%, where p is a root of unity. 


Note that the conditions of the above theorem are satisfied in Abelian 
fields. In all that follows we shall assume that H ‘is an invariant sub- 
group of G. 

In case 2 is an imaginary cyclic field, the above theorem enables us to 
prove without using a matric representation of the group of units Latimer’s 
theorem that a fundamental system of real units exists. Let £1, 
be a fundamental system of units. Since G is cyclic, H is invariant and 
Let H = being a generating element of G. If a; = 
the 6; integers, we choose the units p’*{; as the elements of a fundamental 
system. These are real since = = — We 
shall show that each a; is even. Recall that R is generated by a primitive even 
root of unity. Let Sp =p", then from which we conclude 
that h is odd. Now letting Sf; and — we have 


where is the conjugate imaginary of and Using the 
relation £; = we obtain 


and since £;- - - &;“" is in 0 as well as its square 
Operating by S on both sides of this last equation, we obtain 


which gives 


Since hf is odd we have proved our proposition. 

We seek the image of those classes of U/R which contain units from a 
subfield T of 2. Let the elements of K, the subgroup of index & to which 
the subfield T belongs, be K, =F, K.,---,Ky. Write G in terms of its 
v cosets with respect to the subgroup generated by K and H. If K con- 


°C. G. Latimer, loc. cit., Theorem 1. 
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tains H, vk, while if K does not contain H, v=k/2. Let y* be a class of 
U/R which contains a unit from the subfield T, and its image in [@G]E, be 

i=1,2,---,s, where s =h/2 or h according as K does or does not contain H. 
Since Kn* —7*, Kw=w, K any element of the group K. Equating 
coefficients in Kw and w, we have a; — a, = t, bs +, = 
the subscripts k being a permutation of the subscripts 1. Hence 


8 
> (4 —%) = st =0, and a; = a. 
4=1 


By operating in turn with each element of K, we see that the ai, bi,- + -, v4, 
respectively, are sets of equal integers. Thus to each class of U/R which 
contains a unit from the subfield T corresponds an element of the form: 


1/2(a,3K;3H + 


These elements are contained in a module & which is a right-sided [G]-module. 


8 
If we regard the v sums 1/2 } KiXHS;E, as elements, we see that every v —1 
i=1 


of them form an independent basis for the module &. Note that ® may be 
generated by a single element 1/23K;,3HE:, by multiplication on the right 
by [@]. Further if the subgroup K is invariant, R is a two-sided [G]-module. 
We may summarize as follows: 


THEOREM 3. The images of those classes of U/R which contain units 
from the subfield belonging to the subgroup K of G are found in the right- 


sided [@]-module (1/2 
4=1 


We now apply the theory developed thus far to the case where G is the 
direct product of two subgroups S and T of relatively prime orders s and f, 
respectively. Hence one subgroup contains H, say S does. We need to bear 
in mind that we are assuming H an invariant subgroup of G. For convenience 
let s/2 = Now (G)#, contains the following idempotents : 


I, =1/s3SE, = 1/s3S — 1/g3G, 

I, = TE, = 1/(2t)3TSH —1/g93G, and 

I, =(1/23H —1/s3S —1/t3T) = 1/23H —1/s3S —1/(2t)8T3H + 1/g3G, 
t=1,2,3. Hence (G@)F, is the direct sum of (@)I2, and (G)IJs. 
Now consider the submodule ¥% formed by the direct sum of R—[G]h, 
and T—[G]I;. RM has an independent basis of r, = t—1 of 

the ¢ elements J,, -, T+J,, ©, an independent basis of = q—1 of 
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the q elements 1/23HI2, - -,1/2%HSql2, and an independent 
basis of r—t—q-+2 elements. Since is a submodule of &, its basis 
can be expressed in the form: 


(t= 
UW, = + 
+% 


where the 2, x;’,z;” are linear combinations with integral coefficients of the 
base elements of # and y; and y;’ similar functions of the base elements of G, 
while the z; are such functions of the base elements of %. Or, in other words, 
if we consider the matrix of the base elements of ¥%, we may take zeros above 
the principal diagonal. Since the module UW admits [@] as a ring of operators, 
we have, 
and 


Since the integers s and ¢ are relatively prime, each of the z;’ is an element 
of 1. Thus we may take a basis of 11 in the above form with the elements 2; 
replaced by zero. 

As we have previously seen to an independent basis wu; of 1 corresponds 
a fundamental system of units {,,f,- - -,€- of ©. Since the first 7, of the 
u; are invariant under the elements of the group J, while the next r. are 
invariant under the elements of 7’, the first r, of the £; lie in the subfield I, 
which belongs to the subgroup S, and the next r, of the &; lie in the subfield I, 
which belongs to the subgroup 7’. Since the & form a fundamental system 
of units in ©, the first r, of the ¢; form such a fundamental system in I, and 
the next r, form such a system in T,. Hence we have 


TueoreM 4. Let Q be an absolutely normal algebraic field in which the 
maximum real subfield is normal in case Q is imaginary. If Q is obtained by 
the composition of two subfields 1, and T., of relatively prime degrees, Q con- 
tains a fundamental system of units such that certain of them form a funda- 
mental system in T, and certain others form such a system im YT». 


If T’, is again obtained by the composition of two fields of relatively prime 
degrees, we can apply the previous theorem to I, instead of , using the 
quotient group G/T instead of G, and thus obtain a fundamental system of 
units of I, such that it contains fundamental systems from each of the two 
subfields which generate T,. An Abelian group can always be written as the 
direct product of subgroups whose orders are powers of distinct primes. Hence 
the theorem may always be applied to Abelian fields. 
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A CALCULUS OF SEQUENCES. 


By Morgan Warp. 


I. Introduction. 


1. I propose in this paper to give a generalization of a large portion of the 
formal parts of algebraic analysis and the calculus of finite differences, The gen- 
eralization consists in systematically replacing the ordinary binomial coefficient 
n(n—1)---(n—r-+1)/1-2---r by a “binomial coefficient to the base 
is a fixed sequence of complex numbers subject to the restrictions wu) —9; 
= 1; The exponential function for example is replaced by 


90 
the formal series 1+ 2"/u,- Un, differentiation by an operation 
n=1 


which throws x" into [n, 1]x""1, and differencing by an operation which throws 
into > [n, 
r=1 


The formula guides 


(8) 


us in replacing the powers of rational integers where necessary by sums of 
multinomial coefficients to the base (w); for example, } [n,r] may replace 


*". We are thus enabled to generalize successfully a great variety of formulas 
involving the exponential functions, the Bernoulli numbers and polynomials. 


2. In a series of papers which have appeared during the past thirty 
years [1],1 F. H. Jackson has developed a somewhat similar extension of ele- 
mentary analysis for the particular sequence (w) in which uw,—(g"—1)/(q—1) 
q a fixed complex number, |q|+41. His results are based essentially on an 
identity of Euler’s [2]: 


In effect he replaces the ordinary binomial coefficient by [n,r]g™*-?/”. But 
the presence of this power of q introduces a lack of symmetry in his formulas, 


*The numbers in square brackets refer to references at the end of the paper. 
Jackson wrote in all over thirty papers on this subject. We have listed only those 
directly connected with the present paper. 
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and leads to certain complications in defining the exponential functions. 
He was not led furthermore to consider the developments of the calculus of 
finite differences which we give here. These appear to be among the most 
striking results of the entire theory. 

The present work originated in an (unsuccessful) attempt to frame a 
definition of the Bernoulli numbers in Jackson’s calculus to which the Staudt- 
von Klausen theorem might apply. 


II. Formal theory. 
3. Let 


(u): U=—=0, Un? 


be a fixed sequence of complex numbers subject for the present to the single 
restriction U, 0," > 41. For convenience, we shall write [n] for un. We 
define : 


[n]! tobe 1 if n=O, and [n] [n—1]---[1] if n>0; 
[n,r] tobe [n]!/[r]![n—r]! 


where n,r are positive integers,® and =r. Then 
[n, 0] =1, [n, 1] = ([n], [n, [n, 


We shall call [n,r] a binomial coefficient to the base (w), or simply a 
basic * binomial coefficient. 


We write (x + y)" for the polynomial >» [n,r]a"7y". It is evident that 
r=0 


(c+y)°=1, (7 +0)" —2" 
(cx + cy)"=c™(x+y)", 


From the identities ® 


n 
> 1)"[2n + 1, y2nt1-r) 
r=0 
n-1 
(27 — = (—1)"[2n, r]aty" + + (—1)"[2n, n]xry" 
r=0 
*It is necessary to consider not only the series 1+ > on/uju,+++U, as an 
1 
analogue of the exponential, but also the series 1 + qn(n-1)/2 gn + Uy with a 


1 
corresponding complexity in the theory of the trigonometric functions. 
* We count zero as a positive integer. 
‘This convenient terminology is due to F. H. Jackson. 


write (n—y)n for (@ + (—y))n=$ 


r=0 
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we see that 


Qn the other hand, 
— —a(2 (—1)*[2n, + (—1)*[20, 


generally does not vanish. A sequence (wu) such that 
(1—1)*—0, (n = 1, 2,3,- 
will be said to be normal. 


4, More generally, we define 


where the summation is over all integers s satisfying the conditions 


If we denote this polynomial by Pyn(2) = Pin(%1, %2,° * *,%) then it is 
a symmetric function of its k arguments, and if c is any constant, then 


Furthermore, 
(4. 1) Prin (2) Pun (21, * 5 Uk-1, Uk + 


For consider Pon(z) = (2, + 22)". We have 


F 
(2, + 22) 2 Le 
(+ +2)" = 3 (ay + 25)! 
Lo" 
[n]! 


[81]! [82]! [ss]! 
= (x; Le 3)” Psn(2). 
Hence (4.1) is true for k 2. Its validity for any value of & follows by an 
easy induction. 


It is evident that formula (4.1) can be extended so as to express 
Px,in(x) in terms of Pxn(x) in various ways. For example, 


Pan(%1, V2, Le, Pon (41 Lo, Lz 
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5. The numerical values of the polynomials Pyn(z) when all of the 
arguments 2; are equal to plus one play an important réle in the developments 
which are to follow. We shall write k” for the number 


We see from the formulas of section 4 that 

(2+1)", (3 +.1)". 
It is easily shown by induction that we have quite generally 
(5.1) r+s"—(r+s)" 


where r and s are any positive integers. 

If furthermore the sequence (wu) is normal (section 3) then we can show 
by induction that (5.1) holds for any integral values of r and s. A somewhat 
longer induction establishes the formula 


(5. 2) my + mi = me)" 


where if (wv) is normal, m;,:-~-,m: are any integers, but if (w) is not 
normal, the integers are to be positive. 

In case (uw) is normal, there is no gain in generality in replacing some of 
the plus signs in formula (5.2) by minus signs because we can show that 


(5.3) (r—8)" — (r+ 


6. If F(a) denotes the formal power series 


(6.1) F(z) = Cyt, 


n=0 


we define F(x + y) to mean the series 


n-0 r=-0 


In like manner 


We have furthermore formal identities of the type 
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F(z, + 22) = 2%), 
F(x, + + = F(x, + (22 + 
F(a, + + + = F( (a, + 22) + (23 + 


since the like identities hold for the polynomials Pin(z). 
If in the series (6.2) we make all the arguments 2; equal to z, the right 
co co 
side becomes Si We shall accordingly 
n=0 n=0 
denote the resulting series by F(kx). It is obvious then from the formula 
(5.2) that 


(6.3) F(m,+ mix) = + moe +: + miz) 


for suitably restricted integers m,. 
Let F(x), G(x), H(a) be three formal power series in z Then the 
following theorem is easily seen to be true. 


THEOREM 6.1. Jf F(x) =G(x) + H(x) and m,n are any positwe 
integers, then F(mx) = G(mx) + H(mz) and 


F(ma + ny) = G(ma + ny) + H(ma+ ny). 


7. We next define an operator D =D, which transforms the formal 
power series (6.1) into 


(7.1) F’(2) = DF (2) 


In particular then, Dr” = [n]z"-1. The operator D is easily shown to be 
linear and distributive, and it converts a polynomial of degree n in z into one 
of degree n — 1. 

If we define F(x) = D’F(zx) recursively by F*? (x4) = DF (2) ; 
F(z) =F (zx), it easily follows that 


00 
The expansion F(z + y) = > Cn(x + y)” is formally replaceable by 
oo Fou (x) 
7.2 n 
(7. 2) [n]! 


We shall refer to (7.2) as Taylor’s formula for the base (w). 
Finally, we note that 


DJF (a#+y) =F” 
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8. As a simple concrete example of such an operator D, let us assume 
that the sequence (wu) is a linear recurring series of order k whose associated 
polynomial — - -— a, has k distinct roots a1, +, % Then 
Un is of the form 


Un = Bia" + Brox” 


where the constants a and 8 are subject to the conditions 


It is obvious then that 


DF (2) = (BiF (at) + Bul (Bite + 


This operator can therefore be applied to any function of x regular at + =0, 
and transforms it into another function regular at 0. 
In particular, if k—2, @—1, Bi1=(q—1)7, 
where q is not a root of unity, 
qz— 


is the operation of q-differencing. 

In case some of the roots « of the polynomial associated with the recur- 
rence relation are repeated, a similar but more complicated formula for DF (z) 
may be given which involves both F(x) and its ordinary derivatives. For 
example, if k = 2 and a, = ~0, Un = na," and DF(z) = 

1 
III. The exponential and trigonometric functions. 


9. We shall now assume that the sequence (uw) is chosen in such 4 


manner that the series 


(9. 1) E(z) aT 


n=0 
is convergent in the neighborhood of 0. It accordingly is an element of 
an analytic function of x which we shall call the basic exponential. There 
exists then a positive number p such that the series (9.1) converges absolutely 
within the circle | «| =p. 
The basic exponential has the following properties for sufficiently small 
absolute values of its arguments 2, y, 2: 


(9. 2) DE(z) = E(x), E™ (cx) =c"E(cxr),c aconstant, 
(9. 21) E(x +y) —&(2)E(y), 
(9. 22) E(t, + +--+ + = E(t, E( ax). 
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Consider for example the formula (9.21). That it is formally true is 
immediately obvious from the basic Taylor’s formula (7.2). For 


+ y) OW" €(2)€(y) 


since by (9. 2), €™ (x) = E(z). 
But the series 


Co n gery? 


is in fact the Cauchy product of the series so that the 


formula is actually true provided the latter two series are both absolutely 
convergent. And by our initial hypothesis, both series converge absolutely if 


|a| <p, ly| <p. 


10. The trigonometric and hyperbolic functions are defined by Euler’s 


formulas : 

(10. 1) a 

sinh (x) =—vsin (17), cosh (x) cos (iz). 


Among the many formal analogies with the ordinary trigonometric func- 
tions, we shall merely note here: 


sin (x + y) =sin (2) cos (y) + cos (2) sin (y), 
cos (x + y) = cos (x) cos (y) —sin (2) sin (y), 
D sin (x) = cos (2), D cos (x) =— sin (2). 


As a consequence of the last two formulas, we see that both sin (7) and 
cos satisfy the basic differential equation y (rz) + y(x) =0. 
On the other hand 


(10. 2) sin? (x) + cos? (x) = E(ix) E(— iz) 


and in general, €(ix)€(— ix) 
The remaining trigonometric and hyperbolic functions are defined in 
terms of the basic sine and cosine as in the ordinary case. 


11. Itis possible to give analogues of De Moivre’s and Simpson’s formulas. 
For in formula (9. 22), take k =n and let 2; = 2, Then 
with the notation explained in section 6, 


(11.1) 


E (id) — 
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Hence we obtain from the formulas (10.1) and theorem 6.1 the basic form 
of De Moivre’s formula,® cos (76) + isin (76) = (cos (6) + isin (6)).” 


THEOREM 11.1. The sequence (u) is normal when and only when 
€(x)€(— x) =1 or when and only when sin? (x) + cos? (x) = 1. 


For by formula (9.21), and the previous definitions, if | z| < p, 


Now we have seen in section 3 that (1—1)#*—0, (n=0,1,2,:--). 
Therefore 


E(2)é(—2) =14 3 


Hence the first part of the theorem follows. The second part of the theorem 
is an immediate consequence of formula (10. 2). 
Let us assume now that (wv) is normal. We see from formula (11.1) that 


E(n + 210) = E(i)E(n + 118), 
E(i0)E(nid) = E(n + 


But by theorem 11.1, €(—7)€(10) =1. Therefore this last equation may 
be written 


(11. 31) E(nid) = E(— 16) E(n + 116). 


(11. 3) 


On adding and subtracting the two formulas (11.3), (11.31) and applying 
(10.1) and theorem (6.1), we obtain the basic Simpson’s formulas: 


cos (n + 20) = 2 cos (0) cos (n + 10) — cos (né), 
sin (n + 20) —2 cos (6) sin (n + 10) —sin (né). 


12. In order that the results of the previous section may have more than 
a purely formal significance, it is necessary to show that we can choose the 
sequence (w) so that (w) is normal and so that FH (nx) is an entire function 
of x for any integer n. Since E(— nx) =E(—nz), E(nz) = (E(1iz))", 
E(1c) = E(x), we need only consider the case when n = + 1. 

Now it is easy to show that the most general solution of the functional 
equation 
(12. 1) = 1 


*It should be noted here that (cos (@) + isin (0))” stands for the product 
(cos (0) + isin (@)) (cos (6) +isin (6))-...- taken to n factors, and not for the 
result of substituting cos(#) for #,, and isin(@) for #, in the polynomial 
P,,,(@) = (@, + @,)". 
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which is regular at the origin is of the form 
(12. 2) = + exp ) 


where W(x) is regular at the origin. But by theorem 11.1, (uw) is normal 
when and only when €(z) is a solution of (12.1). Since E(x) was assumed 
to be regular at the origin, E(x) must be of the form (12.2) where &(z) is 
an entire function of z. We must also satisfy the conditions” 


(0) 1 
n! 


as then Un = (0) /E™ (0) 40 (n=1,2,---) and u,—1. 
It will therefore suffice to choose for ¥(x) an entire function G(2) with 


€(0) =1, &(0) =1, 


a series expansion of the form G(a”) =1-+ 3% gna" where the quantities gn 


n=1 
are all real and non-negative. The ordinary case ensues on taking all the 
quantities gn equal to zero. 


13. If we assume that €(7) is an entire function satisfying the condition 
€(z)€(— x) —1, we can generalize the periodic properties of the exponential 
function. For since €(x) never vanishes, by Picard’s theorem there exists a 
complex number 40 such that €(A) =1. But then if n is a positive 
integer, 

E(x + md) — E(x) — E(x) (E(A))" = E(2), 
E(x) = md) = E(a —nd)E(nd) = — nd). 


We have therefore proved the following theorem. 


THEOREM 13.1. If (uw) is a normal sequence so chosen that the basic 
exponential function E(x) is an entire function of x, and if A 0 1s any zero 
of the function E(x) —1, and m any integer, then 


E(x + mdr) = E(z). 
Furthermore one such zero X always exists. 


On utilizing the formulas of section 10, we can easily show that under 
the hypotheses of theorem 13. 1, we also have 


sin (x + mid) =sin (x), cos (x -+ mir) = cos (z). 


* The superscripts here denote ordinary differentiation. 
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IV. The calculus of finite differences. 


14. Let (uw) now be subject only to the conditions u—0, u,—1, 
Un 0, m0. We shall denote by ¥ the ring of all polynomials in x with 
coefficients in the field of all complex numbers. 

If 


(14. 1) = Sansa", 


is any element of §t of degree n, we define the basic displacement symbol F by 


(14. 2) E(x) = + 1) -> s]at-* 
. = E(E'¢(2)), = 


where ¢ is any positive integer. 
It is obvious that # is a linear and distributive operator over §t, and it 
may readily be shown that 


(14. 3) =$(2 +7). 
If (w) is normal, formula (14.3) holds for all integral values of t. 


15. The basic difference operator A is defined to be H —1, where 1 
stands for the identity operator over ft. The following properties of A may 
be mentioned. 


(i) A is linear and distributive over t, and converts an element of R 
of degree n into one of degree m—1. Moreover HE, A and D are commutative 
over §t. 

(ii) The only solutions of Ad = 0 lying in ¥ are ¢ — a constant. 


t =, 
(iii) — (~1)*(;) +3). 
(iv) We have the operational identity over R 
(15. 1) A=€(D)—1 


where formally = 


The last one of these properties is the only one requiring comment. If ¢ 
of formula (14.1) is operated on by D of section 7, then 


Hence 


n 


€(D)¢(z) = [1, > [1, 8] Hd (2) 


s=0 r=8 r=0 8-6 


| 
| 
| 
n 
r=0 
n 
s>n; =x > [1, sn. 
r=8 
| 
| 
| 


it 


A CALCULUS OF SEQUENCES. 


by formula (14.2), so that (15.1) follows. 


16. The basic Bernouillt numbers Bo, Bi,: ++, are defined by 
the recurrences 


By (B+1)!—B —1, 


Here after expansion the exponents of B are to be degraded into suffices as in 
the usual theory [3]. 
The basic Bernoullt polynomials B,(z) may then be defined by 


= (2+ B)*, (n=0,1,---) 
or non-symbolically, 


=> [n, r] 


r=0 


The following results [4] may be established precisely as in the ordinary 
theory. 


(16.1) Ba(0)—Bs, Bo(1)—=Ba, m541; B,(1) —B, +1. 


(16.2) Baz +y) —¥ 


THEOREM 16.1. If ¢’(x) = D(x) denotes the basic derwative of the 
polynomial p(x), then a polynomial solution of the difference equation 


AW (x) = $'(z) 


is given by 

(16. 3) = B). 

(16. 31) +B) — 3 Ble). 
(16. 32) AB, (x) = 


THEOREM 16.2. If the sequence (w) be chosen so that the series (9.1) 

for E(x) is convergent near x0 then for sufficiently small values of | t | 
and |x| 
Be t B, t€ (at) 
16. = 
Bra — Bras 


if r is a positive integer = 1. 
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To prove the last written formula for example, we observe by theorem 6. 1 
that (16.32) implies that B,,.(s + 1) — Bra(s) =[r +1]s", s a positive 
integer. On summing this equation with respect to s from 0 to n —1, we 
obtain (16.5). 


THEOREM 16.3. Bon=0 (n—1,2,3,---) when and only when 


Bn(1—2z) = (—1)"Bn(z), (n=2,3,- 


If moreover the series (9.1) for E(x) converges for some x0, then 
Bes 0, n = 1 
when and only when (u) is normal. 


The equivalences stated follow immediately from formulas (16.1), 
(16.2) and (16.4). 

We plan to give elsewhere a detailed treatment of the basic analogues for 
the numbers of Euler, Genocchi, Lucas and Stirling and their associated 
polynomials and difference operators. 
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ON THE TRANSFORMATION AND CONVERGENCE OF 
CONTINUED FRACTIONS. 


By WALTER LEIGHTON and H. S. WALL. 


1. Introduction. Convergence criteria for the continued fraction 


(1) 
in which the y, are complex numbers have been the object of study of many 
writers. KE. B. Van Vleck? proved that if y:, ys, ys,° are not all zero and 


if there exists a number e > 0 such that 

+e Sarg yn S 17/2 —e, (n = 1, 
a necessary and sufficient condition for the convergence of the continued frac- 
tion (1) is that the series %|y,| diverge. Pringsheim? showed that the 


conditions 
(2) | 1/yn-1yn | S 1/4, (n = 2, 3, 4, 


are sufficient for the convergence of (1), with arg yn unrestricted. Szasz * 
pointed out that 1/4 is the largest number that can be used in (2). 

When arg y» is not restricted and the numbers 1/(ynYn-1) do not satisfy 
the inequalities (2), the question of convergence of the continued fraction 
remains in a large measure unanswered. 

In § 3 of this paper we have approached this problem by considering a 
new and very general transformation of a continued fraction. This approach 
has led to convergence theorems which are new and of a character funda- 
mentally different from previously existing theorems. Some of these results are: 


The continued fraction (1) converges if 
(3) 0 < | 1/YenYonss | = 1/4, | 1/Y2n-1Y2n | = 25/4, (n 1, 2, 3, ) 
or if 


(4) Gn | 1/YonYons | 25/4, | 1/Yon-1Yon | = 4(1 + Gn) (1 + Gn-1), 
(n = 1, 2, 3,- 


*E. B. Van Vleck, “On the convergence of continued fractions with complex 
elements,” T'ransactions of the American Mathematical Society, vol. 2 (1901). 

*0. Perron, Die Lehre von den Kettenbriichen, 1 st. edition, p. 254. 

*0, Szisz, “Uber die Erhaltung der Konvergenz Kettenbriiche bei independenter 
Veriinderlichkeit aller ihrer Elemente,” Crelle, Bd. 147 (1916), pp. 132-160. 
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where Go =0 and Gy, Go, 1s any sequence of positive numbers. 


The following theorem is of a different type. 


Let hy, ho, hs,- + + be any constants not zero such that for some integer 
k=0 
lim = 0, lim 
n=O00 n=00 


Then corresponding to every finite region R in the complex z-plane at a posi- 
{ tive distance from the origin, there exists a positive integer N such that if 
i n = N, the continued fraction 


hon + 2/Nens1 + Z/hense + 
converges uniformly over R. 
Still another kind of theorem is the following. 


Let 92, 9s," be constants not zero. Let B represent an increasing 
sequence of indices ny < M2 < << in which — = 2,1 = 2, 3, 4,°°°, 
and let A represent the sequence of indices not in B. If B 1s finite and 
lim dn = 0, or if 

lim gn = ©, lim gn = 0, 
B A 
the continued fraction 


converges untformly over a region R of the type described above, tf n is taken 
sufficiently large. 


| 2. An important example. In this section we indicate the complexity 
of the general convergence problem by exhibiting a convergent continued 
fraction (1) for which the numbers 


| Ln = 1/Yn-1Yn 


i are everywhere dense in the complex plane. 
Let 4, d2,a3,* - * be an infinite sequence of complex numbers not zero 
and set 


| Form the continued fraction (1) in which 


2 (dn + Ons 
(5) n—?, Yon = An, Yonsei = 1) (n = 1, 2, 3,- -). 


| 
i 
| 
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Its 2n-th and (2n + 1)-th convergents are the quantities Ay and An + (dns1/2), 
respectively. Hence the continued fraction converges if and only if the series 
San converges. 

Now let § denote any countable set of complex numbers 4, 89, 83, ° 
not containing 0 or —1/2. It is clear that given any positive number M 
and a number r such that 0 <7 < 1, one can find a sequence of numbers 
ky, ko, for which the conditions 


(n = 1, 2, ° 
are satisfied. 
If we take 
9 ren 1 is 2n 
bon = ? (n = 1,2, 3,---) 


the series Sa, and the continued fraction (1), with the numbers yp given by 
(5), will converge. Moreover, 


Lan+3 == Sn+15 (n 0, x 2, ). 


Thus the set S§ which may be taken everywhere dense in the complex plane, 
is contained in the set of elements 21, %2,%3,° * * of a convergent continued 
fraction. 


From this example one concludes that the convergence of the continued 
fraction (1) does not in general depend upon the magnitude of the | tn \, 
but upon the relative magnitude of the numbers in the ordered sequence 


This principle would lead one to expect to find criteria such as those 
mentioned at the end of $1, in which precisely this “relative magnitude ” 
plays the dominant réle. 


3. <A transformation of continued fractions, and an extension of the 
Pringsheim criteria. Let 


(6) E== (a1, Yor Yor? = Yo + +° 
and (tm 0) 


(7) = (di, Do, 01, bo, =), + a,/bi + +° 
(dn 0) 
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be any two infinite continued fractions. Denote their n-th convergents by 
Xn/¥n and An/Bn, respectively, where the quantities Xn, Yn, An, Bn are given 
by the usual recursion relations. As is well-known, 


Xn 
Y» 


(— 1)"**2,22 * 


and hence, one can always determine numbers @n, Bn such that 


An OnXn -+- BnXn+15 


(8) Bum +- uss, (n =0,1,2,°°° ). 


Conversely, corresponding to any continued fraction (6), let numbers an, B, 
be any set for which 


Dn + BnYns1) — 0, 0, 1, 2, Oy 1, Ba 0. 
If then we put | 


i, = Bn-2n | + Bn [ + Ins1) 
nm=1,2,3,-°°; 
the continued fraction (7) with 


bo = Yo + Bot:/Do, = 
(9) an = (n 2, 3, 
bn = (n =1, 2, 3,° 


will have the property that 


D Bn n + Bn¥ nar, 


(n =0,1,2,---). 
Equations (10) are readily established by mathematical induction. 

We shall consider the equations (9) as constituting a transformation 
T of é into y, and write 


° Do, b,- ° +) == 7'(24, rag Yoo Yr» 
or 
PE. 


The transformation is determined by the @n, Bn, so that we shall write 
T =T[¢n; Bn]. This notation will simplify the later discussion. 

The use of special cases of this transformation such as the so-called 
“ equivalent transformation ” where 


== 1, Gn == Cn (cs 40); Bn =O, 


i 
| 
} 
i 
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is well-known.* We shall use the more general transformation in a comparable 
manner. 

In order to apply the transformation 7’ for obtaining convergence criteria 
for continued fractions it is important to establish conditions under which 
the convergence of » = 7’ implies the convergence of €. For that purpose we 
employ the identity 


We have the following result. 


TuHerorEM 1. If »=Té€ converges, € converges to the same limit as », 
provided, there exists a positwe integer N and a positive constant c such that 


| 1 | 0, 
ifn>N. 


The proof is an easy consequence of (11). 
If the elements dn, bn of » satisfy the inequalities 


(12) | bn | =| an| +41, (n =1,2,3,-°-) 


it may be shown * that » converges and the value of »— bo is numerically 
<1, and is < 1 if the inequality sign holds at least once in (12). Moreover, 
|Bn/Bn-. | =1; hence, on referring to Theorem 1 we have the following 
theorem. 


THEoREM 2. Let T[ an; Bn] be a transformation which carries the infinite 
infinite continued fraction = (dy, d2,* * bo, bi, b2,- +), (Qn 0), whose 
elements dn, bn, satisfy (12). If there is a positive integer N and a number 
8>1 such that for andn > 


(13) | | S, 


then é and » converge to a common limit. The numerical value of  — bo ts 
S1and is < 1 if the inequality sign holds at least once in (12). 


The foregoing theorem may be extended as follows. Let ¢,, C2, C3," * ° 
be a sequence of constants none of which is zero. The continued fraction ° 
= (C101, CyColl, * 3 bo, C1b1, Cob2,* converges if and only if 


* Perron, loc. cit., p. 196. 
* Perron, ibid., pp. 254-255. 
* Perron, ibid., p. 196. 
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converges, and to the same limit. Let A’n/B’n be the n-th convergent of 
*; 0, Cobo, If the latter converges to a value 
different from — c,b;, y/ converges. If then we assume that 


(14) | | 21, | | | Cn-sendn | + 1, (n = 2,3,4,---), 
where inequality holds at least once, it must follow that the limit 
(15) lim [¢:b; + A’n/B'n] 
exists and is ~0. If we set 
Un = C10; + A’n/B’n 
and denote the limit (15) by v, we observe that 


= bo + 
On1Bn 
n-2Vn-2 


and that | = 1. We have thus proved the following theorem. 


THEOREM 3. Let T[@n; Bn] be a transformation which carries the 
infinite continued fraction (%,%2,°* Yo. ¥1,°**), 
another infinite continued fraction » = d2,° bo, whose ele- 
ments satisfy conditions (14) with actual inequality holding at least once for 
some set of numbers C2, (Ci 0). If there exists a positive integer 
N and a number s >1 such that 


(16) 


for all values of n> WN for which Gn+sBnA~0, then € and converge to a 
common limit. 


If, in particular, we set cy = Pn/bn where pp is real and positive we have 
the following result. 


THerorEM 4. The inequalities (14) and (16) of Theorem 38 may be 
replaced by the following inequalities: 


n—l 
(16’) | 
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respectively, where pi, po, ps,’ are real numbers. 


The special case px = 2 is important. In this case we readily obtain 
the following theorem.’ 


THEOREM 5. If the 2n, Yn = (21, Yor (an), 
are functions of any variables, then & converges uniformly over the region 
determined by the inequalities 


| | = 23, n>N, 


where C, N, and s are constants and s > 1. 


4. The transformation T,. Let 


Gon = 1 — JnYonsi, == — Yonse/Jns Bon = Bons1 1/9n; 
(n =0,1,2,:-:), 
where 
gn = Jo— (Y2 + +° Yon), (n = 1, 2, 8,° 


and go is any number +0 so chosen that gn~0, n—1,2,3,---. If 
t= 1, the transformation 7’, is as follows: 


Do = Yo + Jos a, =——1, = 1, n>1; 
b, 1/90; bon Yon-19°n-15 (n 2, 3, 
Dons: Yon/JnJn-15 
Here 
(17) Aons/Bonss Xon/Y ons (n 0, i, 2, ), 


80 that Theorem 5 in this case takes the following form. 


THEOREM 6. Let Yo, 41, Y2,' °° be functions of any variables, and let 


Jo 0 be so chosen that gn = go— (Yo t ys +° + Yon) FO, n = 1, 2, 
Set 


1 g 
— bon = n> 1, = n > 0; 
kn — : » n > 0. 


* Perron. ibid., pp. 260-262. 
3 
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Then the continued fraction (1,1,1,° Yo, ¥1,Y2,° °°) converges uni- 
formly over the region determined by the inequalities: 


Jail | tr | S1/4, (n = 2,3,4,° 
| tonse/ (kn —1)| 1/28, n>N, 


where C, N, and s are constants and s > 1. 
As an application we have this theorem: 


THEOREM 7%. Let ho,hi,h2,- be real or complex numbers hi ~0, 
and let qn=qo— (he +ha ++ hen), where is so chosen that 
Gn ~ 0, Put 


qn-2 qn 
Won = n> I, , n> 0 


and suppose lim Ww, =0. Then the continued fraction 
has the following properties. 


(a) The sequence of even convergents represents a meromorphic function 
F(z) and converges uniformly over every closed bounded region R containing 
no poles of F(z). 


(b) Let tn = qnhonss, and let R’ be an arbitrary closed bounded region 
containing none of the poles of F(z), and no limit points of the sequence 
{rn}. Then the sequence of odd convergents converges uniformly over R’ to 


F(z). 


This theorem is a notable extension of an earlier theroem ® in which was 
required the absolute convergence of the series 3wn. 
Write H in the form 


H’ we (1,1,1,° ho, he, hsz’,- == 1/2. 
Then 7H’ can be put in the form 
9 = (012, ho + Go, 1,1,° 


Since lim w, = 0, represents a meromorphic function F(z) and converges 
uniformly over R. By (12) the same is true of the sequence of even con- 
vergents of H. This proves (a). 


® Wall, Bulletin of the American Mathematical Society, vol. 39 (1933), pp. 946-952. 
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To prove (b), apply Theorem 6 to the continued fraction 


1 1 1 
v =hop ; ; 1/z, 
taking go = qo — (he + ha +++ ++ Then 
Zz 
= > bly = = 3,4,5,° °°). 
2 Woy (v ) 


If we now assign to » and then to v sufficiently large values, we will have 
| 31/4, (v = 2, 3,4,: °°), 


over a circle K with center z = 0 and a sufficiently large radius to include the 
region R’, Also, over R’: 


tonse 


ZWopsonse 1 


= 25? 


Tn+p 
ifn > some JN, and s is a constant > 1. Hence, by Theorem 6, éu,v converges 
uniformly over R’ to a function f(z) which is analytic over K, and is non- 
rational. Consequently, 
1 1 1 
house 


converges over /’ to the value 


fi(z) = — ve 


and H converges to 
X + fi (z)Xou 


which is analytic, except possibly for poles, inasmuch as f,(z) is non-rational. 
The convergence is clearly uniform over R’. 


F(z) = 


TuHeEorEM 8. Let (1,1,1,-- 0,41, =€ be a continued frac- 
tion with arbitrary partial denominators y1, Y2, Ys,° °°; and suppose the series 
(18) (Yo + Ys + Yon)’, 


1 


converge absolutely, and that 


(19) lim | yo + + Yyon| =. 


n=CO 


| 
J 
| 
{ 
i 
i 
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F\|+ |G|+-0, such that 


Then there exist two numbers F, G, where 


Xeon 


lim == lim =F, 
20 n=co Y2 + Ys + Yen n=00 
(20) 
lim = = lim = G. 
Yo + Ye Yen n=00 
If Y15 Y2, Ys, * * are analytic functions of z over a region R in which 


(18) converge absolutely and uniformly, then F, G are analytic functions over 
R, and é converges to F/G, wherever G ~0. 
If (18) converge absolutely and (19) fails to hold, then & diverges. 


To prove the theorem, apply the transformation 7, to é, and obtain 


n Gn 


(21) 


with like expressions for the Yn. Now from the absolute convergence of (18) 
it follows that the series 


Yon 
Jn-19n 


converge absolutely, and hence by a theorem of von Koch: ® 


(22) = Yons19n™ 


(23) lim Ana = F, lim Aon = Fo, 
lim Bony = G, lim Bon = Go, 

where FG, — FoG = 1, so that | F|-+|G@|A~0. If (18), and hence (22), 
converge absolutely and uniformly over R, then F,G, Fo, Go are analytic 
functions over Rk. The equations (20) now follow at once from (21), (23), 
and the hypothesis. 

It is obvious that when (18) converge absolutely and (19) fails to hold, 
then & | yn | converges, and hence é diverges. 

Remark. The second series (18) evidently converges when (19) holds. 
If we could remove the requirement of absolute convergence of this series, 
this theorem would include the following theorem of Hamburger:*® Let 


(1,1,1,- -; 0, a2, de, a32,- -) be a continued fraction in which the an are 
real and ~0, and > 0. Then, if the series Sdons1(d2 + * + Gen)? 
converges and lim | + +--+ ++ don | = 0, the continued fraction con- 


verges to a function which is analytic except for poles. 


® Von Koch, Bulletin de la Société Mathématique de France, vol. 23 (1895). 
10H. Hamburger, Mathematische Annalen, vol. 82, pp. 120-164, 168-187. 
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5. Transformations which interchange two convergents. We proceed to 
obtain a transformation 7’ = W» which interchanges the m-th and (m + 1)-th 
convergents of (21, %2,° Yo, °°). The interchange of any two 
convergents can be effected by repeated application of W» with properly chosen 
values of m. We find that the formulas for the transformation Wm are as 
follows: 


Ams3 = — Om = YmY mar + 
4 +2 +é Ly +é 
An = In, (nm, m+i, m+ 2, m+ 3) 
This transformation is valid if Yms:Yms2 40. If On, yn 0, n —1, 2, 3,°°° 
and we set 


i= L1/Y15 = Ln/Yn-1Yn; 


== %,3,4,° °° 


the transformation becomes: 


Un == tn, (n = 5,6,7,° °°); 


tm 


1 
= 1 + bms1 


1 tms1 


, 
Uma = 


(Wm) m+3 m+4 

(n = 1,2, 3,---,m—1, m+ 5, m+6,: °°), 
(m == 1,2,3,- °°). 


Un = tn 


Let 7’, denote the transformation which results by applying in succession 


Wo, W2, Then the formulas for T, are: 
, 
2 


(n= 1,2,3,° °° 


Const tons1) 


i 
0 40 9 ‘1 Yo, 3 Yo 
1 2 Lz 
(Wo) b,=—, = An = Tn, On = Yn, 
Y2 
(n = 4, 5, 6, ° 
! 
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If we apply in succession W,, Ws, Wz, Wio,: - -, we obtain: 
—t, 
bo = Yo, V1 2 4-3," 
-). 


These transformations furnish immediate extension of Pringsheim’s 
criteria. For example, from W, we obtain this result: 


THEOREM 9. The continued fraction (t,, te, ts,°**; Yo, (tn 
converges if 
|t|S1/5, |4&[S1/5, |t| 51/4, 
(n = 5,6,%,° -). 
From 7. we obtain the theorem: 


THEOREM 10. The continued fraction ts, ts,- yo,1,1,- 
(tn 0) converges tf there exist real numbers py, Po, Ps, * *» pi > 1, such that 


tones | | ten | Mow (n—1,2,3,- 

where 

Pr (Peps + 1) (Pon-2Pen-1 + 1) (PonPonss + Pans —1) 


Ps( Pe 1) (Pon 1) (Pon-2Pens1 ) 


(n > 1). 
If pn—=2 this gives the first theorem mentioned at the end of the 
introduction. 
From T; we have: 


THEOREM 11. The continued fraction (t1, te, Yo, 1,° (tn) 
converges if 


1/5, | tan | 4, | tensa | = 1/6, | tgnse | 1/6, 
(n == 1,2,3,-- 


We shall now apply the transformation W,, to prove the following theorem 
mentioned at the end of § 1. 


THEOREM 12. Let qi, q2,qs,° °° be constants 0, and let 


lim Qn, = ©, lim qn", = 0, 
v=00 v=00 
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where B= (ny) < me’ ++) and A= (m" < me” are mutually 
exclusive sets whose sum is the set of natural numbers 1, 2, 3,° + +; and sup- 
pose that if n is in B, thenn—1 and n-+1arein A. Then, corresponding 
to every bounded region R of the complex z-plane whose distance from the 
origin is > 0, there exists an index N such that if n= WN the continued 
fraction 


Gn+i% 
converges uniformly over R. 
Proof. Choose N sufficiently large to insure that, over R, 


1 


|gz|S8, vin A; 
qua 


v2N, vinB, 


where 8 is a properly chosen small positive number. Let n’p, n’u41° + - be the 
numbers in B which are >n=WN, and apply to (24) in succession the 


transformations 


Then in the resulting continued fraction, (0/1, t’s,- - 1,1,1,° +), we 
shall have, over R, 


|’, | S1/4, (n = 2,3, *) 
). and hence, (24) converges uniformly over R. 


6. The transformation T,. This transformation replaces the 2n-th con- 
vergent by the (2n + 1)-th, (n =0,1,2,- - -). The formulas are found to be 


t bt 
b = Yo 1 
(7's) 
1 bon 1 bance , 
Von = ( te 2) Consr = tenses (n=1, 
2n+1 


If we follow the transformation 7, by 7’, we shall obtain 


tito 


> 
ts 


} 
| H 
| 
| 
q 
i 
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tonse 


(: 4 (1+ + (1 (1 + tons) (1 + al) 


tons1 
(n = 2, 3, 4, ° 


Conn = 


tonse 


(n = 1,2, 3,° 
From this, Pringsheim’s criterion gives the following theorem. 


Pn—1 


THEOREM 13. Let py, po, be real and > 1, and let Mn = 


n>1, M,>0, 


Mans) (1 + Mons1) 
Mon 


(n = 1, 2,3,°- -). 

Let M’on = Mon, and set M’on =(1 + M’on) (1 + n= 1, 2, 3,° 

M’, =0. Then the continued fraction (2, %2,° * 3 Yo, 1,1,° converges if 

(25) M’on = | toner | = Mon, =| ton | , (1 = 1, 2, 8, - 
If pn = 2, M’on = M, then (25) becomes 

(25°) M=| tonsa | 2 25/4, | ton | 24(1+M)*2, (n—1,2,3,- 


If pn = 2 and lim M’on = 0, then lim | ten/tens | = 0. 
By application of the transformations 7,T., we obtain 


THEOREM 14. Let hy, ho,hs,- - > be any numbers ~0 such that for 
some k= 0: 
(26) lim henhonsox-1 = 0, lim = ©. 
n=00 
Then, corresponding to every bounded region R of the complex z-plane whose 
distance from the origin is positive, there exists an index N such that ifn = N 
the continued fraction 


(27) 


Rease 


converges uniformly over R. 


To prove the theorem, let g, =1/h1, dn =1/hn-shn, n >1. Then (27) 
takes the form 


hon [1 + + | = Nonén; 


= 
| 
| 
| = 
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and = (U1, 3 bo, 1,1,° where 


1 + (1 + on-12) (1 + Jon+12) 
don’ 


n> 1, = Jonuz, n> 0. 


Hence, if lim — lim (1/Renhens) 0, lim den lim (1/henhons1) = 
it is clear that there exists an index N such that if n= N, | ty |S 1/4, 


y= 2, 3,4,---, over R, so that én, and therefore (27), converge uniformly 
over &. This proves the theorem for the case k = 0. 
In like manner, when k = 1, 2,- - - the theorem may be proved by using 


the transformations 7',7.,T7,°T2.- - -, respectively. The proof for all & can 
be readily accomplished by mathematical induction. 


Example. Let (2,2,2,: 3 0,h1, ho, be a Stieltjes continued 
fraction in which the h» are real and positive. Then if (26) holds, Shy 
diverges and hence the continued fraction converges, except along the whole 
or a part of the negative half of the real axis. Inasmuch as (27) is an 
analytic function of z over R, if n is sufficiently large, it follows that our 
Stieltjes continued fraction represents a function whose only singularities in 
the region R are poles. The same argument can be used if the hn» are real 
and ~ 0 and fon,, > 0. The conditions of Theorem 14 are met if 


2 Uen-1 
hon = ton, hona = ? (n = 1, *)s 
where O0<r<1, and Us, are any constants which are bounded 


and bounded away from 0. 
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THE FORM 2nx + xy + yz + zu + ux. 
By E. T. 


1. Ina recent paper * I gave a set of 25 arithmetical identities equivalent 
to all those of a certain sort between doubly periodic functions of the first and 
second kinds, all referring to the arithmetical form zy + zw. From the same 
identities another set concerning the form wa -+ xy + yz, or the like with 
numerical coefficients > 1, can be derived, and these in turn yield interesting 
results concerning numbers of representations in quinary quadratic forms. 
To illustrate one method of obtaining the new identities we shall prove the 
following. 


THEOREM 1. Let t, 7, w, x, y, 2 be integers > 0 such that, for m odd 
and constant, 
(1) m= tr= we + ry + 2yz, 


and let f(u) be any even function of u which is defined for integer values of u, 


(2) f(u) =f(—z), u integral. 
Then 


(3) [ef () — 


the = on the left referring to all (w, 2, y,z), that on the right to all (t,7) 
satisfying (1). 

Let N[n =F; *] denote the number of representations of n in the form F, 
the integer variables in F being restricted by the conditions *. We shall prove 
from (3), 


THEOREM 2. 


2(m) — (4m + 1)£o(m) + 4€,(m) 
= 8N[m = w,7,y,2>0; 


in which m is odd, and £,(m) denotes the sum of the r-th powers of all the 
divisors of m (so that £,(m) is the number of divisors). 

This result is unusual in that it expresses the number of representations 
in an appropriately restricted indefinite form in five variables in terms of the 


1 American Journal of Mathematics, vol. 57 (1935), pp. 245-253. 
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divisors of the integer represented. There seems to be but one other similar . 
result in the literature, stated in 1866 by Liouville (a proof of which will be 
published elsewhere). 


2. In the formula (II), p. 249 of the paper cited we may choose | y | f (2) 
for the function of x, y there, where f(x) is as in (2). We get 


(7-1) /2 


(4) [ (71 t2) f (t1 — 2te) | | te) | =2 Zz rf(t), 

the sums referring to all (t1, 71, t2, 72), (¢,7) from 

(5) m = tr = tyr, + 

in which all letters denote integers > 0, m, tz are odd (and hence also ¢,, 7,). 


Considering the second term in (4) we distinguish the cases 7; > 72, 
™ <T2, T: =T2, and make the corresponding changes in (5): 


(6) > T, =72 + 22, 
n= ty 22) T2 odd ; 


(7) T2 > 715 T2 = 71 + YOO; 
n= (41 2y), ti, T1 odd; 
(8) Ty m = tr =7,(t, + 2t2). 


Solving (8), we have r,;—7, t, + 2¢t,—t. For (t,7) a fixed pair of 
divisors of m there are the solutions 
{ti, to} = {27 —1, (t— 27 + 1)/2}, 


Hence (8) contributes 


(7-1) /2 


to the left of (4), % referring to all (¢,7) in (5). We may interchange 
t,7 in (9). Thus (4) becomes 


(10) 2 [(r2 + x) f (ti — 2t2) — af (tr + | 
+ 2 + f(t — — yf (tr + 2t2)] 
(7-1) /2 


== > [f(t) — +2—4r)], 


where >, > refer to the forms in (6), (7). Both forms are included in 


6 7 


Mm =W(t2 + 2x) + odd, wv mod 2. 
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Since m is odd, the conditions on r2, w, v are automatically satisfied and may 
be suppressed. Using the condition (2) we have 


+ 2)f(w—v) —af(w + »)], 
the sum referring to all sets (v, y, w,az) of integers > 0 such that 
m= vy + yw + 2we. 


The change of notation (v, y,w,7) > (w,2,y,z) then gives the result in 
Theorem 1 from (10). 


3. To prove Theorem 2 take f(z) —1 for all integer values of z in (3). 
A simple reduction gives 


8D 2—£.(m) — (4m + 1)fo(m) + 4£,(m), 
the sum extending over all solutions of (1). But 
22; % > 0, 2,20]. 
Hence we get the result stated by the change of notation 
(2, Y, V1, W, —> (W, Z, Y, Z, U). 
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REDUCIBLE EXCEPTIONAL CURVES. 


By Patrick Du VAL. 


The following research was undertaken and to a great extent carried out 
independently of that of Barber and Zariski on the same topic.t It may be 
regarded as a continuation, extension, and I hope a simplification, of the results 
of those authors. They only consider in much detail reducible curves trans- 
formable into the neighbourhoods of a sequence of points along a single branch; 
but I shall shew that very simple and elegant results hold for the neighbour- 
hoods of a set of points grouped round each other in any way. 

The essential idea for which I may refer the reader to the paper already 
mentioned is that each point of the set has two neighbourhoods, a total neigh- 
bourhood which is a curve (generally reducible) of virtual genus 0 and virtual 
grade —1, and a diminished neighbourhood which is an irreducible rational 
curve, of virtual grade generally <—1. The total neighbourhood of a point 
not in the neighbourhood of any other, i.e. of what we may call an original 
point, is what is subtracted from any linear system not having a base point 
at the point in question, by giving it a simple base point there; the diminished 
neighbourhood is what is left of this after those of its points which belong 
to the set in question have been transformed into curves. It is evident from 
this that the diminished neighbourhood of the point is equal to the total 
neighbourhood, less the total neighbourhoods of certain other points of the set. 
For a point which is not original we apply the definition by first transforming 
all its ancestor points into curves, when it becomes original. 

It is evident that the points can be arranged in such an order that none 
is in a neighbourhood of any which follows it. This we shall call a standard 
order. It is unique if and only if the points are consecutive on a single branch, 

We shall suppose the set of points to be m in number, and call them 
0,,- +, On, in a standard order. The total and diminished neighbourhoods 
of Og we shall call Qa, Da, respectively; the set of curves Qa, arranged as a 
matrix of one row and n columns, will be denoted by Q, the same set arranged 
as a matrix of one column and n rows by Q; L and L will have similar 
meanings. (Throughout, clarendon type will indicate matrices, and the 
symbol ~ the transposition of a matrix, or interchange of rows and columns.) 
From what has been said it is clear that there is a relation 


1§. F. Barber and Oscar Zariski, “ Reducible exceptional curves of the first kind,” 
American Journal of Mathematics, vol. 57 (1935), pp. 119-141. 
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(1) L —mQ, 


where m is a numerical square matrix, in which (i) every element of the 
main diagonal is 1, (ii) every element to the left of the diagonal is 0, and 
(iii) certain elements to the right of the diagonal are —1, and the rest 0. 
The determinant | m | = 1, so that we can also write 


(2) Q m"L. 


We shall indicate the virtual intersection number of two curves or linear 
systems as a dot product; since all the curves Qq have virtual grade — 1, and 
no virtual intersections with each other, they have the intersection matrix 


——E, 


where E indicates the unit or identical matrix; hence by (1) that of the 
curves Lg is 


(3) L-L—mQ-Qm ——mm=n 


say; the elements of the numerical matrices m, n, we shall write mag, Nag. 

If mag = —1, the point Og will be called proximate to Og. (It is easy 
to see that this is equivalent to the definition of proximate points taken by 
Barber and Zariski from Enriques.) Since the curves ZL, are irreducible, 
Nap cannot be negative for «48, and we deduce at once the following 
results from (3): 

If any point is proximate to two others, then one of these is proximate 
to the other; for if we had may = mg, —=—1, mag—0, B<y, then 
Nag would be negative; similarly 

No two points can be proximate to the same two others, since if we had 
May = Mpy = Mas = Mp5 = — 1, 4 << B<y <4, then even with mag = —1, 
Nag would be negative; finally 

No point can be proximate to more than two others; for if we had 
Mas = Mp5 = Myp =—1,4< B<y <4, then also may = mgy = Mag = —1, 
and mag would be negative. 

If | K | be the canonical system on the surface, let L: K =s, Q: K =t; 


since the curves Lg, Qq are all of genus 0, tg =—1, and sg = — (2 + Maa). 
We must of course have 
(4) s= mi; 


but this also follows from (3), since from the form of m we have 


— > (mag) = > (mag) — 2. 
B B 
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We now proceed to prove the general converse of these properties, or the 
generalisation of the well-known theorem: 


(5) If an wreducible curve has genus 0 and grade —1, then there exist 
regular systems, free from unassigned base points, on whose projective models 
the curve appears as the neighbourhood of a simple pownt. 


The theorem we shall prove is as follows: 


(6) If a set of irreducible curves all have genus 0, and if (for a suitable 
ordering of the curves) their intersection matrix can be put into the form 
— mm, where m has the properties (i), (ii), (ili), above, then there exist 
regular systems, free from unassigned base points, on whose projectwwe models 
the curves appear as the diminished neighbourhoods of a set of simple points. 


This we shall prove by induction, assuming it to be true for a set of 
n — 1 curves, and hence proving it to be true for a set of n. The Theorem (5) 
itself provides the basis of induction, being precisely the case n = 1. 

We note first, since the last row of m consists entirely of 0’s, except 
for a 1 in the last place, that the last column of n is the same as that of m 
with the sign changed; and in particular mn —-—1; thus Ln is identical 
with Qn, and is an exceptional curve as it stands. We can therefore, by (5), 
transform the surface ® on which the curves are into a surface ®* on which 
Ly appears as the neighbourhood of a simple point O*,; the remaining curves 
[, appear as a set of n —1 curves L*,, where L*, is the image of Lg or of 
Lag+ In according as Ngan=0 or 1. The intersection matrix of the curves 
L* is n*, obtained from n by omitting the last row and column, and in- 
creasing by 1 each element mag such that nan = ng = 1 (this just takes care 
of the increase of grade of those curves to which L, is added, and of the 
possible intersection of two of the new curves in O*,). But on account of 
the identity (save for sign) of the last row and column of n with the last 
column of m, this means that 


n* = — m*m*, 


where m* is obtained from m by omitting the last row and column. Thus 
the curves L*, are a set to which the inductive hypothesis is applicable, and 
there exists a linear system, regular and free from unassigned base points 
on *, on whose projective model ® the curves L*, appear as the diminished 
neighbourhoods of a set of n—1 simple points Og. This system is equally 
free from unassigned base points on the original surface ®, and as it certainly 
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has not a base point at O*, the latter appears on ® as a simple point O,; 
the diminished neighbourhoods of the whole set of n points Og are the images 
of the original set of curves L,; thus the theorem is proved. 

A square matrix is called reducible, if (possibly after a rearrangement 
of the rows, and corresponding rearrangement of the columns) it consists of a 
number of smaller square matrices arranged corner to corner down the main 
diagonal, and zeros everywhere else; these smaller matrices are called its 
constituents. If not reducible it is called irreducible. It is evident that 
m,n are reducible or irreducible together. 

We have the theorem: 

If m and n are irreducible, the curves LZ, are a simply connected tree 
(i. e., any two of them can be linked in an unique way by a chain of curves 
of the set, all different, and in which consecutive curves and only those inter- 
sect.) This also we prove by induction; for if m is irreducible, so is m* 
and hence also n*; on the other hand if n is irreducible, Z, meets either one 
or two of the other curves, i.e., O*, is either a general point of one of the 
curves L*,, or the common point of two of them; and this being so, it is clear 
that if the curves Z*, form a simply connected tree, so do the curves Ig. 

Another thing that is evident if m and n are irreducible is that O, is the 
only one of the points O, that is original, since if n > 1, On is certainly not 
original, being as we have seen proximate to at least one other point. 

On the other hand, it is clear that if m be reducible, and m* its con- 
stituents, those of n are n“”? —=—m“’m™, and that to each constituent of 
either corresponds a simply connected tree among the curves J, having no 
intersection with any of the other trees, and a subset of the points O, con- 
sisting of one original point and other points in its various neighbourhoods; 
the different original points being at distinct points of ©. 

In conclusion, it may be pointed out that a general linear system | C | on ® 
corresponds to a system | C | on ® having base points of multiplicity ha at the 
points O,, where 

h=C-Q=C-Lm", 


so that the linear system without base points on ® in which | C | is totally 
contained is 
| 
=|C+C-Ln"L |. 


Note. The criterion for the theorem (6), that the matrix n shall be 
expressible in the form — mm is one that can be directly tested by con- 
structing the matrix m if it exists. For since the last column of mi is the 
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same as that of m with the sign changed, we can observe if m has any column 
consisting of — 1 in the diagonal, and not more than two 1’s elsewhere; if it 
has, we can rearrange the columns (and the rows correspondingly) so that 
this is the last, and take the last column of m to be the same with change of 
sign; we then construct the matrix n* as before, and repeat the process to 
find the last column but one, and so on; remembering of course that every 
rearrangement of the rows and columns must be echoed as a rearrangement 
of the rows of the part of m already built up. If at any stage there is no 
diagonal element left which is —1, the process breaks down, and m does not 
exist; if we see a diagonal element —1 with more than two 1’s in the same 
row or column, we can give up, as the process will certainly break down later on. 


CAMBRIDGE, ENGLAND. 
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THEOREMS CONCERNING A BASIS FOR ALL SOLVABLE GROUPS, 
WITH A LIST OF BASIS GROUPS OF DEGREE < 64. 


By A. C. Lunn and J. K. SEntor. 


In previous papers * it has been shown that every solvable group of order 
Tia, (2% = pi, t+=1---+n) can be expressed and in one way only as a 
permutation group of degree Xx, with n sets of transitwity of degrees respec- 
twely z;. Such expressions will here be called 30* expressions. This result 
directs attention to a special category of permutation groups (to be called 
U*-groups) having the following properties: Each U* is transitive of some 
degree p* and of some order Kp“ where K is prime to p, and is a solvable group 
containing no proper invariant subgroup of order dividing K. Clearly each 
transitive constituent of a 3U* expression is a U*-group and conversely every 
U*-group occurs as a transitive constituent of some }U* expression, e. g. the 
=U* expression of the abstract group (hereafter called a U-group) with which 
the U*-group in question is simply isomorphic. It has been proven that if 
two U*-groups are distinct as permutation groups, they cannot be simply 
isomorphic and hence there is a one to one correspondence between U*- and 
U-groups. The category of U-groups is of interest since every solvable abstract 
group is either a U-group or can be formed from a properly chosen set of 
U-groups by direct multiplication or by the use of suitable isomorphisms. 
The U-groups thus constitute a basis, from the members of which all solvable 
groups may be constructed. 

The one to one correspondence between U- and U*-groups makes it 
convenient to identify U-groups by their U*-expressions. A U*-group of 
degree p* and order Kp" will be called U*(p*,K). The purpose of the 
present paper is to consider certain properties of the U*-groups and to give a 
complete list of the U*(p*, K) groups where p* << 64, K >1 and a>1l. 
It will appear that where K —1 or a—1 the U*(p*, K) groups belong to 
categories which are already too well known to require relisting. 

Certain properties of U*-groups which are useful in listing all those of 
given degree are shown in the two following theorems.? It has however been 


1 Lunn and Senior, American Journal of Mathematics, vol. 56 (1934), pp. 319, 511. 
2In developing these theorems, we have been greatly assisted by valuable sug- 
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convenient to state these theorems in a form somewhat more general than that 
required for the immediate purpose. The following notation will be used. 


(1) JZ and K are two relatively prime integers. 

(2) If the order of a solvable group divides LZ or K, the group will be called 
respectively an L-group or a K-group. 

(3) A solvable group whose order divides LK will be called a V4-group if it 
contains no proper invariant K-subgroup; it will be called a V¥- 
group if it contains no proper invariant L-subgroup. 

(4) A(G) is defined as the group of automorphisms of G. 

O(G) “& “ « quotient group A(G)/B(G). 


Note that 

(a) Every L-group is a V¥-group and every K-group is a V¥-group, but 
not conversely. 

(b) A solvable group G of order LK cannot be both a V¥-group and a 
V¥-group, since at least one of its sets of Sylow subgroups has an intersection 
invariant under G and of order > 1. 


TueorEM I. If G of order LK is a V¥-group: 

(a) G uniquely determines each member of a series of characteristic sub- 
groups of G such that I= < Gi: < Gai < Grn=G and such that the 
quotient group Giss/Gi is the maximal invariant L-subgroup in Gn/Gi where 
i1s even and the maximal invariant K-subgroup in Gn/Gi where iis odd. This 
series will be called the V-series of G, and G (a V4-group) will be written V“,, 
if it has m — 1 proper subgroups in its V-series. 

(b) If Gi is a member of the V-series of G then G; is a 
group and the i+-1 members of its V-series are identical respectiwely with 
the first i+-1 members of the V-series of G. Hence the V-series of G may 
be written 


A V",,q group will be said to be “ stepped up ” from a certain V“,-group when 
this V“,-group is the (i + 1)-th member of the V-series of V"¢40. 


Proof. All of the invariant Z-subgroups of G generate the maximal 


gestions from Mr. Philip Hall of Cambridge, England, and Mr. Garrett Birkhoff of 
Cambridge, Mass. 
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invariant L-subgroup of G. This characteristic subgroup of G is G;. Since 
G is solvable, G/G, is solvable, and if G > G,, then since G/G, contains no 
invariant D-subgroup, it contains at least one invariant K-subgroup. All the 
invariant K-subgroups of G/G, generate the maximal invariant K-subgroup 
of G/G,. To this characteristic subgroup of G/G,, there corresponds a char- 
acteristic subgroup of G which is G,. By repetition of this argument, the 
V-series of G is completely determined. 

Let F be any invariant subgroup of G. If F is an L-group, then it is 
also a V¥-group. If F is not an L-group and contains an invariant K-subgroup 
H, then H (being solvable) must contain at least one prime power subgroup J 
which is characteristic under H, hence invariant under F, and thus contained 
in the intersection D of a set of Sylow subgroups of F. This D would be a 
K-subgroup, characteristic under F and hence invariant under G, contrary to 
the definition of G as a V¥-group. Thus F is a V¥-group and in particular 
G, is a V¥-group. (If F be a maximal invariant subgroup of G, successive 
repetitions of the above argument show that any subgroup which is a member 
of any ordinary series of decomposition of G is a V¥-group.) 

In let the maximal invariant L-subgroup be Gi: is characteristic 
under @; which is characteristic under G. Hence G;, is characteristic under G. 
Gi contains G,, but as G, is the maximal invariant L-subgroup of G, Gi: = Gh. 
Thus the first two members of the V-series of G; are identical respectively 
with the first two members of the V-series of G. Let Qi2 be the largest in- 
variant K-subgroup in G;/G;. To this characteristic subgroup of G;/G, there 
corresponds G2, a characteristic subgroup of G; which is also characteristic 
under G. Giz contains G,, but since G, is the largest invariant subgroup of G 
containing G, in such wise that G;/G, is a K-group, then Gi2 = G, and the 
third member of the V-series of G; is identical with the third member of the 
V-series of G. Repetition of the above argument proves that where 7 = 1+ 1, 
the j-th member of the V-series of G; is identical with the j-th member 
of the V-series of G,—G. The proof of Theorem I is thus complete. 


THEorEM II. If G of order LK is a V",-group, then 
(a) When m is even 
(1) To mss corresponds a set of conjugate VE-subgroups in 
(2) To Vo Vanes — K-subgroups in A(V"mss/ Vn) 
(b) When m is odd 


(1) To V4 mss /V "mas corresponds a set of conjugate V"-subgroups in 
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Here the term “ corresponds” is used in a familiar special sense to imply not 
only abstract isomorphism but an appropriate equivalence of automorphism ; 
the exact nature of this relation will appear in the course of the proof. 


Proof. If m is even, V"m4; is the maximal invariant subgroup of @ such 
that is an L-group. Hence is a K-group and 
Vmsi/V"ms1 contains no invariant L-subgroup and is thus a V¥-group. Simi- 
larly when m is odd "msi is an L-group and ms: is a V4-group. 
To complete the proof of Theorem II it will now be shown that 


When m = 0, and = = identity and i > 1, then 
V4,/V“, corresponds to a set of conjugate V¥-subgroups in O(V",) and 


Let J be the subgroup of V%; which consists of all the operators in V%; 
which are commutative with every operator in V4,. Since V4 is a char- 
acteristic subgroup of V%;, both the central C of V“, and the “ centralizer” J 
of V4, in V“,; are characteristic under V¥;. The intersection of V4, and J 
is C. Consider the quotient group J/C. Since V4; is solvable, J/C is solvable, 
and the intersection D of some set of Sylow subgroups in J/C is characteristic 
under J/C. Obviously D is either an L-group or a K-group, if the order of 
J/Cis >1. Let FH be the invariant subgroup of V4; which corresponds to D 
in J/C. Suppose D to be an L-group. Then # would be an L-group since 
C (contained in is an L-group, and would generate with an 
invariant L-subgroup of V%; whose order would exceed that of V¥,, contra- 
dicting the definition of V“,; hence D is not an L-group. Suppose D to be 
a K-group. Since every operator in # (a subgroup of J) is commutative with 
every operator in C (a subgroup of V“,), then H would be the direct product 
of C and F, the Sylow K-subgroup of #. Since # would be invariant under 
V4,, and F would be characteristic under FH, F would be an invariant 
K-subgroup of V“;, contrary to the definition of V4;; hence D is not a 
K-group. Since D is neither a K-group nor an L-group, J/C is of order 1 
and JC. It follows that every operator of V4; not in C sets up an auto- 
morphism in 

Since V“,/C is the group of all automorphisms set up in V4, by V%, 
then V4,/C “ corresponds ” to a set of conjugate subgroups in A(V41). V44/C 
corresponds to B(V“,) and hence V4,/V“, corresponds to a set of conjugate 
subgroups in A(V4,)/B(V“,) =0(V%,). Since V/V"; is solvable and 
contains no invariant L-subgroups, the corresponding set of conjugate sub- 
groups in O(V¥,) must be V¥-groups. 


e 
e 
Pp 
r- 
is 
Pp 
J 
a 
0 
ar 
F 
aT 
ic 
Ly 
ic 
G 
e 
1€ 
l, 
aT 
Vs) | 
| 
7%) | 
| 


A. C. LUNN AND J. K. SENIOR. 


Since V¥, is solvable and the order of V”, is prime to the index of V¥, 
under V“,, then V¥, contains exactly one set of conjugate K-subgroups simply 
isomorphic with V4,/V¥,.* As no operator in such a K-subgroup is contained 
in C, every such operator sets up an automorphism in V4, Hence such a 
K-subgroup is a subgroup of A(V¥%,) and V¥./V¥, corresponds to this K-sub- 
group or to one of its conjugates under A(V%,). This completes the proof 
of Theorem II. 

The aspect of Theorems I and II which is of particular use in the listing 
of U*-groups may be briefly stated as follows: 


In any V series Vise/Visi is of order relatwely prime to the order of 
Vis1/Vi and corresponds to a set of conjugate subgroups in A(Viss/Vi). 


If (Visi/Vi) is cyclic and of odd order, G = Vy is either Vis, or Vise. 
If A(Vis:/Vi) contains no operator of order prime to the order of (Visi/V;) 
then G = V, = Vi,:. This is the case (for instance) where Vi,,/V; is cyclic 
and of order 2%. Theorem I indicates a method for determining all the 
V¥-groups stepped up from a given V¥,. First determine all the V“.-groups 
stepped up from the given V“,; then determine all the V“;-groups stepped up 
from these V“,-groups; etc. That the entire list of V4-groups thus obtained 
from a single V“, comprises only a finite number of groups is a consequence 
of Theorem II. 

The application of Theorems I and II where L is a power of a prime. 
If G is a solvable V4-group of order LK it contains (according to Hall’s 
theorem) a single set of conjugate subgroups of order K and can thus be 
expressed and in one way only as a transitive group of degree L. Where L 
is a power of a prime, @ is thus a U-group as defined at the beginning of this 
paper, and its transitive expression of degree L is a U*-group. In order to 
emphasize certain special properties of these groups it is convenient to handle 
them with a distinctive notation. Accordingly, when L is a power of a prime, 
V will be replaced by U. The symbol V4; becomes U;(p*) and the U-series 
of Un(p*) may be written, 


1 = U,(p*) < Ui(p") < Una(p") < Un(p*) = G. 


In the sense of this notation, a solvable group G is a U-group if some one 
prime factor of g divides the order of every proper invariant subgroup. As 
previously shown, no solvable group can have this relation to more than one 


®P. Hall, Journal of the London Mathematical Society, vol. 3 (1932), p. 98. 
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prime. The equation G—=Un(p*) means that G is a U-group with respect 
to the prime p and that it has n —1 proper subgroups in its U-series. If the 
fuller notation U,(p*, K) is used, it will be understood in addition that G is 
precisely of order p*K with K prime to p. 

According to this notation if K —1, U is a prime power group U,, and 
U* is its regular expression. Where a1, U* is either the metacyclic group 
of degree p and order p(p—1) or one of its invariant subgroups, since no 
other solvable transitive groups of prime degree exist. Both of these categories, 
the prime power groups and the metacyclic groups with their invariant sub- 
groups are too well known to require discussion here. 

In Un(p*, K) the U-series determines a sequence of integers a,° - - a 


f 
such that > a; =a and p™ is the index of Uzi-2 under Uxi+. If n is even, 


f=n/2; if nis odd f=(n-+1)/2. This sequence of integers will be called 
the U-sequence of U. Hall’s results* show that if F is a group of order p’, 
the order of the p-Sylow subgroup in A(/), and a fortiori the order of the 
p-Sylow subgroup in O(F) does not exceed pyY-?/?, But Usi-s/Usi-g is a 
p-group and U,/Uzsi-, corresponds to a set of conjugate subgroups in 
O(Ui-+1/Usi-2). Hence the U-sequence of Un is subject to the restriction 
that a; Sa;(a;—1)/2. It follows that the sequence a,- - «a; dominates 

(=) the arithmetic sequence f- --2,1. Hence if the number ¢ is in the 
U-sequence, it is one of the last ¢ members. However, it seems improbable 
that in the case of every sequence satisfying the above restriction, there exists 
a group for which it is the U-sequence. 

The problem of constructing all the groups “ stepped up” from a given 
U, may be attacked in various ways. The methods outlined below have proven 
convenient in practice and adequate for U*-groups of degrees < 64. They 
are based primarily on the consideration that 


(a) Where iis even (Uix2/Uis1) corresponds to a set of conjugate K-subgroups 
in A(Uins/Ui). 

(b) Where i is odd (Uis2/Uis1) corresponds to a set of conjugate p”-subgroups 
in A(Uin/Ui). 


The construction of all possible U, groups stepped up from a given U, is 
easy since there is exactly one such group for every set of conjugate K-sub- 


‘P. Hall, Proceedings of the London Mathematical Society, ser. 2, vol. 36 (1933-34), 
pp. 36, 37. 
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groups in A(U,). U*, is thus always a subgroup of the holomorph of U*,. 
The search for all the U, groups stepped up from all possible U, groups of 
given order is much facilitated by a theorem of Hall. His results *® show that 
if F is a prime power group and F the elementary group of the same order 
as F’, then every K-subgroup in A(F’) is simply isomorphic with a K-subgroup 
in A(F). 

The problem of constructing all possible UV; groups stepped up from a 
given U, is somewhat more intricate. Let M. be a maximal K-subgroup of U,. 
M, is simply isomorphic to U,/U,, and with U, generates U,. Each Mz is also 
a maximal K-subgroup of U, and contained in its invariant subgroup U2. If 
N, and N, are the normalizers of M, in U, and U; respectively then N;/N, is 
simply isomorphic with U;/U2. Since U;/U.2 corresponds to a set of con- 
jugate p-subgroups in A(U2/U,) [and therefore in A(M.)], Us may be 
generated by adjoining to U2 generators - js which 
(a) generate with U, a p-Sylow subgroup of Us, 

(b) transform the operators of M, according to the group (U;/U2). 

If hy is the lowest power of j; contained in Uj, then h; must set up the 
identity automorphism in M,. Thus A; is an operator in H., the subgroup 
of U, which consists of all those operators in U, which are commutative with 
every operator in M,. Let C; be the central of U;. Since every operator in 
U, which is not in C, sets up an automorphism in U,, C, =C;. Thus A, 
always contains C, and it is convenient to distinguish two categories of cases 
(1) H.—C2, (2) > C2. 


(1) H.—C,. This case always arises when U, is abelian, since under 
these circumstances, any operator in U, commutative with every operator in 
M, isin C,. But there are numerous cases where H, = C2 although UV, is not 
abelian. In all cases of this category however, h; sets up the identity auto- 
morphism in U, and U;/U;, corresponds to a set of conjugate V*-subgroups 
in A(U,). It is convenient to divide this category of U, groups according 
to whether (a) H, —C,—1 or (b) > 1. 


(a) H,—C,—1. Here M, and js generate a V*-subgroup of 
A(U;) simply isomorphic with U;/U, and there is a one to one correspondence 
between the U; groups derived from a given U, and the sets of conjugate 
V¥-subgroups in A(U;) containing the given M, (or one of its conjugates) 
as an invariant subgroup of index p’. Every such U; group may be expressed 
not only as a U*-group but as a subgroup of the holomorph of its U*;. 


® P. Hall, Proceedings of the London Mathematical Society, ser. 2, vol. 36 (1933-34), 
pp. 37, 38. 
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(b) H.—C.,> 1. In this case, a variety of abstract groups U; is 
sometimes obtainable from the same U, and the same subgroup of auto- 
morphisms of U;. To choose the j;’s so that each hy —1 is always possible ; 
if they are so chosen, the resulting U; may be written as a subgroup of the 
holomorph of U*, exactly as in the case where H,—C,—1. The generators 
so chosen will be called 7’;’s, and the U;-group thus generated will be called a 
principal U,-group. But where H,—C,> 1, it is frequently possible to 
choose the j;’s so that they set up respectively in U, the same automorphisms 
as the j’;’s but so that not every A, is identity. With generators so chosen the 
resulting U; is sometimes (not always) distinct from the principal U; group 
which corresponds to the same set of conjugate V*-subgroups in A(U;). Such 
a distinct U;-group will be called a collateral U;-group; it cannot be written 
as a subgroup of the holomorph of its U*;. 

It is thus shown that when H,—C,> 1, the correspondence between 
U;-groups and the suitable sets of VX-subgroups in A(U;,) is not always 
one to one but in certain cases many to one. In an extended program for the 
construction of U; groups it would be desirable to develop rules for the 
number of collateral Us groups belonging to any principal U;. But the 
subject is an intricate one and, within the field covered by this paper, the 
cases where collateral groups arise occasion no great difficulty and have been 
worked out individually. 

(2) H, >C,. In this case U;/U, may correspond to a set of conjugate 
V¥-subgroups not in A(U,) but in O(Ui). In a general program, the U; 
groups stepped up from U2 groups of this category would require detailed 
treatment, but inspection of all U2 groups of low order has shown that the 
relation H, > C. is impossible if U, is of order < 96. A Us group stepped 
up from this sort of Uz, would have an order =192 and a degree 5 64. 
Further discussion of this case is therefore omitted. 

Considerations similar to those already given hold for the construction 
of U, groups where n > 3. But sufficient analysis hag been carried out to 
show that, for degrees < 64, there is only one instance of a U*, where n > 3; 
80 that no further discussion of the general theory here required is now 
attempted. 

The U* groups of degrees < 64 and their corresponding U groups. If 
U* is of order p*K and degree p* < 64 then a<6 and the presumptive 
U-sequences are as follows: 


| 
of 
at 
er | 
P 
a 
Qe 
S0 
If 
is 
pe 
h 
n 
] 
oT 
n 
yt 
)- 
g 
vf 
e 
j 
| 


298 A. C. LUNN AND J. K. SENIOR. 


a U-sequences 
1 1 

2 2 

3 3 2,1 

4 4 3,1 

5 3,2 


But consider the sequence 3,2. Here p must be 2 and VU, of order 8. O(U;) 
must contain a set of conjugate solvable subgroups of order 4K (where K > 1) 
which contain no invariant subgroup of order 2 or 4. If G is of order 8, 
no O(G) meets this condition and so, where U* is of degree < 64, the 
U-sequence 3, 2 does not occur. 

If the cases where a1 or K —1 are omitted (for reasons already 
explained), and if it is borne in mind that, when U;,,/U; is of order 2, then 
= Un, the following table gives the possibilities for a U*-group of 
degree < 64. 


a U-sequence p n im Up» 
2 2 2 or 3 or 5 or 7 2 
3 3 2 or 3 2 

2,1 2 3 

3 3 or 4 

4 4 2 2 

3,1 2 3 
5 5 2 2 

4,1 2 3 


From the table it appears that, where p > 2, n exceeds 2 only where U* 
is of degree 27 and U, of order 9 and therefore abelian. U;/U, and U4/U; in 
this case must correspond to subgroups of A(U,) which are of order 3K but 
contain no invariant subgroup of order 3. Hence U;, is not cyclic. If U, is not 
cyclic and of order 9, the only subgroups of A(U,) which have orders divisible 
by 3 but contain no invariant subgroups of order 3 are A(U,) itself and its 
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single subgroup of index 2. If Un/U, corresponds to either of these groups, U2 
is such that H. — C, = 1 and the correspondence between the Un-groups and the 
subgroups of A(U,) is one to one. Thus, if p > 2 and n > 2, there are only 
two U*-groups of degree < 64. Of the corresponding U-groups one (n = 4) 
may be written as the holomorph (of order 432) of the non-cyclic group of 
order 9; the other (n—8) may be written as the positive half of this 
holomorph. 

Where p—2, m never exceeds 3 and attains this figure only for the 
sequences 2, 1 or 3,1 or 4,1. 

(a) If U, is of order 4, K = 3, and U; is of order 24 and a principal Us 
group. 

(b) If U, is of order 8, K = 3, or 7 or 21 and U; would be of order 48, 
112 or 336. But in the latter two cases U;/U, would correspond to a set of 
conjugate subgroups of order 14 or 42 in A(U,) where U, is the elementary 
group of order 8. As this A(U,) contains no subgroups of orders 14 or 42, 
U; is of order 48, where U, is of order 8. Since, in the Uz groups of order 24, 
H,=C, > 1, the possibility of collateral groups of order 48 must be considered. 


(c) If U, is of order 16, K = 3, 5,7, 9,15, or 21. If K > 3, U, is the 
elementary group of order 16 and U;/U, corresponds to a set of conjugate 
subgroups of order 2K in A(U,). As this A(U,) contains no subgroups of 
order 14 or 42 there are no U; groups of order 224 or 672. Where K = 5, 9 
or 15, U. is such that H, = C, —1 and no collateral U; groups of orders 160, 
288 or 480 are possible. Where K = 3, U, is not necessarily elementary and 
U, is sometimes such that H, —C, > 1, so that collateral groups of order 96 
are to be looked for. 


It is thus shown that if U*, is of degree < 64, n > 2 only for the orders 
24, 48, 96, 160, 216, 288, 432 and 480, and that, for orders other than 48 and 
96, collateral U; groups are impossible. A U, group occurs only in the order 
432, As all the groups of orders 48 and 96 are known, a discussion of the 
number of collateral groups is superfluous and the list of groups of these 
orders is taken from the published tables. In all other orders the corre- 
spondence between U, groups (n > 1) and the suitable sets of conjugate sub- 
groups in A(U,) is one to one. 

The following table summarizes the U*-groups of degree < 64 where 
@>landK>1 
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Orders of 
Degree K U; U, 
4 3 12 wk 
8 Factors of 21 8K 24 
9 Factors of 16 9K ye 
16 3, 5, 7, 9, 15, 21 16K 48 
25 Factors of 96 25K 
27 2, 4, 8, 18, 16, 26, 32 27K 216 432 
32 3, 5, 7, 9, 15, 21, 31, 63, 155 32K 96, 160 
288, 480 
49 Proper factors of 288 49K 


As appears from the following list there are just 212 of these groups. 
To these are added the 101 U*-groups of degree < 64 where a= 1, and the 
83 U*,-groups of degree < 64 where a>1. Thus the basis groups whose 
U* expressions are of degree < 64 are 396 in number. Any solvable group 
which contains no Sylow subgroup of order = 64 may be construqted from 
these 396 groups. The number of such groups is hard to estimate, but, if the 
basis is limited to the 102 U*,-groups in the above list, the calculation is easy 
and shows that approximately 1.75  10® groups can be constructed from this 
portion of the basis groups. There can therefore be little doubt that the 
number of groups which can be constructed from all the 396 basis groups 
of degree < 64 easily exceeds 10°. 


The Non-regular U*-groups of degrees 4, 8, 9, 16, 25, 2%, 32 and 49. 
The authors have proven the completeness of the following list—e. g. they 
have shown that where p—5 and @ is the non-cyclic group of order p’, 
A(G) contains exactly 29 sets of conjugate solvable K-subgroups. But these 
arguments are too lengthy for inclusion here. 

The generators of the various U*-groups are given in a particular order. 
The symbol X, stands for a generator, and 


A,: ++ Aqg| Bi: *Mm|Ni- Mn 


means that the generators A,- ‘Aq generate U,; the generators B,- 
extend U, to U2; Ci: - -C, extend U, to U;; ete. Furthermore the generators 
are arranged in such order that the group generated by the first x generators 
is invariant under the group generated by the first 2 + 1 generators. 

In the degrees 16 and 32, each principal Us group of order.48 or 9% 
respectively, if it has collateral groups, is labelled ‘ pr’ and bracketed with 
its collateral groups labelled ‘ co.’ 
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Decree F 


A, = acbd 
A, = ab.cd 
B, = cbd 


DEGREE G 


A, = abcd.efgh 
aecg.bhdf 
As= ac.bd.egfh 
Ag= abcd.ef.gh 
As= ae.bf.cg.dh 
bef.dgh 
B, = ecbgdhf 
cbd.ofh 
C, = ae.bh.co.df 


DEGREE 9 


A, = adhbeicfg 
A,= abc.def.ghi 
A, = adgbehcfi 
B, = bc.dg.ei.Fh 
Bz = dg.ehfi 

B, = bdco.efih 
Ba = beci.dhof 
Bs = bhdecfgt 


DEGREE /6 


A, = ac.bd.egfh.tk.jl.monp 
A, = abcd.ef.gh.tj.kl.mnop 
A, = p 
A, = ai.bj.ck.dl.emfn.gahp 
abcd.efgh.ijk lmnop 
aeim.bfyn.cgkodhlp 
A, = aecg.bhdf.imko.jpIn 
Ag = aick.bjdl.emgo.fnhp 
B, = ecbgdhf.mkjol pn 

B, = cbdgfh.kj l.onp 

B, = cbd.eimflogjp.hkn 
B,,= bef.dgh.jmn.lop 

Bs = bep.cik.dmf.ghl. jon 
Bg = cplkm.boone.djf hi 
C, = ai.bl.ck.dj.emfp.gohn 
C.= aiembifp.ckgodjhn 
C, = ai.bl.ck.dj.ep.fo.gnhm 
aick.bld j.epgnfohm 
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U* ORDER 
¥| 12 
U* ORDER 
#| AA, B, 24 
#2 AsAAs B; 24 
#3 56 
#4 BB; 168 
#5 A,A, | B, ee 24 
ys ORDER 
#| A, B, 18 
#2 A,A; B. 18 
#3 . B, 18 
74 B. 36 
#5 B, 36 
#6 Bs Va 
#7 B,B, 72 
#8 72 
#9 4a 
U* ORDER 
# | A, ALA, B, 48 
48 
#3 B, 48 
#4 1S, 48 
#5 AA,A,A, B, 48 
# 6 48 
#7 | 80 
#8 . 112 
#9 B,B, 144 
#10 ‘ B, B, 240 
#1) B. 336 
#12, A, A,A, B, 48 
#13 C,)co 48 
#14 As Ay B, 48 
#15 C,jco 48 
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DEGREE 
A,aforvbgkswchl txdimpye jnqu AI B. 200 
*2 | Be 100 | 18 300 
Assaf kpu.bglav.chmrw.dinsx.ejoty *3 AA;s| B 50 *19 300 
B,-be.cd-fu.gy.hx.iw.j B, 50 | #20 BB, 300 
B, 75 | #21 BoB, 400 
x.fmn.gjp.kyv.rus #6 |B,B, 100 | #22 400 
B,bxg.cqmehy.dos.fir.ptv.uwnkl j #7 Bs 100 | #23 400 
Bs*be #8 B, 100 | #24 B,B, 600 
B, 100 | #25 600 
#10 | By 100 | #26 « DsBsB, 600 
Be*bced.ghj i.lmon.grt s.vwyx 150 | B,B,B, 600 
Bo*fu.kp.bc ed.gwjx.hyiv.lros.mtng |ByB, 150 | #28 800 
#13 + |ByB, 200 | #27. B,ByB, 1200 
By"bkdfe pcu-hyqmxgos.i j trwvlp |BsB,200 | 730 1200 
715 |B,B,200 | #31 /B,B,B,B,D, 2400 
° (|B By 200 
Peore er & 
U* U* 
* |! B, 54] #23 A;A,As; Br 216 
3 B, 54) #25 216 
* 4 B; 54/26 By Bs 216 
s.bkt.clu.dmv.enw.fox.gpy.hqz.ira 5 108) #27 By Be 216 
*6 A,A| B, 54] #28 Ba Bs 216 
Bi £7 B, 54) #27 Bz Bs 
Bz: bc.dg.e1.f y.wa.xZ B, 54) #30» B, 216 
108 | #3! Bz Bs Bs 216 
B,*dg.eh.fi.j By, 108) By 35! 
Bs -dg.eh.f i.mp.ng.or.v y.wZ.xe Fils Bs 216] 733 ByB; 432 
By*bc.ef.hi.j |By Bg 216) #34 | ByBs By 432 
y.wxaz 713, Ba 2161 #35 B, 432 
yx Fid [Bs Bg 432 | BBs 432 
By js.bdeg.efih.kvl y.mupt.nxrz.oaqw 715 A,AsAs| 54) 437 Bab, 432 
716° B, 54) By Bs 432 
Bud j 9 s-oqaw.ekht.mryx.fliunpzv By 54) 432 
z.lvup #18 108] By B, 102 
Ba beghcidf.kupgl rmotwyzuavx 719+ Bg 108) #41 By Bs By 864 
B, 108 | Br BelCID, 432 


#22 By 108 
Ci*aj s.bkt.c 
D,*dgehfi.js.ktl umy.nz.ocpv.q wrx 
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216 
216 
216 
216 
216 
216 
216 
16 
216 
132 
132 
132 
132 
132 


DEGREE 32 

A,rabcd.ef.gh.ij.k Lmn.op. AB.CDEF.6H,1J.KLMNOP 
Aytae. 
As* aA bB.cC.dD.eE.f F.g6.hH.i kK.1 LmMaN.o0.pP 
Ag aeimbf jn.cgkadhl p,AEIM.BFJN.CGKO.DHLP 
A,-aAeEi j JnN.cCgGkKoQdDhH1L pP 
1.) LkK.1 LmE.nF.o Gp 
Avabcdefgh.ij k LmnopABCDEFGH.IJKLMNOP 
p In AECG.BHDF.IMKO.JPLN 
i ck.bjdl.emgo.fn hp.Al CK.BJDL.EMGO.FNHP 
cCkK.bBj JdDIL.eEmMgGoO.f FnNhHpP 
AsaAcI.bBj J.cC.kK.dD1 LeEmMf FnN.gGo0.hH pP 
J.mOoM.nPpN 
Ag’ aA.bB.cCdDeE.f F.gGhti 
pF 
An I.j 
Agr aAb I.c EdM.eC.f K.g6h0.i B.j 


I.bF j 00.hDpL 
l.onp. J 4 


B,-AcbCdDBEgf GhHF.Ik j KILJ.MonOpPN 
B,-cbd.ei mgj p.hkn.flo.CBD.EIMGJP.HKNFLO 
B,-cp] km.bgone.¢j fhi.CPLKM.BGONE.DJFHI 
B,-e1m.fj n.gko.hl p.EIM.FIN.GKOHL P 
ky lp 
By=be f.dgh.jmn.lop.BEF.DGH. JMN.LOP 

iAl.j 

Ba=be f.dgh.t EN.kCK.1GP.mFJ.nBM.oHL.pDO 
Dh.eMFLGgOHJE 
By=bep.cik.dmf.gh 
Bu=bAP.ci B.FEL.gmk.hMF.j ON.LG D.nKJ.p CH 
C,=aAbD.c [.y 
i ImM.bDPH j Ln P.cCqgGkKoQ.dBhF1 J pN 
L.KK.1 LmEnHoGpF 
C,*aAi I.bDj L.cCkK.dBl J.eMmE.f Pn GhNpF 
I.bDj 
Cyr 
J.kF.UNmD.n LoHpP 
Cy 0A.bD.c C.dB.eH. f6.gF. 
CyzaAi cCkK.bDj Ld BlJ.e HmPg FoN.fGnOhE pM 
CyraAbD.c C.dB.elt.f 6.9F.hE.i J.k 1.1 LmN.nM.oPR pO 
J 1 LmNoP.nMpO 
BetoF.f GhEt IkKjL1J.mPoN.nOpM 
j LcCkK.dBlJ.cHmP.f GnO.gFoN.hEpM 
Cyt 3A.bBic 
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U* 

A, A, Ay 
AgAs 
#3 

#6 A, A,AsAgAs 

#10 

| “ 

#12 

#13 

#\4 

#15 

bd 

4\7 « 

#18 
719 Ag As 
#20 Aq AwAs 
Aa 
#22 

#23 

F24 
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B, % 
B, 
B 224 
672 
B, % 

00 % 

B, % 

00 B, 160 

0 | Bz 224 

B, 8, 288 

0 480 

0 672 

0 B, Bs 672 

00 612 

442 

00 By 20 

| 

00 

100 | 

B, 

as 

725 A, A,A,A By 
#26 Ba 288 
#27 By Ba | 

F28 

#29 By 

#30 Ay A,As Bu % 
#3) AgA,A Bu per | 
ro 
#33 A; B, 4% 

#35 A, AL As | a% 

AA, AAG iC, | 

#40 

#4) . 3 

#43 
#44 B, C, 288 
a: 288 | 
#46 ° : 1 

#52 Ag Bills | | 
#53 ° | 
54 | 
% 
A, As B, 

| 
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ARC-PRESERVING TRANSFORMATIONS. 


By G. T. WHysurn. 


1. Introduction. If A is a compact continuum, a single valued trans- 
formation 7'(A) — B, where A and B are contained in a metric space, will 
be said to be arc preserving provided that the image of every simple are in A 
is either a simple arc or a single point in B. Similarly, 7 will be said to he 
irreducible provided that no proper subcontinuum of A maps onto all of B 
under 7’. 

Clearly any topological transformation is both are preserving and irre- 
ducible. Obviously, also, if A contains no arc, then any transformation 
defined on A is arc preserving; and if B is itself a simple arc, then any 
continuous transformation sending A into B is arc preserving. The function 
y = x*° — x transforms the interval (— 2,2) of the X-axis continuously into 
the interval (— 6,6) of the Y-axis; and in this case the transformation is 
both are preserving and irreducible; but is not a homeomorphism, since the 
roots of 2*—-«—y are all real for |y|<2V3/9 and are distinct for 
|y| <2V3/9 whereas there is only one real root for | y| > 2V3/9. 

Thus we see that even in case A and B are simple arcs (and therefore 
homeomorphic sets) and 7'(A) —B is continuous, are preserving and irre- 
ducible, 7’ does not necessarily reduce to a homeomorphism. However, in this 
paper it will be shown, among other things, that if A is locally connected, 
if T(A) —B is continuous and either A or B is cyclic (i.e., without cut 
points), then in order that 7 reduce to a homeomorphism it is necessary and 
sufficient that 7’ be are preserving and irreducible. 

In this paper all transformations used will be supposed single valued 
and continuous. 

It is readily seen that if A is a compact continuum and T(A) = B is con- 
tinuous then there always exists a subcontinuum A, of A such that T(A,) =B 
and T is irreducible on A,. This follows at once from the Brouwer Reduction 
Theorem, since the property of being a subcontinuum of A mapping onto ail 
of B under T clearly is inducible. 


2. Irreducible and arc-preserving transformations on locally connected 
continua. Throughout this section we shall suppose A to be a compact locally 
connected continuum. 
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(2.1) If A is a locally connected continuum and T(A) =B is irreducible 
and arc preserving, then T is a homeomorphism on each true cyclic element 
of A on which T is not constant. 


Proof. Let E be such a true cyclic element of A. We have to prove that | 
for each be B, E-T-*(b) contains at most one point. Let us suppose this 
is not so. Then for some be B there exists a non-degenerate are rpy C FE 
such that zpy:T*(b) —x-+y. Now T(apy) is an are ub and we may 


suppose p chosen so that T(p) =u. Let Uz and Uy, be disjoint connected 
neighborhoods of 2 and y in A such that T(u) - (Uz + Uy) =O and 
py: Uz =ap:U,=0. Since there are non-cut points of A in both U, and 
U,, it follows from the irreducibility of 7 that there exist points ce U, 
and de Uy, such that T“[T(c)] C U2, T*[T(d)] C Uy. For if p is a non- 
cut point of A in Uz, say, there exists a neighborhood Uy, of p such that 
A— A+ U, is contained in a single component N of A —A-U,; and since T 
is irreducible, there must exist a point c in Uz such that N-T-"[T(c)] =0 
and hence so that 7-*[T'(c)] C Uz. Now let cq and dr be arcs in Uz and U, 
respectively such that cq: dr-zpy=r. Let a denote the arc 
cq + gpr + rd. 

We shall show that 7'(«) is not a simple arc. To do this it suffices to 
show that no one of the three points 7'(c), T'(d), u separates the other two 
on 7'(«). Let 8 denote the subarc of the are 7 (qpr) from T(q) to T(r). Then 
since B does not containu. Also T(cq)-u—T (dr) -u=0. 
Thus 7(cqg) + (dr) is a connected subset of not containing wu. 
But T(cqg-+qp) is a connected subset of T7(«) not containing T'(d) and 
T (dr + rp) is a connected subset of 7 («) not containing T(c). Thus 7'(a) 
cannot be a simple arc, and our supposition that our theorem is not true leads 


to a contradiction. 


(2.2) Let T(A) =B be irreducible and arc preserving, where A is locally 
connected. Then if B is cyclic, so also ts A. 


Proof. Suppose, on the contrary, that A has a cut point p. Let us write 
A=X-4+Y where X and ¥ are continua and Y¥-Y=—p. Let P=T"“*T(p) 
and K =T"T(X). 


(i) If re Y-(K—P), then for any arc pr in A we have prC K. 


For suppose not. Then for some 2’ « X we have T(2’) =T(x). Let a’p 
‘be an are in X. Then T(2’p) is an arc in T(X) and T(pz) is an are in A 
not lying wholly in 7(X). Since each of the arcs T(2’p) and T(px) contains 
the two points T(p) and T(z), it follows that their sum contains a simple 
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closed curve. But T(pr) + T(a’p) =T (apr) and this set must be a 
simple are. 

(ii) If ge (P—p), then for any arc pq in A we have either pg C K 
or pq: K CP. 


For suppose pq contahs a point x of K — P and also a point y of A— K. 
Then by (i) we have pr C K. ThusyC aq. Hence T (pz) is an are in T(X) 
and 7’(xq) is an are in B not lying wholly in T7(X). Since each of these arcs 
contains the two points 7'(x) and T(p) [= T'(q) ], it follows that their sum con- 
tains a simple closed curve. This is impossible since px) + T(2q) =T(paq). 


(iii) If R is any component of A—K, then T[F(R)] reduces to a 
single point." 

For if not, there would exist an are zy such that T(z) ~AT(y),¢+yCK 
and zy— (x+y) CR. Now either T(x) or T(y) is ~T(p). Suppose 
T(z) AT (p). Then by (i) any are px in A is C K. Since then px + zy 
is an arc pay, it follows by (i) that ye P. But since pry contains ze (K — P) 
and also contains points in the open are zy which are not in K, this contra- 
dicts (ii). 

(iv) Now let & be a component of A -—K and let Q be the sum of all 
those components § of A—K such that T[F(S)] —=T[F(R)] =a. Then 
since Q + T-*(a) is closed, it follows that T7(Q) + a is closed. Since a is 
not a cut point of B it results that some point z of T7(Q) must be a limit 
point of B—T(Q). Since Q is open in A, it follows from this that T-*(z) 
must intersect some component U of A— XK which does not belong to Q. 
Let b = T[F(U)]. 


Now we have two essential cases to consider as follows: (1) aAT(p) Ab, 
and (II) a—T(p) ~b. In either case let 7, T-'(x) -Q and T-1(zx) - U, 
let and xb, be arcs such that — a, C Q, —b, C U, T(a), 
b,«T(b). 

In case I, we have a, b,« (K —P). Hence it follows by (i) that there 
exists an arc a,b, in K. Then 7'(a,b,) is an are in T(X) containing both 
aand b. But since T(2,) =T(2.) it follows that T(2,a,) + 
contains an are from a to b which clearly cannot lie in T(X). Hence 
T(a,b,) + T(2,a,) + = T (aya, + + = con- 
tains a simple closed curve, which is impossible. 

In case II, consider an arc a,p in A. If this are contains 6,, then by 
(ii) we have a,p C K so that a,p would contain a subare a,b, contained in K. 


F(R) denotes the boundary of F relative to A, i.e., the set R—R. 
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If ap does not contain 6,, then by (i) any are pb; in A is C K; and a,p + pb, 
contains an arc a,b, some subarc a’,b, of which is C K, where a’, e P = T-*(a), 
Let us agree to set a, = a’, in case a,b, C K. Then 7'(a’,b,) is an arc in T(X) 
containing both T(a’,) =a and T(b,) —b. Since T(2,) (22) =z, it 
follows that + T(22b,) contains an are from 7'(a’,) to which 
does not lie wholly in T7(X). Hence 


+ T(a’'sb1) + T (bia) = Taya’, + a:b, + = T 
contains a simple closed curve, which is impossible. 


(2.21) Corottary. Let T(A) =B be arc preserving, where A is locally 
connected and B 1s cyclic. If A has a cut point p, then for each component 
C of A—p we have T(C + p) =B. 


This results at once from the proof of (2.2), because we can take X in 
that proof to be C+ p; and it will be noted that the irreducibility of T was 
used only once, namely, in (iv) to insure the existence of at least one com- 
ponent of A—T“T(X). 


(2.3) If A is a locally connected continuum and T(A) = B is irreducible 
and arc preserving and if for some be B, x, ye T1(b), xy, then on any 
true cyclic element in the cyclic chain? C(x, y), T must be constant. 


Proof. Let xpy be any arc in A from x to y. Now if T(xpy) —)dcB, 
our result follows from (2.1). Thus we suppose T(zpy) contains more 
than one point. Also, without loss of generality, we can assume that 
cpy:T*(b) =«x+y. Hence T(xpy) is an arc ub; and clearly we may 
suppose p chosen so that T'(p) = u. 

Now if we suppose (2. 3) does not hold, there exists a true cyclic element 
E of A intersecting xpy in a non-degenerate arc cd where we have the order 
z,c,d,y and where T is not constant on H. Since by (2.1) T must be a 
homeomorphism on cd and since T' (xp) = T (py) = ub, it follows that either 
cd < xp or cdC py. Let us suppose the latter. Then we have the order 
2, p,c,d,y on xpy, where some points may coincide. Now there must exist 
a point w on py— (p+ y) which is a limit point of # —cd and such that 
u=T(w)~b. For if not, then FZ would contain an are p/zy’ such that 
«xpy=p +y and T(p’) =u, T(y’) =b; but this is impossible, 


*If M is a locally connected continuum, a subset of M is called an A-set provided it 
is closed and it contains every simple are in M whose endpoints lie in it. If #,yeM, 
the smallest A-set in M containing «+ y is called the cyclic chain O(a,y). See my 
paper in American Journal of Mathematics, vol. 50 (1928), pp. 167-194; see also Kura- 
towski and Whyburn, Fundamenta Mathematicae, vol. 16 (1930), pp. 305-331. 


= 


Cr 


“ 


ARC-PRESERVING TRANSFORMATIONS. 309 


because then 7’ (xp’ + p’zy’) =T(p’y’) + T(p’zy’), which is a simple closed 
curve since p’y’ + p’zy’ is a simple closed curve and 7 is a homeomorphism 
on every such curve by (2.1). (Note: p’y’ denotes the are p’y’ of zy). Thus 
such a point w exists. 

It follows readily [see the proof of (2.1)] that there exists an are rv 
in # such that 


T(rv):-(u+b) =0, and T(r)-ub=—0. 


Now zpv-+ rv is an are in A; but T'(apv) =T (ap) = ub, whereas T (rv) 
is an are in B intersecting ub but containing neither wu nor b and yet not being 
contained in ub. Thus 7 (rpv-+rv) cannot be a simple arc, contrary to 
hypothesis. 


(2.4) If A ts locally connected and T(A) =B 1s irreducible and are pre- 
serving, then for each true cyclic element Ey in B there exists a unique true 
cyclic element Ey in A such that T(La) = Ep. 


Proof. Let K 
(i) For each component R of A — K, we have T[F(R)] =—pe Ep. 


For suppose, on the contrary, that for some z,ye F(R) we have 
T(x) AT (y). Then T(£) is a connected subset of B — Hy having at least 
the two limit points T(a) and 7(y) in Hy. Clearly this is impossible since 
FH, is a cyclic element of B. 


(ii) If we define the transformation 7(A) = FZ, as follows: 
Z(x) =T (2) for re K, =T[F(R)] for ve R, 


where & is a component of A — K, then Z is continuous and arc preserving. 

The continuity is immediate. Let pq be any arc in A. Then T'(pq) is 
an arcab in B. Ifab- H,=0, then pq C some R; whence Z(pq) =T[F(R£)] 
=a single point. If ab- H,~0, then ab- is a subare a’b’ of ab which may 
reduce to a single point. Let re (pq--K-pq). Then Z(x) =T[F(R)], 
where is the component of A—K containing and clearly Z(zx) €a’b’. 
Thus Z(pq) = a’b’ and Z is arc preserving. 

Let EH, be an A-set in A which intersects every one of the sets 7-*(b), 
be H;, and is irreducible with respect to the property of being an A-set inter- 
secting every one of these sets. Then Z(H.) = EF; and Z is are preserving on 
FE, since it is arc preserving on A. It now follows from (2.21) that Ha can 
have no cut point, and hence E, is a true cyclic element of A. But T is a 
homeomorphism on each true cyclic element of A on which it is not constant, 
by (2.1), and hence is a homeomorphism on F,; and since T’(Ha) > Fh, this 
gives T(E) — Ey as was to be proven. 
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Finally, there can exist no other true cyclic element Hy of A such that 
T (Ha) = Hy. For if so, let x be a point of Hy such that T-*(x) - [Ba + Ey] 
contains no cut point of A. Then if 2,—H,-T-(r), 2,—Hy- T(z), 
we have C(2,, 42) Ea + Eq and this contradicts (2.3). 


3. Recapitulation. Conditions for homeomorphism. The results just 
established in § 2 yield at once the following theorems. 


(3.1) THrorEM. If A is a compact locally connected continuum and 
T(A) =B 1s irreducible and arc preserving, then T maps the true cyclic 
elements EL, of A on which T is not constant into the true cyclic elements E, 
of Bina (1—1) way and T is a homeomorphism on each Ey. (1. €., for each 
such Ea, T(Ha) is an Ey and for each Ey there 1s a unique Eq such that 
T (Ea) = 2). 


(3.2) THurorEemM. Let A be a compact locally connected continuum, let 
T' (A) = B be continuous and suppose that either A or B is cyclic. Then in 
order that T be a homeomorphism it 1s necessary and sufficient that it be 
irreducible and arc preserving. 


It is clear that for the validity of the former of these theorems the ire- 
ducibility of 7’ is indispensable. However, if in the latter theorem we specify 
that B is cyclic, it seems possible that the condition of irreducibility on T 
could be dispensed with. This is indeed the case, as will now be shown, pro- 
vided we assume further that A is hereditarily locally connected, i. e., that not 
only A but also every subcontinuum of A is locally connected. 


(3.3) Tuerorem. Let A be hereditarily locally connected, let T(A) =B 
be continuous and suppose that B is cyclic. Then in order that T be a homeo- 
morphism it is necessary and sufficient that it be arc preserving. 


Proof. The necessity of the condition is obvious. We proceed to establish 
the sufficiency. In view of (3.2) it suffices to prove that 7 is irreducible. 
Let us suppose, on the contrary, that for some proper subcontinuum A’ of A 
we have 7'(A’) = B. We may suppose A’ chosen so that 7’ is irreducible on 4’. 
Also, since T is arc preserving on A, clearly it is likewise arc preserving on A’. 
Furthermore, since A’ is locally connected and B is cyclic, it follows by (3.2) 
that A’ is cyclic and T is a homeomorphism on A’. 

Now since A’ = A, there exists an arc ab in A such that ab: A’ =a +5. 
Then 7(ab) is an arc and, since 7' is a homeomorphism on J’, so also is 
A’: TT (ab). Call this latter arc zy. Since.A’ is cyclic, there exists in A’ at 
arc such that zy: a8 -+ and we have the a < BS y on wy. 
Let «zB be the subarc of zy from «@ to £. 
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(i) If wv is any proper subare of the arc 7'(ab) —rs, there exists a 
proper subare pq of ab such that T (pq) wv. 


For let m be a point of rs — uv such that T(a) AmAT(b). Then either 
rm or ms contains wv, suppose the former. Then since T-*(m) - (a+b) —0, 
ab contains a proper subare pg where pe T-*(m), qe T-*(r); and since T'(pq) 
is a subarc of rs containing both r and m, we have T(pq) © uv. Similar 
reasoning applies in case ms - uv. 


(ii) If az8A~A czy, then T(az8) is a proper subare wv of rs (since T is a 
homeomorphism on A’). Thus by (i) we have a proper subare pq of ab such 
that T' (pq) uv. Not both a and b can belong to pg. Suppose b non-e pq 
and suppose we have the order a, p,q,b on ab. Now bexy and zy contains 
either an arc 08 not containing @ or an are b@ not containing B. Call this arc ¢. 
Then in either case it is apparent that «8 + ¢-+ pqb is a simple are y. But 
T(y) 0T(«B) + T (pq) =T(aB) + uv =T (a8) + T(azB); and this latter 
set is a simple closed curve, since #8 + az8 is a simple closed curve in A’ and 
T is a homeomorphism on A’, Thus this case leads to a contradiction. 


(iii) If az8 — ary we may suppose we have « = 2, 8B = y. Now botha and 
b lie on azy and we may suppose we have the order rxSa<z<bXy, 
on azy. Since 7'(a) ~T'(b), there exist arcs ac and db in ab and 2b respec- 
tively such that T’(ac) -T (db) =0. Since T(ab) =T(azy) rs, this gives 
T (by) + T(awazd) T (ac). Whence T(by) + T(xazd) +T (cb) —rs. Thus 
T (cb + by + Ba + xazd)=T (cb) +T (xazd)4+T (by) +T (aB)=—rs+T (ap). 
But this is impossible, since cb + by + Ba-+ zazd is a simple are whereas 
rs -+ T'(aB8) is a simple close curve. This contradiction completes our proof. 


4, A-set reversing transformations. If A is a compact locally connected 
continuum and 7’'(A) = B is continuous (as we shall suppose throughout this 
section), then 7’ is said to be A-set reversing provided that for each be B, T-*(b) 
is either a single point or an A-set in A. 


(4.1) THrorem. In order that T be A-set reversing it is necessary and 
sufficient that T be monotone ® on every simple arc in A. 


To prove the condition necessary, suppose 7’ A-set reversing, let pq be any 
simple arc in A and let be T(pq). Then since 7-*(b) is either a single point 
or an A-set, it follows that pg: T7-*(b) is* in either case a connected set. 
Consequently 7’ is monotone on pq (indeed on any connected subset of A). 


* A transformation 7'(X) = Y is monotone provided that for each ye Y, 7 (y) is 
connected. See C. B. Morrey, American Journal of Mathematics, vol. 57 (1935), pp. 
17-50. 

‘For properties of A-sets, see Kuratowski and Whyburn, loc. cit. 
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The condition is also sufficient. For suppose it satisfied and let De B. 
Let p,q«T-*(b) and let pq be any arc in A from p to q. Since by hypothesis 
T is monotone on pq and since T(p) = T(q) =b, we must have T'(pq) =b 
or pg T*(b). Thus T-*(b) is either a single point or an A-set and T is 
A-set reversing. 
(4.11) Coro~uary. Any A-set reversing transformation on A 1s are 
preserving. 

For the property of being a simple arc is invariant under monotone 
transformations. 


(4.12) Corortary. If T is A-set reversing on A, then T 1s monotone on 
every connected subset of A. 

(4.13) Any monotone transformation on a dendrite is arc preserving. 
(4.14) Any monotone transformation on A is arc preserving on the set 
K + Hi of all cut points and all end points of A. 

(4.2) If A is a locally connected continuum and T(A) =B is A-set re- 
versing, then for every A-set Ay in B, T-*(Ay) is an A-set in A (or a single 
point). 


Proof. Let p,qeT-*(As), pq, and let pq be any arc in A from p to q. 
If T(p) =T(q), then T(pq) =T(p) A» so that pq. C since T is 
A-set reversing. If T(p) ~T(q), then by (4.11), T(pq) is an arc from 
T(p) to T(q). Whence T (pq) C A» so that pgC T-*(Av). Thus 7*(A)) 
is an A-set. 


(4.3) If A is a locally connected continuum and T(A) =B is A-set re- 
versing, then for each true cyclic element Ey in B there exists a unique true 
cyclic element Ea in A such that = and T is ahomeomorphism on Ey. 


Proof. Since T is monotone, there exists * a true cyclic element FH, of A 
such that Ey. Now by (4.2), is an A-set in A. Since 
T-'(Hy) contains at least two points of this gives Hg C T-*(H,). Whence 
T(E.) Accordingly = Finally, for no be B can T-*(b) 
contain more than one point of Z,; for if it did, we would have #, C T-*(b), 
which is impossible. Thus 7 is a homeomorphism on Fy. Obviously Hq is 
uniquely determined. 


(4.31) Cororzary. If A and B are locally connected and cyclic and 
T(A) =B is A-set reversing, T is a homeomorphism. 


THE UNIVERSITY OF VIRGINIA. 


5 See my paper in the American Journal of Mathematics, vol. 56 (1934), pp. 133-146. 
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AN ANALYTIC CHARACTERIZATION OF SURFACES OF FINITE 


" LEBESGUE AREA. PART II. 
is By B. Morrey, JR.* 
In Part I of this paper,’ the author gives an analytic characterization 
. of surfaces of finite Lebesgue area in which only “ non-degenerate ” surfaces 
are admitted for discussion. The object of the present part is to generalize 
these results to arbitrary surfaces of finite area, the hypothesis of non- 
degeneracy being dropped. 
Throughout this paper, we shall use the following vector notation: the 
letters 2 and X shall stand for the vector of the codrdinates (z',- - -,#%) and 
rf (X1,- - -,X%) of a point in the z-space in which a given surface will lie, 
the letters wu and U for the codrdinates of a point of the space containing the 
set on which the given surface will be parametrically represented, the sum 
: and difference of pairs of these letters will denote the sum and difference 
vectors, and 0x/da for the vector (dx1/da,- « being a parameter, 
a(u) and X(U) will be vector functions, and if is a vector in any space, 
d: || will denote its length. We may write z(P) to mean z(w) where wu is 
is the codrdinate vector of P, up for the codrdinate vector of P, ete. Given a 
" point set #, # will denote its closure and H* the set of its frontier points. 
) All vector functions occurring in a transformation or the representation of a 
surface will be assumed continuous. As there are a great many topological 
p- terms used whose definitions are long, we shall merely give the reference to 
le where they may be found in the author’s paper, “The topology of path 
a surfaces,” * which we shall hereafter refer to by the letter T. as frequent 
A references to this paper will be made. 
3. The existence of a “ generalized conformal” map of an arbitrary 
: surface of finite Lebesgue area on a hemicactoid (T. § 2, def. 12). 
), Definition 1. Let H be a hemicactoid and h a continuous curve (T. § 1, 
is Definition 9) which is a subset of 1. Let 6 consist of all the points of h not 
separated from B in A (T. $1, Definition 4) by any point of h; the set b is 
Fi a continuous curve which is either a subset of B or a subset of a single cyclic 


' National Research Fellow (1931-33). 
* American Journal of Mathematics, vol. 57 (1935), pp. 692-702. 
* American Journal of Mathematics, vol. 57 (1935), pp. 17-50. 
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element (T. §1, Definition 13) of H which does not contain all of that 
element unless that element is a point, in which case b is that point. If 6 is 
a subset of B which is a base set (not necessarily canonical) (T. § 2, Defini- 
tions 6 and 11), is a single point, or is a subset of a double cone (T. § 2, 
Definition 7) of H and does not separate that double cone being therefore 


homeomorphic with a base set, and if (h —b) is a sum of canonical cactoids 
(T. § 2, Definitions 10 and 11), then we say that h is a sub-hemicactoid of H 
and b is its base set. h is not necessarily a hemicactoid in the ordinary sense 
as b may not be a canonical base set although it is always homeomorphic to one. 


Definition 2. Let 8 be a surface represented by tx = X(U) on a hemi- 
cactoid H and let h be a sub-hemicactoid of A with base set b. From T. § 4, 
Theorem 1 and the above remarks it follows that there exists a monotone 
transformation (T. § 2, Definition 5) U —U(u), with corresponding col- 
lection of continua G (see T. § 2, Theorem 4), of a Jordan region 7 into h 
which carries the subcollection G, of T. § 2, Lemma 8, topologically (T. § 2, 
Definition 4 and Theorem 2) into 6. If we define z(u) =X[U(u)], wef, 
then «= z(u) is a surface and all surfaces thus obtained are identical. We 
call this surface the sub-surface of S corresponding to h. 


THEOREM 1. Let S be a surface represented on a hemicactoid H by 
z=X(U). Let h, and hz be two sub-hemicactoids of H such that hi +ho=H 
and hy +h» is a single cut point of H. Then if 8, and 8, are the sub-surfaces 
of S corresponding, respectively, to h, and ho, we have 


L(S) =L(S,) + L(82)4 


Proof. Suppose hy‘ he is not the whole base set of either hy or ha. Then 
and b- b. each contain more than one point and hi: 
Now, we may find a monotone transformation with corresponding collection 
G, of Sus 3/8, v= 1, into h, which carries the subcollection 
Gi,o into bi, the segment, u = 3/8, 0 = v1, being carried into the point 
he. Similarly we may carry 72, 72:5/8 SuS1, 0SvZ1l, on ho, the 
segment, 5/8, v1, being also carried into hi:hs. In this case 
we unite these to give a map U=U/(u) of H on Q by first defining 
U(u) = UE Y, y: 38/8 Sus 5/8, 0Sv and then defining U(u) 
in 7, and #, by the condition that U —U(u) give the above determined 
mappings. Clearly UV = U(u) carries G = G, + G, topologically into H and 
its subcollection G, topologically into B. 


*L (8) denotes the Lebesgue area (see introduction to part I) of S. 
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If h,-h» is the whole base set of one of the hy, we shall call that one hs, 
We may map h, on Q by U =U (u) as h, was mapped on 7, above except that 
we require that a single point wu, of @ be carried into hi: ho. We extend 
to the square Q, Q,:—ASu, vS1+A (A>0), by defining 
U(u) =U (up) for we @Q,— Q, Uo being the point of intersection of the ray, 
(1/2, 1/2), (u,v) with Q*. Now uw, is certainly interior to Q. Let wu’ = U’(u) 
be the radial contraction of Q) into Q with center at (1/2,1/2) and define 
= u'(u,). Define the transformation (monotone but discontinuous at w’;) 
uw’ =w’(u’) of Q into 7, + y, 7, being the doubly connected region consisting 
of all points w’; + — 1/2 SAS 1, denoting any point of Q*, by 


wu’ (u’) = + (Ww — /2, 


u’, being the last point of @ on the ray w’; wu’; wu’, is carried into all the points 
of the region y, consisting of all points w’; + NR 3/8 SA=1/2, 
w, ranging over all of Q*. The transformation from u” to wu is continuous: 
u=u(w’). Now let re we can map hz on by a mono- 
tone transformation U = U(w”) which carries r*, into hi: ho If we define 
U(w’) = U[u(u”)] for u” + y, then =U (w’), in this case also, gives 
a monotone transformation, with corresponding collection G, of Q into H 
which carries G, into B. 

Now in either case above § is represented on Q by x= 2z(u) = X[U(u)]. 
Let = Uo ey. Clearly, in either case above, the surfaces 9; are 
represented on Q by x= a;(u) (11,2), where 


Let {in}, Tn: «= %,(w), we Q, be a sequence of polyhedra approaching 
8, whose areas approach L(S), the %,(w) being linear in patches in @ and 
approaching z(u) uniformly. Let {rm} and {Rm} be two sequences of numbers 
approaching zero so that 1m/Rm approaches zero. For each m, let nm be = m 
and so large that | Zn,,(w) — | < 1'm/2,wey. Now define: Zm(u) = Zn,,(w) 
for those values of u in @ for which | En», (U) = Rm, = 2 for 
those values of wu in Q for which | Zp,,(w) | rm (these constituting a 
finite number of regions bounded by a finite number of curves analytic in 
pieces, one of these regions containing y), and 


= + [(| — | — 1m) ][ Eng (4) — 20] 


for the remaining values of wu. This function %m(u) is analytic in patches 
and equal to-z, in the set in parenthesis above containing y. Furthermore 
it is immediate that L(8m) S (Rm/(Rm—tm)) + L(in,,). But now it is 
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well known that, in such a surface Sm, we may inscribe a polyhedron i, 
il:2—-2(u) so that || Sn, || and | L(S,) are arbitrarily small 
and z(u) 2, wey. Hence it is clear that we may replace the sequence 
{iIn} by a sequence {IIm}, Im: —=%m(u), we Q, where 


lim || Im, S || = lim | — L(S)| =0, 


the zm(w) being linear in patches, converging uniformly to z(w), and with 
Im(u) = 2, wey. Then if we define, for each m, X,m(u) and 22,m(u) 
from %m(u) as and z,(u) were formed from z(u), it is clear 
that = + and that {IIim} converges to Si, 
Tim: (t=—1,2). Thus L(S) = + L(82). 

Now, let {II}, Zin(u), we QY, be sequences approaching S; so that 
L(Ili,n) approaches L(S;), each Z;,n(u) being linear in patches over Q and 
the Zn(u) converging uniformly to zj(u) (11,2). Repeat the above 
process on each sequence obtaining sequences {IIj,m}, Ili,m: = Xi,m(u), where 
II;,m converges to Sj, L(Ili,m) to L(Si), Zim(u) uniformly to each 
Li,m(u) being linear in patches on Q and equal to a» on 73; + y (i=—1,2). 
Then define (for each m) IIm by Im: 27 —=2Zm(u) where 


Ln (U) = 21,m(U), Lm(U) =2%o,UEY; Gm(U) = Lom(U), UE Fo. 


Then clearly = Z(Uim) + and lim] In, 8S || —0. Thus 


L(S) = L(8;) + L(82) which completely demonstrates the theorem. 


THEOREM 2. Let S be a surface represented by x=<2x(u) on a Jordan 
region 7, x(u) being constant over r*. Then there exists a sequence {Im}, 
Im: = of polyhedra (1) where tm(u) is non-degenerate except that 
it 1s constant over r*, (2) lim || 8S, || =0, and (3) L(S) —lim L(In). 

moO 


Proof. Take Let {In}, In: 2% be any sequence 
of polyhedra approaching § such that L(IIn) approaches L(S), the Zn(w) 
being linear in patches on Q and Z,(u) converging uniformly to z(u). Let 
Lo = 2(Uy), Ue Q*: By the process of Theorem 1, using this x, we may 
replace {IIn} by a sequence {IIm}, Tm: 2 —=m(u), satisfying (2) and (3), 
the Zm(u) converging uniformly to x(u), being linear in patches on @ and 
equal to z) on Q*. By moving the vertices of each Im slightly, we can obtain 
a sequence {II} of the desired type. 


Lemma 1. If 8 is a surface represented by x= X(U) on a hemicactoid 
H consisting of a segment, then L(S) =0 whether B is the whole segment or 
just one end point. 
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Proof. Case 1: H =B—=a segment, 0S uX1,v—0. Then if we define 
z(u,v) = X*(u), = at(u,v), 0 Sv isa representation of S on Q. It 
is clear that we may approximate to 8 by polyhedra of the same form which 
obviously have zero area. Thus L(S) = 0 in this case. 


Case II: H a vertical segment é=y—0, 0S £1, (0,0, 0) being B. 
Then S can be represented on Q by t—a2(u) = X[U(u)], U(u) being 
defined by é = 7 — 0, 


V[(u—1/2)? + (v—1/2)?]/[(U —1/2)? + (V—1/2)’], 


where (U, V) is the last point of Q on the ray, (1/2,1/2), (u,v). It is clear 
in this case also that S can be approximated to by a sequence of polyhedra 
each of area zero. 


Lemma 2. If S ts a surface represented on a simple cyclic chain C 
(of type A or B [see T. § 2, Definition 9]), then L(S) ts the sum of the areas 
of the subsurfaces of S corresponding to the non-degenerate cyclic elements of 
the chain. 


Proof. Suppose 8 is represented on C by x=X(U). For each n, we 
know that the number of non-degenerate cyclic elements of C which are of 
diameter = 1/n is finite. Hence, for each n, form C, from C by replacing 
each non-degenerate cyclic element of C of length < 1/n by its axis. If C is 
of type B, GC, C CG and we define X¥,(U) = X(U) on Cy. If C is of type A, 
define X¥,(U) —X(U) on C-C, and X,(U) =X(U’) for U on the axis 
of one of the replaced double cones of C, U’ ranging linearly over the broken 
line consisting of the two equal sides of a generating triangle of that double 
cone as U ranges over the axis. Define Sn by Sn:t—=Xn(U), Ve Cn. By the 
proof of T. § 4, Lemma 5, we see that lim || 8, Sn || =0. Let Po,- - -, Pr, be 


n->0O 
the end points arranged in order, of C and of the cyclic elements of G which are 
of diameter = 1/n and let - -, and -, be the parts 
into which CG and Gn, respectively, are divided by these points, the S‘ and 
8, being the corresponding subsurfaces of S and Sy. Each CG,“ is either 
a segment or a cyclic element of C of diameter = 1/n. By repeated application 
of Theorem 1, 


L(8) = L(S), L(Sn)= L(S,). 


Since 8,‘ is either identical with S“ or corresponds to a segment of Gy, in 


| 
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which case L(S,‘) —0, it follows immediately that Z(S,) = L(S) and 
co 

hence that Z(S)' is equal to } L(S’“”) where the 8’ are the subsurfaces 
i=1 

of § corresponding to non-degenerate cyclic elements of C. 


Lemma 3. Let S be a surface represented by x—-2(u) on a Jordan 
region *. Let y be a mazimal continuum over which x(u) is constant which 
separates 7, and let d be a component of * —y which may be a bounded com- 
plementary domain (T. footnote p. 31) of y or a set consisting of a region, 
bounded by a portion of y and a portion (possibly all) of r*, plus that portion 
of r* not in y. Define x,(u) =a2(u) for wef —d, and for 
wed, being in y. Then, if we define S; by 


L(S;) = L(8). 


Proof. Take Let {In}, In: —,(u), we Q, be a sequence of 
polyhedra approaching S such that lim Z(I,) = L(S), the Z,(u) being linear 


in patches and converging uniformly to z(u) on Q. By the method of 

Theorem 1, we may replace {I,} by a sequence {II,} of polyhedra, 

II, : where lim || S, || = lim | L(S) — | = 0, and where the 
n->0CO n->0O 


%n(u) are linear in patches, approach uniformly, and = % = 
in some closed connected region yn of finite connectivity, bounded by polygons, 
and including y in its interior, the wu) above being in y. 

Now, for each n, let d, consist of all of the (finite number) of components 


co 
of Q@ — yn which lie in d. Now, clearly, since y is maximal, y—[][ yn. Hence 
n=1 


if, for each n, we define = 2%n(u), we — dy and = 2%, WE dn, 
then the surfaces II,,n, Tin: %1,n(u), are polyhedra approaching where 
also S Z(M,). Hence 


L(8:) Slim Slim = L(8) 


n->CO n->CO 


which proves the lemma. 


THEOREM 3. If 8 is a surface represented on a hemicactoid H, then 
L(8) ts the sum of the Lebesgue areas of the subsurfaces of 8 corresponding 
to the non-degenerate cyclic elements of H. 


CO 
Proof. Let H => Bn-+ > Cn + H*, where H* is a completely discon- 
m=1 n=1 


nected set of end points of H which are limit points of 3Bm + 30,; the 
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Bm are the simple chains of type B of the base set and Gp are those of type A. 
We may arrange all of these into a single sequence {D,} such that 
Dn: (Di +- +++ Dn+) is a single point. Let S be represented on A by 
a=X(U) and let U=U(u) be a monotone transformation of a Jordan 
region # onto H. For each n let Hn» =D, +: - - + Dn, let Gn be the continua 
of # carried into H,» by U = U(w), and let Gn be the set of points of 7 covered 
by Gn. Now it is easy to see (using the method of T. § 2, Lemma 8) that Gn 
is a continuum and that each point of # either belongs to Gn, is in a bounded 


‘ 


complementary domain of a continuum of Gn», or is in a “region ” bounded 
p g 


by a portion of a continuum gn» of G,» and a portion of r* where we include 
this portion of r* not in gn in the ‘ 


of continua g’,, each g’n being obtained from the corresponding gn by adding 


‘region.” Now let G’n be the collection 


to it all of its complementary domains and all of the “ regions ” bounded by 
a portion of gn and a portion of 7*. Define Un(w) —U(u) for we Gp and 
Un(u) =U (uo) for uw in any of the components of * — Ga, where uw, belongs 
to the gn corresponding to the g’, containing wu. Clearly U =Un(u) is a 
monotone transformation of 7 into H, carrving G@’, into Hy» and G’n» into 
B,, the base set of An. Let S, be defined by « = tn(u) = X[Un(u) ]; clearly 
{Un(u)} converges uniformly to U(u) and 5» converges to 8. 

Now, by repeated use of Lemma 3 and a simple limit process which merely 
makes use of the lower semicontinuity of L(S), we see that L(Sn) S L(S) 
and hence L(S) —lim Z(8n). By Lemma 2 and Theorem 1, L(S,) is the 


n->0O 


sum of the areas of the subsurfaces of S» (also subsurfaces of S$) which 
correspond to the non-degenerate cyclic elements of Hn». Hence L(S) is the 
sum of the areas of the subsurfaces of S corresponding to non-degenerate cyclic 
elements of H. 


Definition 3. A surface § is said to be represented generalized con- 
formally on a double cone C by c= X(U) if, when any Jordan region of C 
is mapped conformally (with the obvious conventions at the vertices or 
equatorial edge) on a plane Jordan region 7 by U = U(u) (this being easily 
seen to be possible), the function x(w) = X[U(wu)] is a generalized con- 
formal vector function, i. e., the components z‘(u, v) are all A.C. T. (Part I, 
§2, Definition 1) and the formal expressions H, F, and G satisfy HE = G, 
F = 0 almost everywhere. It is clear that in such a representation on C, there 
is a function M, summable over O, which is the transform of 7 = G by the 
transformation U = U(u), L(S) being given by 


L(8) = ffm de, 
C 
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de being the element of area on C. This definition is seen to be consistent 
for it is easily seen that if w—wu(u’) is a conformal map of # on itself and 
z’(u’) =-z[u(u’)], then 2’(u’) is also a generalized conformal vector func- 


tion on 7. 


Lemma 4. If r=X(U), UeC, is a generalized conformal representa- 
tion of S on a double cone C and if U=U(U’) ts a conformal map of C’ 
on O, then «= X’(U’) = X[U(U’)] is a generalized conformal representa- 
tion of S on C’. 


Proof. Let R and F& be corresponding Jordan regions on C and 0’ 
respectively (the conformal transformation of C’ into C being 1—1 and 
continuous as is easily seen). It is clear that if we map R# on a plane Jordan 
region * conformally that the product of this transformation and U = U(U’) 
yields a conformal map of & on 7. Then the lemma follows from Definition 3. 


~ 


Lemma 5.° Any polyhedron IL which may be mapped non-degenerately 
on the surface % of a sphere may be mapped generalized conformally on 3, 
any three logically distinct points (Part I, § 2, Definition 4) of II being made 
to correspond with three given distinct points of %. It is easy to see that 
we may map on a double cone also, for simple formulas give a 1 — 1 conformal 
(with the obvious conventions) representation of a double cone on the sphere. 


Lemma 6. Let 8 be a surface of finite Lebesgue area represented non- 
degenerately on a double cone C, one end of which is the base set. Then 8 
can be represented generalized conformally on a double cone C, (= C perhaps), 
a given end point being its base set, this point and two others being made to 
correspond to the first end point and two other poinis of C. 


Proof. By Theorem 2, we may choose a sequence {II,} of polyhedra 
representable non-degenerately on C which approach § and are such that 


lim Z(Il,) = LZ(S8). It is immediate that we may choose a sequence of non- 
n->CO 
degenerate representations z= X,(U), UeC, of I, on C which approach 


the non-degenerate representation = X(U) of Son C. Now let A, B, and@ 
be three distinct points on 0, A say being the base set of O, and let A’, B’, 
and 0’ be three distinct points on C’, A’ being its base set. Now, by Lemma 5 
each II, may be mapped generalized conformally on C’, by z= X’,(U’), U’ eC, 
the points of II, corresponding by x = X¥,(U) to A, B, and C being mapped 


5 See, for instance, C. Caratheodory, “ Conformal representation,” Cambridge Tracts 
in Mathematics and Mathematical Physics, No. 28, § 161 and §§ 125-128, particularly. 
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on A’, B’, and C” respectively. An argument similar to that of Theorem 1, 
§2 (Part I) of this paper shows that we may extract a uniformly convergent 
subsequence of the X’,(U’) with limit function X’(U’), and it is easily seen 
that « = X’(U’) gives a generalized conformal map of S on C’. 


THEOREM 4. A necessary and sufficient condition that a surface S be 
of finite area is that there exist a hemicactoid H on which S may be repre- 
sented continuously the representation being generalized conformal on each 
non-degenerate cyclic element of H, with M summable over H. For such 
representations, L(S) is gwen by 


Lis) = f de, 


H’ being the sum of the non-degenerate cyclic elements of H, do being the 
element of area on H. 


Proof. The second statement of the theorem and hence the sufficiency of 
the first statement follows from Lemma 5, § 2 (Part I of this paper), Theorem 
2, and Theorem 3. 


To show the existence of such a representation of a surface S of finite 


area, first let S be represented non-degenerately by = X’(U’) on a hemi- 
cactoid H’ = B’+ > 0’, + H’* (T. § 4, Theorem 2), B’ being its base set and 


m=1 
C’m its canonical cactoids. We have B’ => B’, + B’ and Om = > Oman + Cm 
n=1 n=1 


where the B’ and C’,, are mutually exclusive completely disconnected sets and 
B’, and ©’mn are simple cyclic chains of types B and A respectively joined 
together as in T. Definition 12, § 2, and T. Theorem 1, § 1. 

Let the subsurface corresponding to a non-degenerate cyclic element of one 
of these chains be represented generalized conformally (since it is of finite area) 
on that element by « = X’(U’) the points corresponding under x = X’(U’) 
to the end points of the element being mapped on those same end points 
(Lemma 6). Now on each B’, and O’m.n let continuous monotone trans- 
formations 7',‘2) and ad (for B’, and O’mn» respectively) be determined as 
follows: they are to be the identity at all points of their respective chains 
not in a non-degenerate cyclic element; on a non-degenerate cyclic element 
let these transformations be one of the monotone transformations U’ = U’(U’), 
induced by the relation X’[U’(U’) ] = X’(U’), of that element into itself which 
carries each end point into itself, such a transformation existing by T. § 4, 
Theorem 3; these 7';,; are easily seen to be continuous over the whole chain 
since in each chain, there are only a finite number of non-degenerate cyclic 
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elements of diameter = € for each e > 0. Now, these transformations satisfy 
the hypotheses of T. Theorem 5, § 2, so that we can find a hemicactoid H with 
base set B, etc., such that (1) there are 1— 1 continuous transformations S;,, 
of into and of B’, into By, which are conformal (with the 
obvious conventions at the vertices and edges) between corresponding non- 
degenerate cyclic elements and (2) the transformations pa Jt) and 
[S,.‘?]“*7,™, defined respectively on Om, and B, unite to form a continuous 
monotone transformation U’(U) of H into A’ which carries B into B’. If we 
define X¥(U) =X’[U’(U)], Ue H, e=X(U) is clearly a representation 
of § on H, and this representation is generalized conformal on each non- 
degenerate cyclic element of H, since for each such element, it is the product 
of [S,]*- R’ or [8 k’, where is the generalized conformal repre- 


sentation = X’(U’), such a product being generalized conformal by Lemma 4. 
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SOME SEPARATION PROPERTIES OF THE PLANE.’ 


By R. E. Basye. 


In a previous paper ? the writer defined the notion of a simply connected 
set and showed how it was useful in proving a number of separation theorems. 
Our purpose here is to extend this notion to multiple connectivity and derive 
some further results for the plane. The abbreviation 8. C. will hereafter be 
used in referring to the paper mentioned above. 

Let n be a positive integer. A connected set M is said to be multiply 
connected of order n, or n-ply connected, if (1) for each pair of points A and 
B of M and any relatively closed subset Z of M that separates A from B in M 
there exists a subset of LZ, consisting of n or less components, which separates 
A from B in M, and (2) there exists at least one pair of points A and B of M 
and a relatively closed subset Z of M that separates A from B in M such that 
every subset of Z which separates A from B in M has at least n components. 
This definition becomes the criterion for a connected set to be n-ply connected 
in the weak sense if “separates” is replaced throughout by “weakly dis- 


connects.” ® 


THEOREM 1. If, in a metric space, « is a monotonic descending sequence 
of compact continua which are multiply connected in the weak sense of orders 
not greater than n, then the product of the sets of « is also multiply connected 
in the weak sense of order not greater than n. 


The proof is similar to that of Theorem 12 of S. C. 


THEOREM 2. Jf D is a bounded and connected subdomain of the plane 
whose boundary consists of n mutually exclusive simple closed curves, then D 


1s n-ply connected. 


Let F be a closed subset of D which separates a point P; from a point P2 
in D. Let F’ be a closed subset of F which is the common boundary of two 


1 Presented to the American Mathematical Society, September 7, 1934, under the 
title, “ Multiply connected sets.” 

2“ Simply connected sets,” T'ransactions of the American Mathematical Society, 
vol. 38 (1935), pp. 341-356. ‘ 

% A subset LZ of a connected set M is said to weakly disconnect a point A from a 
point B in M if L intersects every connected and relatively closed subset of M which 
contains A + B. 
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connected domains D, and Dz, relative to D, containing P, and P, respectively, 
Then D is the sum of two continua, D, and D — D,, whose common part is 
F’. If F” has n+ 1 or more components, it follows from a theorem of §. 
Straszewicz* that D has at least n+ 1 complementary domains. But this 
is not the case. Hence F” has not more than n components. 

On the other hand let J,,- - -,J» denote the simple closed curves which 
constitute the boundary of D. It is known that if A is a bounded and con- 
nected subdomain of the plane, and 0 is an are which lies in A except for its 
endpoints, which lie in the boundary £ of A, then A—A-b is connected or 
the sum of two mutually exclusive connected domains A,, A, according as the 
endpoints of b lie in different or in the same component of 8; in the latter 
case b lies on the boundary of each of the domains A,,A,. With the aid of 
this fact there can be constructed mutually exclusive arcs 
Bn-in, bn: such that bx: lies in D except for its endpoints, which lie in J; and 
J; respectively; and D— D- %b;: is the sum of two mutually exclusive con- 
nected domains d,, dz such that ¥b,: lies on the boundary of each. Further- 
more it can be seen that d, — 3bx: and dz — Sbx: are mutually separated sets. 
Hence 3bx:, which has n components, irreducibly separates d, from dz, in D. 

It follows that D is n-ply connected. 

In passing we remark that, with the aid of Theorem 2 and a generaliza- 
tion of Theorem 7 of S. C., it can be shown that a connected subdomain of the 
plane is n-ply connected if and only if its complement has exactly n—1 
bounded components. 


THEOREM 3. EHvery compact plane continuum which has exactly n com- 
plementary domains is multiply connected in the weak sense of order not 


greater than n. 


Such a continuum can be expressed as the product of a monotonic 
descending sequence of compact continua each of which is the closure of a 
connected domain whose boundary consists of n mutually exclusive simple 
closed curves. Hence Theorem 3 follows from Theorems 1 and 2. 


TuxEorEM 4. If A and B are two points of a compact plane continwum 
M having exactly n complementary domains, and G is a countable collection 
of mutually exclusive closed subsets of M such that G* is closed and weakly 
disconnects A from B in M, then there exist n elements or less of G whose swm 
weakly disconnects A from B in M. 


*“ Uber die Zerschneidung der Ebene durch abgeschlossene Mengen,” Fundamenta 
Mathematicae, vol. 7 (1925), p. 173, Theorem II. 
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By Theorem 3 there exists a closed subset F of G* which weakly dis- 
connects A from B in M and has not more than n components. No component 
of F can intersect more than one element of G since, if it did, it would be the 
sum of countably many (more than one) mutually exclusive closed sets. 
Hence F is a subset of the sum of n or less elements of G. 


THEOREM 5. Let A and B be two points of a connected and locally arc- 
wise connected metric space S, and let G be a countable collection of closed 
sets such that (1) the common part of every pair of elements of G is the closed 
set H (which may be vacuous), (2) tf b1,- + +, bn. are n+1 ares from A 
to B that le in S —H, then ++ lies a compact set which is 
multiply connected in the weak sense of order n or less and whose closure 
contains no point of H, and (3) G* 1s locally compact. If G* separates A 
from B in § then G contains n or less elements whose swum separates A from 


Bin 8. 
The proof is similar to that of Theorem 3 of S. C. 


LemMaA Q. Ina sphere § let G be a countable collection of closed sets 
such that the common part of every pair of elements of G is N, a closed set 
having exactly n components, where n is a positive integer. If G* separates a 
point A from a point B in S, then G contains n or less elements whose sum 


separates A from B in 8. 


Consider any » + 1 arcs from A to B which have no point in common 
with N, and let @ denote their sum. If N,,- - -, Nn denote the components 


of NV, let J:,- - -,Jn denote n mutually exclusive simple closed curves such 
that Ji(i—1,---,n) separates B from N; in 8. The boundary of the 
complementary domain A of J, +- - -+ Jn which contains f consists of one 


or more of the curves J;; hence A is homeomorphic to the closure of a bounded 
and connected plane domain whose boundary consists of n or less mutually 
exclusive simple closed curves. Hence, by Theorem 2, A is multiply connected 
of order not greater than n. Therefore, by Theorem 5, G contains n or less 
elements whose sum separates A from B in 8. 

With the aid of the preceding lemma we can generalize, as follows, a 
theorem of R. L. Moore.® 


THeorEM 6. Ina plane S let G be a countable collection of closed sets 
such that (1) the common part of every pair of elements of G is N, a closed 


5“ Foundations of point set theory,” American Mathematical Society Colloquium 
Publications, vol. 13, p. 298, Theorem 113. 
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set having exactly n components, where n is a positive integer, and (2) there 
exists not more than one element g of G such that g —WN is not compact. 
If G* separates a point A from a point B in 8, then G contains n or less 
elements whose sum separates A from Bw 8. 


Let = be a sphere, P a point of =, and H a homeomorphism of 8 into 
=—P. Let G’, N’, A’, B’ be the images of G, N, A, B, respectively, under 
H. Let G” be the collection whose elements are defined as follows. Let g’ 
denote an element of G’. If P is not a limit point of g’ then g’ is an element 
of G”, and if P is a limit point of g’ then g’ + P is an element of G”’. If P 
is not a limit point of any element of @’ then N’ + P is an element of @”. 
The elements of @” are closed in 3 and the common part of each pair is the 
same set, which we call V”. Now N” does not have more than n components. 
Hence, since G’’* separates A’ from B’ in &, there exists, by Lemma Q, n or 
less elements of G” whose sum v separates A’ from B’ in 3. Thus v—v:P 
separates A’ from B’ in § —P and moreover is the sum of not more than » 
elements of G’. Therefore the image of y—v-P under H separates A from 
B in § and is the sum of not more than n elements of G. 

In Theorem 21 of S. C. the writer has given a certain extension of a 
result ° of Rutt and Roberts. With the aid of Theorem 6 we can extend this 
result in another direction, as follows. 


THEOREM 7. Ina plane § let N be a closed set having exactly n com- 
ponents, where n is a positive integer. Let G be any collection of closed sets 
and H a countable subcollection (possibly vacuous) of G such that (1) the 
common part of each pair of elements of G is N, (2) every component of every 
element of G—H intersects N, (3) there exists not more than one element q 
of G such that g —N is not compact, and (4) G* is closed. If G* separates 
a point A from a point B in § then G contains n or less elements whose sum 
separates A from B in 8. . 


Suppose the contrary. Let G@’ denote the collection of all elements each 
of which is either an element of H or a component of the sum of N and a 
component of a set obtained by subtracting N from an element of G— H. 
Let H’ denote the collection whose elements are those of H and that element 
g of G, if there exists one, such that g —g- WN is not compact. There exists 
a subset F of G’* which is closed, separates A from B in S, contains every 


*N. E. Rutt, “On certain types of plane continua,” Transactions of the American 
Mathematical Society, vol. 33 (1931), p. 815, Theorem IV and Corollary IV; and J. H. 
Roberts, “ Concerning collections of continua not all bounded,” American Journal of 
Mathematics, vol. 52 (1930), p. 553, Theorem I. 
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clement of G’ with which it has a point of G’* — (H* + NV) in common, and 
is irreducible with respect to these three properties. The set F is a continuum, 

With the aid of Theorem 6 there can be constructed 4n arcs b,,° + +, Dan 
from A to B which have no points in common with H’* + WN and such that, if 
P; (t=1,-- -,4n) denotes the first point of b; in the order from A to B 
which lies in F, the points P; all lie in different elements of G’. The element 
g’; of G’ which contains P; contains a component of N. Hence there exists a 
component of NV which is common to four of the elements g’i, say 9’1, 92, 9's) 9’ 
By an argument similar to one used in Theorem 21 of S. C. it can be shown 
that two of these four continua, say g’, and g’s, have the property that g’: + 9’. 
separates g’2— N from g’,— Nin F. Thus F— = F2+ Fs, 
where F’, and F’, are mutually separated sets containing P, and P, respectively. 
Consider the two sets Ro =F.+ (91+ 9s) and (91+ 9's). 
The common part of R, and R, is a continuum and their sum is Ff. Hence 
either R, or R,, say the former, separates A from Bin 8. But FR, is a proper 
closed subset of #/ which contains every element of G’ with which it has a 
point of G’* — (H* +N) in common. This is contrary to the construction 
of F. 

If the set N is not restricted as to the number of its components, the 
following weaker conclusion will hold true. 


THEOREM 8. In a plane § let N be a non-vacuous closed set, G any col- 
lection of closed sets, and H a countable subcollection (possibly vacuous) of G 
such that (1) the common part of each pair of elements of Gis N, (2) every 
component of every element of G—H intersects N, and (3) G* is closed. 
If G* separates a point A from a point B in S, then G contains a countable 
subcollection K such that K* intersects every compact continuum which 
contains A + B. 


Suppose that G* is compact. Let A,,As,- - + be a sequence of domains 
closing down on N such that the closure of each domain has not more than a 
finite number of components and contains neither A nor B. Consider the 
collection G; (i = 1, 2,- - -) of all elements each of which is the sum of A; and 
an element of G. This collection satisfies the conditions of Theorem 7 and 
hence contains a finite number of elements whose sum L; separates A from B 
in 8. Denote by M; the finite collection of those elements of G which intersect 
L,—A;. We take for K the collection of all elements of G which are elements 
of some M;. Let © be a continuum which contains A + B. If C intersects N 
it intersects every element of K. If C does not intersect N there exists an 
integer r such that A, contains no point of (; therefore C contains a point 
of L,— A, and hence a point of an element of K. 
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The case where G* is not compact can be reduced by an inversion of the 
plane to the one considered. 

It has been proved by Kuratowski’ that if three compact plane continua 
have a point in common, and their sum separates a point A from a point B 
in the plane, then there exists a pair of these continua whose sum separates 
A from B in the plane. The writer has elsewhere * obtained a generalization 
of this result for which the containing space is any subcontinuum of the plane. 
An extension in another direction, in which the number of continua is not 
restricted, will here be given. 


THEOREM 9. Ina plane § let N be a non-vacuous closed set and let G 
be any collection of continua such that (1) no two elements of G have a point 
of S—N in common, (2) N contains r points (r finite) whose sum intersects 
every element of G, (3) G* + N is closed, and (4) the collection G 1s upper 
semicontinuous. If G* + N separates a point A from a point B in 8, there 
exists a subcollection H of G, containing not more than 2r elements, such that 
H* + N separates A from B in 8. 

Suppose first that G* + N is compact. Let {A;} be a sequence of com- 
pact domains closing down on WN such that A; (i =1,2,- - -) contains neither 
A nor B and has only a finite number of components. Consider the collection 
Gi (1 =1,2,-- +) of all elements each of which is the sum of A; and an 
element of G. By Theorem 7 there exists a finite number of elements of G; 
whose sum separates A from Bin 8. Therefore, by a theorem ® of the writer, 
there exist 2r or less elements of G; whose sum separates A from B in 8. 
Denote these elements by gi*,- --,g9:°". There exists a subsequence {tn} 
(n=1,2,---) of the positive integers such that the sequence {4i,/} 
(j=1,:--,2r) has a sequential limiting set RJ. With the aid of con- 
dition (4) of the hypothesis it follows that R/ is a subset of N + v/, where 
vi denotes some element of G. Hence R = (R1+-- +--+ R*) is a subset of 
N+(v'+---:+7*"). But R separates A from Bin 8. Hence for H we 


may take the collection - -, v*". 
If G* + N is not compact, the proof can be made by an inversion of the 
plane. 


Theorem 9 is not true if condition (4) is omitted. 


THE UNIVERSITY OF TEXAS. 


7™“Théoréme sur trois continus,” Monatshefte fiir Mathematik und Physik, vol. 36 
(1929), pp. 77-80. 

® “ Concerning two internal properties of plane continua,” Bulletin of the American 
Mathematical Society, vol. 41 (1935), pp. 670-674. 

® Loc. cit. 
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THE ANALYSIS OF CERTAIN CURVES BY MEANS OF DERIVED 
LOCAL SEPARATING POINTS. 


By G. E. SCHWEIGERT. 


1. Introduction. It is well known * that the removal of the local sepa- 
rating points* from a regular curve leaves a set of dimension zero. This 
suggests that a similar result may be true for an hereditarily locally connected 
continuum, that is, a continuum having the property that every subcontinuum 
is locally connected. However an example by Gehman shows that non- 
degenerate components may remain in such a continuum after the removal 
of its local separating points. In this example a line segment is the only 
component that remains and if we remove in addition the local separating 
points of the line segment, the result is a set of dimension zero. Thus 
although it is clearly necessary to remove points other than the local sepa- 
rating points, the situation in this example suggests that given an hereditarily 
locally connected continuum, a set of dimension zero may be reached by a 
countable iteration of the process of removing the local separating points from 
the components that remain at each successsive stage. It is to this problem 
that sections 2, 3, 4, and 5 of this paper are devoted. 


2. Derwed local separating points. For any subset M of a compact, 
metric, hereditarily locally connected continuum H, let L,(M/) denote the set of 
all local separating points of M. Then we may write H — L,(H)= 3C;} + P, 
where the C;,' are the non-degenerate components in the set on the right and 
P, is a set of dimension zero. In doing this we make use of the fact* that 
an arbitrary subset of an hereditarily locally connected continuum is made up 
of non-degenerate components and a zero-dimensional set, with the former in 
the form of a (null) sequence. Now let L,(H) = %Z,(C;'), and proceed to 
represent the set H —[Z,.(H) + L,(H)] in a similar fashion. This process 


1G. T. Whyburn, “tber die Strukture regulirer Kurven,” Wiener Akademie 
Anzeiger (1930), Nr. 6. 

*If p is a cut-point of a connected neighborhood R in a connected and locally con- 
nected space then p is said to be a local separating point, that is, R—p=R,+ R, 
where &,R, = 0 = RR, and neither R, nor R, is vacuous. 

® Annals of Mathematics, vol. 27 (1926), p. 43. 

*G. T. Whyburn, “ Concerning hereditarily locally connected continua,” American 
Journal of Mathematics, vol. 53, no. 2 (1931), Corollary c, p. 379 and Theorem 4, p. 377. 
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continues under an inductive scheme of definition which uses the transfinite 

ordinal numbers. For this purpose we assume that the components Cy7 have 

been defined: as the components of the set H— > Lg(H) for every y < a, 
B<y 


and also that L,(H) = 3L,(Cw”) for every y <a. Then the general terms 
are H — > Lg(H) = 3Ci* + Pa and La(H) = 3L,(Ci*) where: (a) for each 
pair (ia), i = 1,2,3,--- and « transfinite, C;* is a component of H — > Lg(H); 
(b) Pa is a set of dimension zero. we 

For each 1 the set C;* is said to be a derived component of index x 
relative to H. Similarly the points in the set Zg(H) are the derived local 
separating points of index @ relative to the continuum H. Under this notation 
H is denoted by C,°. Due to a theorem by Wilder® it is known that each 
derived component is a locally connected set. 

If we make use of the fact that the derived local separating points are 
dense in each derived component ® we may put the solution to our first problem 
in the form of the next proposition. 


THEOREM. If H is any compact, metric, hereditarily locally connected 
continuum there exists a number «@ of the first or second number class such 
that La(H) =0. 


If «(#) is the first such ordinal number a, then a(H) is said to be the 
index of the continuum H. 

The above theorem ’ will be established with the aid of the work of Menger 
and Reschovsky on rational curves. 


3. Unilateral and bilateral limit points. A generic member of the derived 
components of index « will be denoted by C*. Whenever C%, C8, C7, etc., 
are used they are to be thought of as members of a monotone sequence which 
terminates with the component of highest index. 

The symbol F denotes any fixed neighborhood in H having a countable 
boundary and of such a nature that it is in diameter less than that of any 
component with which it appears. The boundary of any such neighborhood is 


5R. L. Wilder, Proceedings of the National Academy of Sciences, vol. 15 (1929), 
p- 616. 

*This result is an easy consequence of the fact that any isolated point of an 
irreducible cutting between two points of a connected and locally connected set M is 4 
local separating point of M. For the theorem quoted here see G. T. Whyburn, Monat- 
shefte fiir Mathematik und Physik, vol. 36 (1929). 

7A more elementary proof using only the material now at hand together with the 
fact that H is a rational curve could be given at this point. 
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a countable cutting of H for which we consider only the particular separation 
H—F(k)=k+ (H—R). Similarly for the cutting F(R) C* of C* we use 
but one separation C*— F(R)C* = C*R + C*(H — R). 

If X is a cutting of a set M and the point z belongs to X, then z is said 
to be a unilateral limit point of M with respect to the fixed separation 
M— X = M,-+ M, provided z is a limit point of M, or M, but not of both 
these sets. If x is a limit point of both M, and M, then z is a bilateral limit 
point of M with respect to the separation. Since we are to be concerned only 
with cases in which there is a known separation (as in the paragraph above) 
the shorter terms unilateral and bilateral limit point of M will be used. 

It can easily be shown that if x is a unilateral limit point of C* then 
z is a unilateral limit point of C* provided that ce F(R)C* and B>«a. In 
regard to the bilateral limit points, what amounts to the converse is true, 
namely, if x is a bilateral limit point of C’% then z is a bilateral limit point of 
any component of smaller index. 

The a-th derivative of the boundary of any neighborhood N will be denoted 
by F(N)*. A set # belonging to the cutting F(R)C* of C* will be said to be 
of type B* provided there exists for each point ye # a number a(y) < @ such 
that y is a unilateral limit point of C*™. It follows that y is a unilateral 
limit point of all those derived components of index greater than a(y), 
including C*. Another most useful result in this connection is that y is a 
unilateral limit point of C** when @ is an isolated number. If F is a set 
of type B* we shall write H = B*. The only sets H to be used here are the 
particular type shown in the next paragraph. 

We now prove a lemma from which the principal proposition of this paper 
is to be deduced. The lemma is stated in terms of the symbols just developed 
and its second part is a direct consequence of the first. 


Lemma. (1) [F(R) —F(R)5]CS=BS; (2) If x is a bilateral limit 
point of CS and xe [F(R) —F(R)§"]CS, then z is a derived local separating 
point of index £. 


Proof. When = 1 it must be shown in part 1 that there is no bilateral 
limit point z of O° (that is, of H) among those isolated points of F(R) which 
are in C’. In this connection we recall that the set F(R) is a countable 
cutting of H. This allows us to obtain a separation of H by means of its 
bilateral limit points alone and from this stage it is but an easy step to show 
that x is a local separating point of H. Thus z is not a point of C1 which is 
contrary to the hypothesis for the existence of that point. 

The point x described in part 2 must lie in F(R)'— F(R)? because 
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it is a bilateral limit point of C* and therefore cannot be an isolated point in 
F(R). But this means that z is an isolated point of X,, where X, is the set 
of all bilateral limit points of C*. Then by means of the same argument as 
was used above it follows that z is a point of L,(H). 

Now for the purpose of induction we assume that the Lemma is true for 
£ < 7 and show that it holds for = ». 

If we assume the contrary of what is to be shown, we have that some point 
z is a bilateral limit point of CS for all £ < where ve [F(R) — F(R) C1. 
It follows that if » is a limit number, there exists a number A < y such that 
non-eF(k)*. But then ce [F(R) —F(R)*]C, and furthermore z is a 
bilateral limit point of C* because that property holds for CS where ¢ < ». 
This is impossible in view of the fact that [F(R) — F(R)*]C* = B* holds 
by assumption and hence no point of the set on the left is a bilateral limit 
point of C’. If on the other hand 7 is an isolated number, we know that z is a 
bilateral limit point of Moreover ze [F(R) — F(R)]C™, since C7. 
Then by part 2 for =»—1, we find that re L,1(H). This is impossible 
when C". 

It remains to be shown that if z is a bilateral limit point of C7 and 
ve —F(R)™]C1, then re L,(H). Certainly such a point can- 
not belong to F(R) —F(R)” because of the results just above; hence 
ve F(R)? —F(R)™. Now let Xo be the set of all bilateral limit points of C’. 
Then X,[F (Rk) — F(R)1]C7 = 0 because the last two factors form a set of 
type B”. It follows that z is an isolated point of X and hence by the argument 
used earlier that xe L,(H). This completes the induction, that is, the proof 
of the Lemma. 


4. Relation between index and genus. A point p of a set M is said to be 
of genus « in M ® provided: (a) there exists arbitrarily small neighborhoods 
in M closing down on p in such a way that the a-th derivative of the boundary 
of each neighborhood is vacuous; (b) for some e > 0 and every B < «@ there 
exists no neighborhood in M which contains p, is of diameter less than « and 
has the further property that the B-th derivative of the boundary is vacuous. 
The genus of the point p will be denoted by g(p). 

Suppose there is a point p in a derived component C*% such that g(p) = 4. 
Then since p is also in C9”, there exists a neighborhood RF in H such that & 
contains p and does not contain all points of C9”). Moreover R can be s0 
chosen that F(R)9 —0 and F(R) is countable. It follows from the fact 
that C9” is connected that there exists a point x of F(R)C9” such that z is 
a bilateral limit point of C9, Thus re [F(R) —F(R)9]C9® because 


8 Geschlecht—definition due to Menger. See Kurventheorie (Teubner), p. 294. 
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F(fh)9” = 0. This is contrary to the Lemma in section 3, hence we have 
shown that the following proposition is true. 


THEoREM. If H is any compact, metric, hereditarily locally connected 
continuum and C% is any one of its derived components of index a, then each 
point of C* is of genus greater than a. 


5. Solution to the problem stated in section 1. It has been shown by 
Reschovsky ° that there is associated with each rational curve K a number 2 
of the first or second class such that the genus of each point of K is less than 
or equal to a. The smallest number g(K) for which this statement holds is 
called the genus of the rational curve.’ 

This classification applies to the hereditarily locally connected continuum 
H for it has been established by G. T. Whyburn ™ that each such continuum 
isa rational curve. Thus it is an obvious corollary to the Theorem immediately 
above that g(H) =a(H). This means that a(H) is also of the first or 
second number class, consequently the Theorem stated in section 2 is proven 
and thus we have a positive solution to our original problem. 


6. Regular and rational bases. A subset B of an arbitrary set M is said 
to be a regular basis for M provided that, (1) each regular point of M is con- 
tained in arbitrarily small neighborhoods N, in M which close down on p in 
such a way that F(N,) is finite and is contained in B, (2) when p is of 
order k, the neighborhoods N, can be chosen so that F(N,) consists of exactly 
k points of B. Similarly B is said to be a rational basis for M provided that 
each rational point of M is contained in arbitrarily small neighborhoods in M 
which close down on that point and have countable boundaries in B. Obviously 
a set of dimension zero remains on removing a rational (regular) basis from 
a rational (regular) curve. 

In the paper by G. T. Whyburn referred to in the introduction it is shown 
that B will be a countable regular basis for a regular curve K provided that 
B=T + D, where T is the set of all local separating points of order greater 
than 2 in K and D is a countable set which is dense on each free arc in K. 
It is our purpose to establish a proposition which is analogous to this one in 
that it enables us to choose a rational basis for a curve H from its derived 
local separating points. The next Theorem is offered as a solution to this 
problem. 


TurorEM. Let H be any compact, metric, hereditarily locally connected 
® Reschovsky, Fundamenta Mathematica, vol. 15 (1930), p. 18. 


Loc. cit. 
11“ Concerning hereditarily locally connected continua.” 
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continuum and let B be any subset of H such that B= > T;,* + D, where D 


i,a 
is a countable set, and such that in regard to each derwed component C;*: 
(a) 7; ts the set of all derived local separating points of order greater than 
two in that component and of index equal to that of the component, (b) D is 
dense on each free arc. Then B is a countable rational basis for H and the 
part of B which is contained in each derived component is a countable regular 


basis for that component. 


In the statement of this Theorem we again follow the convention that H 
is uniquely the derived component of index zero; hence when H is a regular 
curve, this Theorem reduces to the one quoted in the above paragraph. The 
proof of this Theorem is an almost direct result of the following Lemma. 


Lemma. If C is any connected and locally connected set and B is any 
subset of C such that B=T + D, where T 1s the set of all local sepaarting 
points of order greater than two in C and D is a countable set which is dense 
on each free arc in C, then B is a regular basis for C. Moreover B is a countable 
regular basis provided the nodules in C form a null sequence. 

This Lemma follows from an argument based on the work of G. T. 
Whyburn.*” 

Since each derived component C;* of the curve H is locally connected 
we may apply the Lemma to each of these components and obtain a regular 
basis Byj* = 7,*+ D,*. This basis is a countable set in each case because 
the nodules are certainly in a null sequence when the containing space is 
hereditarily locally connected. Let 7 and D denote the sets } 7;% and > D;* 


respectively and denote their sum by B. From this approach it is obvious 
that the part of B that is contained in each derived component is a regular 
basis for that component. Moreover there are but a countable number of 
derived components hence B is a countable set. Thus in order to complete 
the proof of the Theorem we have to show that B is a rational basis. 

It is first shown that the non-degenerate components of C;i%*— B;* are 
exactly the components of C;*— Lo(Ci*) = 30," + Pas after which it is 
immediate that H — B is a set of dimension zero. For the purpose of com- 
paring the two sets, let — = + Qa. where the are the 
non-degenerate components of the containing set and Qa,, is a set of dimension 
zero. Now assume there exists a point p in some fixed component I'j%* such 
that p non-« C;,*" for all k. Then p is either a point of L,(Ci*) — Bi* ora 
point of P,a,,. When p is in the former set, let geTj* be a point distinct 


12 See his papers “On the structure of connected and connected im kleinem point 
sets,” Transactions of the American Mathematical Society, vol. 32 (1930), pp. 926-943, 
and “Uber die Struckture regulirer Kurven,” Wiener Anzeiger (1930), Nr. 6. 
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from p. Then there exists a neighborhood F in C,* such that R contains p 
but does not contain q and such that ’(F) =x, y¢B,*. (The point p is of 
order two by hypothesis.) However I'j*** is connected and consequently F(R) 
contains a point z which is distinct from x and y. This is a contradiction. 
When p is in the latter set Pa,:, the point p is contained in arbitrarily smali 
neighborhoods in C;*— Ly(Ci*%) each of which does not contain all of that 
set and has a vacuous boundary. On the other hand we have just shown that 
ry? can contain no point of L)(C;*) — B;* hence Tj“! — p is contained in 
a component C;,**t for some k. These two situations are inconsistent and 
bring us to the result that H — B is a set of dimension zero. But it obviously 
follows that (H — B) + p, where p is any point of B, is also a set of dimension 
zero and consequently B is a rational basis. This completes the proof of the 
Theorem. 

It is to be noted that in each case where a basis is mentioned in this 
section, that basis is prescribed, except for a certain freedom in the choice 
of the sets which are dense on the free arcs, by the set which contains it. Thus 
it may be said that each basis is a natural basis. 


%. Conclusion. We are now in a position to demonstrate that any heredi- 
tarily locally connected continuum H is topologically contained in one which is 
of index 1. For this purpose we need the fact that there exists a locally con- 
nected Universal Curve in Three-space which contains a subset topologically 
equivalent to each compact, metric curve.’* Now let H be any hereditarily 
locally connected continuum and let 7 be a homeomorphism throwing H into 
a subset 7'(H) of the Universal Curve. Let T(B) =),+b2+0,;+°::- 
be the image under 7’ of a countable rational basis Bin H. Then add to T(#H) 
a line segment (1) of a length 1 having the point 6, in common with T(H). 
In general L(n) is to be a member of a monotone sequence of disjoint line 
segments which meets 7'(H) in just one point b, «7 (B) and has the length 
1/n. The curve 7(H) + 3L{n) will then be of index 1. 

One can easily see that if the original curve H is contained in a space 
of a finite number of dimensions, it can be augmented in the manner described 
above and the resulting curve will have the same genus as the original curve. 
This suggests to the author that, while some examples of his (similar to the one 
by Gehman) showing plane curves with indices 2, 3,4,- - -, are cases for 
which «(H) —g(H), this method will alter those examples to show that 
there are cases in which a(H) takes the full range allowed by the inequality 
a(H)=g(H). In contrast to this we know that if H is a regular curve 
~g(H) =1. 
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Menger, Kurventheorie, p. 365. 
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ON THE INDEPENDENCE OF HILBERT AND ACKERMANN’S 
POSTULATES FOR THE CALCULUS OF 
PROPOSITIONAL FUNCTIONS. 


J. C. C. McKinsey. 


Hilbert and Ackermann have given a set of postulates for the calculus 
of propositional functions,’ but they state * that the independence of the set 
has not been investigated. In this paper I show that the postulates in question 
are independent. 

I first set forth the undefined marks and the postulates of the system. 
The undefined marks ® are: 


1) Propositional-variables: X, Y, 

2) Individual-variables: z,y,z,---. 

3) Function-variables: F( ),G@G( ),---. 

4) The signs (x), (y), etc. These can occur before a function-variable 
into which has been substituted an individual-variable: thus, (x) F(z), ete. 

5) The signs (Hz), (Hy), etc. Giving (Lz)F(z), ete. 

6) The sign v. 

The sign —. 


In the expression («)f the sign (a) is called the wntversal-operator; and 
in (Ha), the sign (Ha) is called the existential-operator. Universal-operators 
and existential-operators are together referred to as operators. In both opera- 
tors the a is always an individual-variable, and it is termed the operator- 
variable. £ is called the scope of «. If an individual-variable x occurs within 
the scope of an operator having x as operator-variable, then z is called an 
apparent variable, or a bound variable. Other individual-variables are called 
real variables, or free variables. 


1D. Hilbert and W. Ackermann, Grundziige der Theoretischen Logik, Julius Springer, 
1928, pp. 53-54. 

* Loc. cit., p. 68. Recently, however, a set of independence examples for a closely 
related set of postulates has been given by B. Notcutt, “ A set of independent postulates 
for propositional functions of one variable,” Annals of Mathematics, vol. 37 (1935), 
pp. 670-678. The similarity of Notcutt’s postulates to Hilbert and Ackermann’s arises 
from the fact that both sets are modifications of the set given in Principia Mathematica. 

* The undefined terms are not given by Hilbert and Ackermann in the usual mathe- 
matical form; that is to say, the authors speak simply of undefined “ marks,” instead 
of undefined “classes,” “ operations,” and “ relations.” 
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The term “expression” (as used in the postulates) is precisely defined 
as follows: 


1. A sign for a proposition (as X, Y, etc.) is an expression. 

2. A sign for a propositional function in which each blank space is filled 
either by an individual-variable, or by the proper name of an individual is an 
expression. 

3. If A is an expression, so is A; and, in case the free variable x occurs 
in A, so is (x) A and 

4, If A and B are expressions, so is A v B. 

5. But the restriction is to be understood that in an expression we never 
have overlapping scopes of a like-indicated variable. Thus, for example, 
(x) F(x) v is an expression, but (2) (y)[F (2) v (Hz) y)] 
is not. 


The complex sign A — B is defined to be Av B. From 8 and 4, it is seen 
that A — B is an expression if A and B are expressions. 
On these undefined marks the following postulates * are imposed: 


a) XvX 

b) X—>XvY. 

c) Xv¥ > 

d) (X-Y)>[ZvX >ZvY}. 
e) (x) F(x) > F(y). 


a) (Rule of Substitution). If in any correct formula we substitute any 
expression for a propositional-variable (making the same substitution, how- 
ever, wherever this one propositional-variable occurs) then the resulting formula 
is also correct; similarly, for a function-variable with arguments 2, y,- + -,u 
we may substitute an expression which depends on 2, y,- - -, u (or, if desired, 
on still more variables). An individual-variable may be replaced by an in- 
dividual-variable denoted by a different letter, or by a proper name from the 
range of the variable.® 


*Postulate a) may be understood as reading “X vy X—>X is a correct formula”; 
and similarly for b)-f). 

5 Postulate a) is followed by the remark that it is to be understood that, when 
a substitution is made into an expression within the scope of an apparent variable, 
the expression substituted should not contain the apparent variable in question. “Thus, 
for example, we cannot go from the correct formula Zy (#) F(a) > (a)[ZvF(«#)] to 
the formula (a) v (w~) > (x) vF(a)]. 


nd 
f) F(y) (£2) F(z). 
a- 
in 
an 
ed 
er, 
ely 
tes 
5), 
ses 
ca. 
he- 
oad 

| 


338 J. C. C. MCKINSEY. 


B) (Rule of Inference). If A is a correct formula and A — B is a correct 
formula, then B is a correct formula. 

y) Let B(x) be any expression which depends on z, and let A be any 
expression which does not depend on x Then if A— B(z) is a correct 
formula, A — (x)B(z) is also a correct formula. And if B(z) —~A is a 
correct formula, (Hz) B(x) — A is also a correct formula. 

I here add certain lemmas which will be used in the independence proofs. 


Lemma I. The following formula is deducible from Hilbert’s postulates: 


F(y) > Fy). 
Proof. 
(1) [ (Xv¥—>X) [Lv (Xv > (Lv¥)] 
(2) [a)] 
(3) [(1), (2),8)] Xv (XvX) > (KvX) 
(4) [(8), Def. of >] (X—~XvX) (XX) 
(5) [ »), =| 
(6) [(4), (5),8)] 
[ 6), > F(y). 


LEMMA og If K, ts independent of x, and K.(x) depends on x, and if 
K,— K,(x) is deductible from Hilbert’s postulates, then K,— (Fr) K,(z) 
is also deducible from Halbert’s postulates. 

Lemma IIb. Similarly, if K.(x)—K, is deducible from Hilbert’s 
postulates, then (x)K2(x%) — K, is deducible from Hilbert’s postulates. 

Proof. I first show that if A B and B—> C are deducible from Hilbert’s 
postulates, where A, B, and C are any expressions, then A —C’ is deducible 
also. For substituting B for X, C for Y, and A for Z in postulate d), and 
applying the definition of +, we get 

> (A> 0)]. 
Then since B-—>C is a correct formula, we have, by postulate £) 


Then since A — B is a correct formula, we have, again by postulate 8), that 
A-—C is a correct formula. 

Now suppose we have K,-»K,(xz) given as being deducible from Hil- 
bert’s postulates. Substituting K.(r) for F(z) in postulate f), we have 
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K,(x) (Hx) K.(x). Hence by the first part of the proof, the formula 
K, — (Ex) is deducible from Hilbert’s postulates. 

Similarly, if we have K,(x) — K,, then, since by postulate e) we also 
have (x) K.(x) > K(x), it follows that (x) K.(2) K, is deducible from 
Hilbert’s postulates. 


Lemma III. The following formulas are not deducible from Hilbert’s 
postulates : 
a) (Hx) F(x) > F(y) 
b) F(y) F(z). 


Proof. The following example is given by Hilbert in another connection.® 
A formula is said to be satisfied if by the following process it is transformed 
into a correct formula of the calculus of propositions: First generalize all the 
free variables by putting the corresponding universal-operators at the left 
of the formula. Then’ if A(x) is any expressions, substitute A(0) & A(1) 
for (x)A(a), and substitute A(0)vA(1) for (#x)A(zx). Continue this 
process until all apparent variables have been eliminated. The formula will 
then contain only propositional variables and symbols of the form F(0) and 
F(1). Then substitute for 7(0), wherever it occurs, the same propositional 
variable, for (1) another, and so on. By this process, postulate e), for ex- 
ample, becomes successively : 


(y) > F(y)] 
F(x) > F(0)] & > F(1)] 
[F(0) & F(1) > F(0)] & [F(0) & F(1) > F(1)] 
[X& 


The last formula is a correct formula of the calculus of propositions. Thus 
postulate e) holds for this interpretation. In a similar way it may be shown 
that all the other postulates are satisfied by this interpretation. 

Consider now the formula (Hz) F(z) F(y). This becomes successively : 


(y) P(x) > F(y)] 
[ F(x) F(0)] & [ (£2) F(z) > F(1)] 
[F(0) vF(1) F(0)] & [F(0) vF(1) F(1)] 
[X¥vY>X|&[XvY OY]. 
That this is not a correct formula of the calculus of propositions may 


be seen by taking X and Y of opposite truth-values. Hence the formula 
(Ex) F(x) > F(y) is not deducible from Hilbert’s postulates. 


* Loc. cit., p. 66. 
7A &B is defined as [A vB]. 
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Similarly, the formula F(y) (x) F(a) becomes successively : 


(y) [F(y) > (2) F(2)] 
[F(0) (2) F(x) ] & [F(1) > (2)F(2)] 
[F(0) > F(0) & F(1)] & [F(1) > F(0) & F(1)] 
[X>X&Y]&[Y 


and this also fails when X and Y have opposite truth-values. 

I now proceed to prove that Hilbert’s postulates are independent. The 
proofs are given, not in the exact order in which the postulates are listed, but 
rather fall into two groups, depending on the nature of the proof-methods used. 
The first group comprises examples for postulates a), b), c), d), 8), and a); 
and the second group for postulates e), f), and y). 

For all the independence proofs of the first group, I interpret (Ha) in 
a formula as meaning f, and also («)8 as meaning f; so that all apparent 
variables are eliminated from the formula. I then interpret all real variables 
as meaning a certain fixed individual, which I denote by the number 7; s0 
that the formula now contains only propositional-variables, and function- 
variables with the argument 7; e.g. F(7), G(7), etc. I then interpret F(7) 
as meaning a propositional-variable. Thus all formulas reduce to formulas 
in terms of the undefined ideas of the calculus of propositions. For example, 
the formula 

(x) F(x) v (y)G(y) > F(z) v (Ew) G(w) 
becomes first 
F(a) v G(y) > F(z) vG(w) 
and then 
F(%) vG(7%) > v G(7) 
and finally 
XvY¥ 


The operations Xv Y and X (and hence XY) are then defined by 
tables, in the usual way. And I say a formula is satisfied by the interpretation 
if it is such as to give the value 0 for all possible values of the propositional- 


variables. 
Tables * for Postulate a) 


¢ x 
1] 0 
2) 2 


| 


o © 


1 
0 
1 
2 


Oo SO] 


0 
1 
2 


Gi © 


1 
1 
0 
2 


woe 


® The tables used for postulates a), c), and d) are given by Hilbert and Ackermann 
in another connection. Loc. cit., pp. 31-33. 
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(Here propositional-variables can take on the values 0, 1, 2.) 


Postulate a) fails when XY = 2. For 2v2— 2 becomes 0 — 2, which is 2. 
Postulates b), c), and d) are satisfied. 
Postulate e) becomes, successively : 


P(x) > F(y) 
F(%) F(7) 
X—>X, 


and we see from the table for ¥ — Y that X — X always has the value 0. 

Postulate f), similarly, becomes X > X. 

Postulate a) is satisfied since any expression reduces to a complex in- 
volving only propositional variables and the signs v and —; and, since the 
tables define class-closing operations, such a complex cannot take on more 
(though, of course, it may take on fewer) values than the propositional- 
variable for which it is substituted. 

To see that postulate 8) is satisfied, we need only observe that the table 
for X — Y never gives the value 0 when XY — 0 and Y £0. 

Postulate y) is satisfied since A— B(x) and A— (z)B(x) reduce to 
the same thing; and similarly for B(x) ~ A and (£r)B(z) ~ A. 

Thus all the postulates except postulate a) are satisfied, so a) is in- 
dependent of the other postulates. 


Tables ® for Postulate b) 


0/0 0 0 0 a. 610.338 3 
210 2 2/1 S108 262 
2:8 e170 3100 0 0 


(Propositional-variables take on values 0, 1, 2, 3.) 

Postulate b) fails for Y —=Y—1; since 1—1vi1 becomes 1-83, 
which is 2. ' 

The other postulates can be shown to hold as in the discussion for 
postulate a). 


®The tables for postulate b) are isomorphic to certain tables given by Wajsberg 
to show the consistency of C. I. Lewis’ system of “ strict implication” (see Lewis and 
Langford, Symbolic Logic, p. 493, Group II), where X corresponds to ~p, X>Y 
top 3q, and X¥vY¥Y to~p rq. Postulate b) yields one of the so-called “ paradoxes 
of material implication.” 
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Tables for Postulate c) 


1 2 4 
“010 0 0 Cre 
4 1|-2 
210 0 2 21 0 


(Propositional-variables take on values 0, 1, 2.) 
Postulate c) fails for Y¥ —2, Y —1. 


Tables for Postulate a) 


2 
1/0 0 2 
6 


vig 2 X|2 12 8 
0/0 0 0 0 O41 01/01 2.8 
1;0 1 2 8 1| 0 0 0 
21/0 2 2 0 2] 3 210 8 0 38 
8/0 3 0 8 3 | 0 310 0 0 0 
(Propositional-variables take on values 0, 1, 2, 3.) 
Postulate d) fails for X —3, Y—1, Z—2. 
Tables for Postulate B) 
1 —>|0 1 
“0/0 0. 0 
1] 0 1/0 0 


(Propositional variables take on the values 0, 1.) 
Postulate 8) fails. For the formula, 


(X¥—Y)—> (XvIY) 


gives 0 for all values of X,Y; and the formula X — Y gives 0 for all values 


of X,Y; but the formula X v Y gives the value 1 
The other postulates are easily seen to hold. 


Tables for Postulate a) 


2 
0/0 0 1 
4 1] 0 
0 


(Propositional-variables take on the values 0, 1. 
not take on the value 2.) 
Postulate a) fails. For it is easily seen that 


for X Y — 1. 
1 2 
"4 
8 3 
21-0 O01 


Propositional-variables do 


the formula X¥vX¥ > X is 


satisfied for X¥ —0, 1; and if postulate «) held, then the formula ¥ v ¥ > Z 
(got by substituting ¥ for XY in Xv YX) should also be satisfied. But 
¥vX—- is not satisfied; for if we take X —0, it becomes 0 v0 —> 0, which 
is 2v2— 2, which is 12, which is 1. Hence «) is not satisfied. 
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The other postulates are readily shown to hold (remembering that the 
propositional-variables do not assume the value 2). 

I come now to the independence-proofs of the second group. The general 
method used here may be described as follows. Suppose we had a set of 
postulates P,, P, and another set Q,,Q2. If T represents a transformation 
of the undefined ideas of P,, P2, I designate the respective transforms of P, 
and P, by T'(P,) and T(P.). Suppose we are able to find a transformation 7’, 
such that 7,(P,) is deducible from Q;, Q2, while 7;(P2) is independent of 
Q:1,Q2; then P. is independent of P;. For if P2 were deducible from P,, 
then T,(P.) would be deducible from 7',(P:), and hence from Q;, Q2, contrary 
to hypothesis. This proof still holds, moreover, even if we suppose P, identical 
with Q, and P, identical with Qo. 

Thus, to prove the independence of postulate e), we describe a certain 
transformation 7, to be applied to the undefined marks of the formulas of 
Hilbert’s system. If T.(A) is deducible from Hilbert’s postulates, we say 
that A is satisfied; if T,(A) is independent of Hilbert’s postulates, we say 
that A is not satisfied. (To avoid prolixity, in what follows I shall write 
“A is H” for “A is deducible from Hilbert’s postulates.”) The inde- 
pendence-proofs for postulates f) and y) are similar, except that transforma- 
tions 7’; and 7’, are there used instead of the transformation 7’.. 


Independence of Postulate e) 


Transformation T,. Replace all universal-operators in the formula by 
the corresponding existential-operators. Thus, for example, the formula 


(x) (y) F(a, y) > (Ta) (Ay) F(a, 9) 
goes over into 


(Tx) (Ay) F(x, y) > (4x) (Ay) F(a, y). 


Postulate e) fails. For, under 7, the formula (7) (x) F(y) becomes 
(Lr) F(x) > F(y), which, by Lemma IIIa, is not H. 

Postulates a), b), c), d), and f) hold, since they are invariant under 7’. 

To show that postulate «) holds: Let A be any formula which is satisfied, 
so that 7.(A) is H. Let EF be an expression of the sort specified by «) ; 
it is clear that 7.(#) is also an expression of the sort specified by «). Then 
a) states that if we substitute # in A (obtaining A,, say) then 7,(A;) is H. 
But 7.(A,) can also be obtained by substituting T.(#) in T,(A). Hence 
since 7,(A) is H, and T,(/) is an expression of the sort specified in «), 
it follows that 7.(A:) is H. Hence A, is satisfied. Hence postulate a) holds. 

To show that 8) holds. Suppose that A and A —B are satisfied. Then 
T.(A) andT.(A—B) areH. ButT.(A—B) is the same asT,(A) >T.(B). 
Hence T,(B) is H, so B is satisfied. 
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To show that y) holds. Suppose A—B(z) is satisfied. Then 
T.(A— B(z)), and hence T,(A) T.(B(z)), is H. Hence by Lemma IIa, 
T.(A) (£z)T.(B(x)) isH. But this is the same asT,.(A) >T.((x)B(z)), 
so T.(A) ~T.((z)B(z)) is H; so T-(A— (x)B(z)) is H, A— (x) B(z) 
is satisfied, and hence the first part of postulate y) holds. To show that the 
second part of y) holds, we suppose that B(x) —A is satisfied. Then 
T.(B(z)—A), and hence T.(B(z)) >T.(A), is H. So (£xr)T.(B(z)) 
—T,.(A), and hence T,((£z)B(x) >A), is H. Hence (Fr)B(x) >A is 
satisfied. 

Independence of Postulate f) 

Transformation T;. Replace all existential-operators by the corresponding 
universal-operators. 

Postulate f) fails. For under 7; the formula F(y) — (Hx) F(x) becomes 
F(y) — («)F (2), which, by Lemma IIIb, is not H. 

Postulates a), b), c), d), and e) hold, since they are invariant under 7’. 

The proof that «) and 8) hold is the same as in the example for the 
independence of.e). 

The proof that y) holds is very like the corresponding proof in the dis- 
cussion for postulate e) ; Lemma IIb, however, is needed instead of Lemma IIa. 


Independence of Postulate y) 


Transformation T. Replace all the free variables in the formula by a single 
free variable (which is not, however, to be the same as any of the bound variables). 
Thus instead of (x) F(z) > F(y) & F(a), we write (x) F(z) > F(y) & F(y). 

Postulate y) fails. For F(y) is satisfied, since T,(F'(y) > F(z)) 
is F(y) > F(y), and this last is H by LemmalI; but F(y) — (x) F(z) is not 
satisfied, since it is invariant under 7’, and, by Lemma IIIb, is not H. 

Postulates a), b), c), d), e), and f) are satisfied, since they are invariant 
under 7’,. 

The proof that postulates a) and f) are satisfied is the same as the 
corresponding proof in the discussion of the independence of postulate e). 

This completes the proof of the independence of the nine postulates.” 


UNIVERSITY OF CALIFORNIA, 
BERKELEY, CALIFORNIA. 


10Tt is, however, perhaps worth mentioning that the postulates could be reduced 
in number by introducing one of the following definitions: 


(Ex) F(x) Def. 
or (x) F(a) Def. 


AN UNSOLVABLE PROBLEM OF ELEMENTARY NUMBER 
THEORY.’ 


By Atonzo CHURCH. 


_1. Introduction. There is a class of problems of elementary number 
theory which can be stated in the form that itis required to find an effectively 
calculable function f of n positive integers, such that f(2,%2,° = 2? 
is a necessary and sufficient condition for the truth of a certain proposition of 
elementary number theory involving -, as free variables. 

An example of such a problem is the problem to find a means of de- 
termining of any given positive integer n whether or not there exist positive 
integers x, y, z, such that a" + y” = 2". For this may be interpreted, required 
to find an effectively calculable function f, such that f(m) is equal to 2 if and 
only if there exist positive integers x, y, z, such that 2” -+ y"=—2". Clearly 
the condition that the function f be effectively calculable is an essential part 
of the problem, since without it the problem becomes trivial. 

Another example of a problem of this class is, for instance, the problem 
of topology, to find a complete set of effectively calculable invariants of closed 
three-dimensional simplicial manifolds under homeomorphisms. This problem 
can be interpreted as a problem of elementary number theory in view of the 
fact that topological complexes are representable by matrices of incidence. 
In fact, as is well known, the property of a set of incidence matrices that it 
represent a closed three-dimensional manifold, and the property of two sets 
of incidence matrices that they represent homeomorphic complexes, can both 
be described in purely number-theoretic terms. If we enumerate, in a straight- 
forward way, the sets of incidence matrices which represent closed three- 
dimensional manifolds, it will then be immediately provable that the problem 
under consideration (to find a complete set of effectively calculable invariants 
of closed three-dimensional manifolds) is equivalent to the problem, to find 
an effectively calculable function f of positive integers, such that f(m,n) is 
equal to 2 if and only if the m-th set of incidence matrices and the n-th set 
of incidence matrices in the enumeration represent homeomorphic complexes. 

Other examples will readily occur to the reader. 


1 Presented to the American Mathematical Society, April 19, 1935. 
*The selection of the particular positive integer 2 instead of some other is, of 
course, accidental and non-essential. 
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The purpose of the present paper is to propose a definition of effective 
calculability * which is thought to correspond ‘satisfactorily to the somewhat 
vague intuitive notion in terms of which problems of this class are often stated, 
and to show, by means of an example, that not every problem of this class 
is solvable. 


2. Conversion and )-definability. We select a particular list of sym- 
bols, consisting of the symbols {,}, (,), A, [, ], and an enumerably infinite 
set of symbols a, b, c,- - - to be called variables. And we define the word 
formula to mean any finite sequence of symbols out of this list. The terms - 
well-formed formula, free variable, and- bound variable are then defined by 
induction as follows. A variable x standing alone is a well-formed formula 
and the occurrence of x in it is an occurrence of x as a free variable in it; 
if the formulas F and X are well-formed, {F}(X) is well-formed, and an 
occurrence of x as a free (bound) variable in F or X is an occurrence of x 
as a free (bound) variable in {F}(X); if the formula M is well-formed and 
contains an occurrence of x as a free variable in M, then Ax[M] is well-formed, 
any occurrence of x in Ax[M] is an occurrence of x as a bound variable in 
Ax[M], and an occurrence of a variable y, other than x, as a free (bound) 
variable in M is an occurrence of y as a free (bound) variable in Ax[M]. 


* As will appear, this definition of effective calculability can be stated in either 
of two equivalent forms, (1) that a function of positive integers shall be called 
effectively calculable if it is \-definable in the sense of § 2 below, (2) that a function 
of positive integers shall be called effectively calculable if it is recursive in the sense 
of §4 below. The notion of d-definability is due jointly to the present author and 
S. C. Kleene, successive steps towards it having been taken by the present author in 
the Annals of Mathematics, vol. 34 (1933), p. 863, and by Kleene in the American 
Journal of Mathematics, vol. 57 (1935), p. 219. The notion of recursiveness in the 
sense of §4 below is due jointly to Jacques Herbrand and Kurt Gédel, as is there 
explained. And the proof of equivalence of the two notions is due chiefly to Kleene, 
but also partly to the present author and to J. B. Rosser, as explained below. The 
proposal to identify these notions with the intuitive notion of effective calculability 
is first made in the present paper (but see the first footnote to § 7 below). 

With the aid of the methods of Kleene (American Journal of Mathematics, 1935), 
the considerations of the present paper could, with comparatively slight modification, 
be carried through entirely in terms of \-definability, without making use of the notion 
of recursiveness. On the other hand, since the results of the present paper were 
obtained, it has been shown by Kleene (see his forthcoming paper, “General recursive 
functions of natural numbers”) that analogous results can be obtained entirely in 
terms of recursiveness, without making use of A-definability. The fact, however, that 
two such widely different and (in the opinion of the author) equally natural definitions 
of effective calculability turn out to be equivalent adds to the strength of the reasons 
adduced below for believing that they constitute as general a characterization of this 
notion as is consistent with the usual intuitive understanding of it. 
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We. shall.use heavy type letters to stand for variable or undetermined 
formulas. And we adopt the convention that, unless otherwise stated, each 
heavy type letter shall represent a well-formed formula and each set of symbols 
standing apart which contains a heavy type letter shall represent a well- 
formed formula. 

When writing particular well-formed formulas, we adopt the following 
abbreviations. A formula {F}(X) may be abbreviated as F(X) in any case where 
F is or is represented by a single symbol. A formula {{F}(X)}(¥) may be 
abbreviated as {F} (X,Y), or, if F is or is represented by a single symbol, as 
F(X, Y). And {{{F}(X)}(¥)}(Z) may be abbreviated as {F}(X, Y,Z), or 
as F(X, Y,Z), and so on. A formula Ax,[Ax2[- - -Axn[M]-- -]] may be 

We also allow ourselves at any time to introduce abbreviations of the 
form that a particular symbol @ shall stand for a particular sequence of 
symbols A, and indicate the introduction of such an abbreviation by the nota- 
tion « — A, to be read, “ @ stands for A.” 

We introduce at once the following infinite list of abbreviations, 


1— dab: a(b), 
2 rAab-a(a(b)), 
3— a(a(a(b))), 


and so on, each positive integer in Arabic notation standing for a formula 
of the form Aab-a(a(- - -a(b)---)). 

The expression SM | is used to stand for the result of substituting N 
for x throughout M. 

We consider the three following operations on well-formed formulas: 


I. To replace any part A4x[M] of a formula by Ay[S°M |], where y is 
a variable which does not occur in M. 

II. Yo replace any part {Ax[M]}(N) of a formula by S*M |, provided 
that the bound variables in M are distinct both from x and from the free 
variables in N. 

III. To replace any part SxM| (not immediately following ) of a 
formula by {Ax[M]}(N), provided that the bound variables in M are distinct 
both from x and from the free variables in N. 


Any finite sequence of these operations is called a conversion, and if B 
is obtainable from A by a conversion we say that A is convertible into B, or, 
“A conv B.” If B is identical with A or. is obtainable from A by a single 
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application of one of the operations I, II, III, we say that A is immediately 
convertible into B. 

A conversion which contains exactly one application of Operation II, and 
no application of Operation III, is called a reduction. 

A formula is said to be in normal form if it is well-formed and contains 
no part of the form {Aw[M]}(N). And B is said to be a normal form of A 
if B is in normal form and A conv B. 

The originally given order a, b, c,- - - of the variables is called their 
natural order. And a formula is said to be in principal normal form if it is 
in normal form, and no variable occurs in it both as a free variable and as a 
bound variable, and the variables which occur in it immediately following 
the symbol A are, when taken in the order in which they occur in the formula, 
in natural order without repetitions, beginning with a and omitting only such 
variables as occur in the formula as free variables. The formula B is said 
to be the principal normal form of A if B is in principal normal form and 
A conv B. 

Of the three following theorems, proof of the first is immediate, and the 
- second and third have been proved by the present author and J. B. Rosser:* 


THEOREM I. If a formula is in normal form, no reduction of tt is 
possible. 

THEOREM IJ. Jf a formula has a normal form, this normal form 1s 
unique to within applications of Operation I, and any sequence of reductions 
of the formula must (if continued) terminate in the normal form. 

TueorEM III. Jf a formula has a normal form, every well-formed part 
of it has a normal form. 


We shall call a function a function of positive integers if the range of 
each independent variable is the class of positive integers and the range of 
the dependent variable is contained in the class of positive integers. And 
when it is desired to indicate the number of independent variables we shall 
speak of a function of one positive integer, a function of two positive integers, 
and soon. Thus if F is a function of n positive integers, and @1, d2,° * *, 4 
are positive integers, then F'(a;, d2,- - -,@n) must be a positive integer. 


“For example, the formulas \ab. b(a) and Aa. a(Ac- b(c)) are in principal normal 
form, and \ac.c(a), and Abe.c(b), and Aa-a(da-b(a)) are in normal form but not 
in principal normal form. Use of the principal normal form was suggested by S. C. 
Kleene as a means of avoiding the ambiguity of determination of the normal form 
of a formula, which is troublesome in certain connections. 

Observe that the formulas 1,2,3,.. - are all in principal normal form. 

* Alonzo Church and J. B. Rosser, “Some properties of conversion,” forthcoming 
(abstract in Bulletin of the American Mathematical Society, vol. 41, p. 332). 
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A function F of one positive integer is said to be A-definable if it is 
possible to find a formula F such that, if F(m) —r and m and r are the 
formulas for which the positive integers m and r (written in Arabic notation) 
stand according to our abbreviations introduced above, then {F}(m) conv r. 

Similarly, a function F' of two positive integers is said to be A-definable 
if it is possible to find a formula F such that, whenever F(m,n) =r, the 
formula {F}(m, mn) is convertible into r (m, n, r being positive integers and 
m,n, r the corresponding formulas). And so on for functions of three or 
more positive integers.°® 

It is clear that, in the case of any A-definable function of positive 
integers, the process of reduction of formulas to normal form provides an 
algorithm for the effective calculation of particular values of the function. 


3. The Godel representation of a formula. Adapting to the formal 
notation just described a device which is due to Godel,’ we associate with 
every formula a positive integer to represent it, as follows. To each of the 
symbols {, (, [ we let correspond the number 11, to each of the symbols 
}, ), ] the number 13, to the symbol A the number 1, and to the variables 
a, b, c,- -- the prime numbers 17, 19, 23,- - - respectively. And with a 
formula which is composed of the n symbols 7;, , in order we associate 
the number 2%3'2- - - p_'s, where ¢; is the number corresponding to the symbol 
74, and where p, stands for the n-th prime number. 

This number 243'2- will be called the Godel representation of the 

Two distinct formulas may sometimes have the same Gédel representation, 
because the numbers 11 and 13 each correspond to three different symbols, 
but it is readily proved that no two distinct well-formed formulas can have 
the same Godel representation. It is clear, moreover, that there is an effective 
method by which, given any formula, its Godel representation can be calculated ; 
and likewise that there is an effective method by which, given any positive 
integer, it is possible to determine whether it is the Gédel representation of a 
well-formed formula and, if it is, to obtain that formula. 

In this connection the Gédel representation plays a réle similar to that 


° Cf. 8. C. Kleene, “ A theory of positive integers in formal logic,” American Journal 
of Mathematics, vol. 57 (1935), pp. 153-173 and 219-244, where the )-definability of a 
number of familiar functions of positive integers, and of a number of important general 
classes of functions, is established. Kleene uses the term definable, or formally definable, 
in the sense in which we are here using \-definable. 

Kurt Gédel, “ Uber formal unentscheidbare Sitze der Principia Mathematica und 
verwandter Systeme I,’ Monatshefte fiir Mathematik und Physik, vol. 38 (1931), 
pp. 173-198. 
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of the matrix of incidence in combinatorial topology: (cf. §1 above). For 
there is, in the theory of well-formed formulas, an important class of problems, 
each of which is equivalent to a problem of elementary number theory obtainable 
by means of the Godel representation.*® 


4. Recursive functions. We define a class of expressions, which we 
shall call elementary expressions, and which involve, besides parentheses and 
commas, the symbols 1, S, an infinite set of numerical variables z, y, z,- - -, 
and, for each positive integer n, an infinite set fn, gn, hn, - - of functional 
variables with subscript n. This definition is by induction as follows. The 
symbol 1 or any numerical variable, standing alone, is an elementary expres- 
sion. If A is an elementary expression, then 8(A) is an elementary expres- 
sion. If A,,As,- - -,An are elementary expressions and f, is any functional 
variable with subscript n, then fn(A,, A2,° - -,An) is an elementary expression. 

The particular elementary expressions 1, 8(1), S(S(1)),- - - are called 
numerals. And the positive integers 1, 2,3,- + - are said to correspond to the 
numerals 1, $(1), S(S(1)),°--. 

An expression of the form A — 8B, where A and B are elementary ex- 
pressions, is called an elementary equation. 

The derived equations of a set EF of elementary equations are defined by 
induction as follows. The equations of H themselves are derived equations. 
If A = B is a derived equation containing a numerical variable z, then the 
result of substituting a particular numeral for all the occurrences of z in 
A =B is a derived equation. If A—B is a derived equation containing 
an elementary expression ( (as part of either A or B), and if either C = D 
or D=C is a derived equation, then the result of substituting D for a 
particular occurrence of C in A = B is a derived equation. 

Suppose that no derived equation of a certain finite set H of elementary 
equations has the form k 1 where k and / are different numerals, that the 
functional variables which occur in F are fn,', fn fn,” with subscripts 
M1, 2,° * *, Mr respectively, and that, for every value of 7 from 1 to r inclusive, 
and for every set of numerals k,‘, k.*,---, kn,*, there exists a unique numeral k* 
such that fn,‘(ki', kot,- kn,4) is a derived equation of #. And let 
F', F?,- --,F* be the functions of positive integers defined by the con- 


® This is merely a special case of the now familiar remark that, in view of the 
Giédel representation and the ideas associated with it, symbolic logic in general can 
be regarded, mathematically, as a branch of elementary number theory. This remark 
is essentially due to Hilbert (cf. for example, Verhandlungen des dritten internationalen 
Mathematiker-Kongresses in Heidelberg, 1904, p. 185; also Paul Bernays in Die 
Naturwissenschaften, vol. 10 (1922), pp. 97 and 98) but is most clearly formulated 
in terms of the Gédel representation. 
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dition that, in all cases, '#(m,*, m24,- - -,mn,*) shall be equal to m*, where 
m;', -,mn,', and m* are the positive integers which correspond to 
the numerals -,kn,’, and k* respectively. Then the set of equa- 
tions I’ is said to define, or to be a set of recursion equations for, any one 
of the functions F‘, and the functional variable f,,* is said to denote the 
function F". 

A function of positive integers for which a set of recursion equations can 
be given is said to be recursive.® 

It is clear that for any recursive function of positive integers there exists 
an algorithm using which any required particular value of the function can be 
effectively calculated. For the derived equations of the set of recursion equa- 
tions # are effectively enumerable, and the algorithm for the calculation of 
particular values of a function F‘, denoted by a functional variable fn,', 
consists in carrying out the enumeration of the derived equations of # until 
the required particular equation of the form fn,‘(ki', +, kn,t) is 
found.*° 

We call an infinite sequence of positive integers recursive if the function 
F such that F (7) is the n-th term of the sequence is recursive. 

We call a propositional function of positive integers recursive if the 
function whose value is 2 or 1, according to whether the propositional function 
is true or false, is recursive. By a recursive property of positive integers we 
shall mean a recursive propositional function of one positive integer, and by 
a recursive relation between positive integers we shall mean a recursive 
propositional function of two or more positive integers. 


® This definition is closely related to, and was suggested by, a definition of recursive 
functions which was proposed by Kurt Gédel, in lectures at Princeton, N. J., 1934, and 
credited by him in part to an unpublished suggestion of Jacques Herbrand. The 
principal features in which the present definition of recursiveness differs from Gédel’s 
are due to 8S. C. Kleene. 

In a forthcoming paper by Kleene to be entitled, “ General recursive functions of 
natural numbers,” (abstract in Bulletin of the American Mathematical Society, vol. 41), 
several definitions of recursiveness will be discussed and equivalences among them 
obtained. In particular, it follows readily from Kleene’s results in that paper that 
every function recursive in the present sense is also recursive in the sense of Gédel 
(1934) and conversely. 

10The reader may object that this algorithm cannot be held to provide an effective 
calculation of the required particular value of Fi unless the proof is constructive that 
the required equation (k,4, + +, k,,*) = ki will ultimately be found. But if so 
this merely means that he should take the existential quantifier which appears in our 
definition of a set of recursion equations in a constructive sense. What the criterion 
of constructiveness shall be is left to the reader. 

The same remark applies in connection with the existence of an algorithm for 
calculating the values of a d-definable function of positive integers. 
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A function F’, for which the range of the dependent variable is contained 
in the class of positive integers and the range of the independent variable, 
or of each independent variable, is a subset (not necessarily the whole) of the 
class of positive integers, will be called potentially recursive, if it is possible 
to find a recursive function F’ of positive integers (for which the range of the 
independent variable, or of each independent variable, is the whole of the class 
of positive integers), such that the value of #” agrees with the value of F in 
all cases where the latter is defined. 

By an operation on well-formed formulas we shall mean a function for 
which the range of the dependent variable is contained in the class of well- 
formed formulas and the range of the independent variable, or of each in- 
dependent variable, is the whole class of well-formed formulas. And we call 
such an operation recursive if the corresponding function obtained by replacing 
all formulas by their Godel representations is potentially recursive. 

Similarly any function for which the range of the dependent variable is 
contained either in the class of positive integers or in the class of well-formed 
formulas, and for which the range of each independent variable is identical 
either with the class of positive integers or with the class of well-formed 
formulas (allowing the case that some of the ranges are identical with one 
class and some with the other), will be said to be recursive if the corresponding 
function obtained by replacing all formulas by their Godel representations is 
potentially recursive. We call an infinite sequence of well-formed formulas 
recursive if the corresponding infinite sequence of Gdédel representations is 
recursive. And we call a property of, or relation between, well-formed 
formulas recursive if the corresponding property of, or relation between, their 
Gédel representations is potentially recursive. A set of well-formed formulas 
is said to be recursively enumerable if there exists a recursive infinite sequence 
which consists entirely of formulas of the set and contains every formula of 
the set at least once.’ 

In terms of the notion of recursiveness we may also define a proposition 
of elementary number theory, by induction as follows. If ¢ is a recursive 
propositional function of n positive integers (defined by giving a particular 
set of recursion equations for the corresponding function whose values are 2 
and 1) and if 2,,2,- - -,%» are variables which take on positive integers as 
values, then $(2;, %2,* * *,%n) is a proposition of elementary number theory. 
If P is a proposition of elementary number theory involving x as a free 


11 It can be shown, in view of Theorem V below, that, if an infinite set of formulas 
is recursively enumerable in this sense, it is also recursively enumerable in the sense 
that there exists a recursive infinite sequence which consists entirely of formulas of 
the set and contains every formula of the set exactly once. 
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variable, then the result of substituting a particular positive integer for all 
occurrences of x as a free variable in P is a proposition of elementary number 
theory, and (z)P and (32)P are propositions of elementary number theory, 
where (a) and (32) are respectively the universal and existential quantifiers 
of w over the class of positive integers. 

It is then readily seen that the negation of a proposition of elementary 
number theory or the logical product or the logical sum of two propositions 
of elementary number theory is equivalent, in a simple way, to another proposi- 
tion of elementary number theory. 


5. Recursiveness of the Kleene p-function. We prove two theorems 
which establish the recursiveness of certain functions which are definable in 
words by means of the phrase, “The least positive integer such that,” or, 
“The n-th positive integer such that.” 


THEOREM IV. If F ts a recursive function of two positwe integers, and 
if for every positive integer x there exists a positive integer y such that 
F(z,y) > 1, then the function F*, such that, for every positwe integer a, 
F*(x) is equal to the least positive integer y for which F(a,y) > 1, ts 
recurswe. 


For a set of recursion equations for F* consists of the recursion equations 
for F together with the equations, 


2) = 2, 1) = t2(f2(z, 1), 2), 

t2(S(x),2) =1, g2(x, S(y)) = t2(f2(z, S(y)), 
te(@, 1) = 3, h.(S(x),y) 

S(S(y))) = 3, he(g2(@, y),@) = jo(g2(2, y); Y)> 
je(1,y) =y, fi(x) =h2(1, x), 


jo(S(zx), y) 
where the functional variables f. and f, denote the functions F and F* re- 
spectively, and 2 and 3 are abbreviations for S(1) and S(S(1)) respectively.” 


TuHEorEM V. If F is a recursive function of one positive integer, and 
if there exist an infinite number of positive integers x for which F(x) > 1, 
then the function F°, such that, for every positive integer n, F°(n) is equal 
to the n-th positive integer x (in order of increasing magnitude) for which 
F(z) > 1, is recursive. 


13 Since this result was obtained, it has been pointed out to the author by S. C. 
Kleene that it can be proved more simply by using the methods of the latter in American 
Journal of Mathematics, vol. 57 (1935), p. 231 et seq. His proof will be given in his 
forthcoming paper already referred to. 
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For a set of recursion equations for F° consists of the recursion equations 
for F together with the equations, 


g2(1,y) = g2(fi(S(y)), S(y)), 
g2(S(t),y) = 4, 
g.(1) =k, 
9:(S(y)) =92(1, m(y)), 
where the functional variables g, and f, denote the functions F° and F 
respectively, and where & is the numeral to which corresponds the least positive 
integer x for which F(z) > 1.** 


6. Recursiveness of certain functions of formulas. We list now a 
number of theorems which will be proved in detail in a forthcoming paper 
by 8. C. Kleene ** or follow immediately from considerations there given. We 
omit proofs here, except for brief indications in some instances. 

Our statement of the theorems and our notation differ from Kleene’s in 
that we employ the set of positive integers (1, 2,3,-- -) in the rdle in which 
he employs the set of natural numbers (0,1,2,---). This difference is, of 
course, unessential. We have selected what is, from some points of view, the 
less natural alternative, in order to preserve the convenience and naturalness 
of the identification of the formula Aab-a(b) with 1 rather than with 0. 


THEOREM VI. The property of a positive integer, that there exists a 
well-formed formula of which it is the Godel representation is recursive. 


THeEorREM VII. The set of well-formed formulas is recursively enumerable. 
This follows from Theorems V and VI. 


THEoREM VIII. The function of two variables, whose value, when taken 
of the well-formed formulas F and X, is the formula {F}(X), is recursive. 


THEOREM IX. The function, whose value for each of the positive integers 
1,2, 3,- - 1s the corresponding formula 1, 2,3,- +, ts recursive. 


THEOREM X. A function, whose value for each of the formulas 1, 2, 3,° °° 
is the corresponding positive integer, and whose value for other well-formed 
formulas is a fixed positive integer, is recursive. Likewise the function, whose 
value for each of the formulas 1, 2,3,- - - is the corresponding positive integer 


#8 This proof is due to Kleene. 

C. Kleene, “d-definability and recursiveness,” forthcoming (abstract in 
Bulletin of the American Mathematical Society, vol. 41). In connection with many 
of the theorems listed, see also Kurt Gédel, Monatshefte fiir Mathematik und Physik, 
vol. 38 (1931), p. 181 et seq., observing that every function which is recursive in the 
sense in which the word is there used by Gédel is also recursive in the present more 
general sense. 
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plus one, and whose value for other well-formed formulas is the positive 
integer 1, is recursive. 

TuEorEM XI. The relation of immediate convertibility, between well- 
formed formulas, is recursive. 


TuHEorREM XII. It is possible to associate simultaneously with every well- 
formed formula an enumeration of the formulas obtainable from it by con- 
version, in such a way that the function of two variables, whose value, when 
taken of a well-formed formula A and a positive integer n, is the n-th formula 
in the enumeration of the formulas obtainable from A by conversion, ts recursive. 


THeorEM XIII. The property of a well-formed formula, that it is in 
principal normal form, is recursive. 


THEOREM XIV. The set of well-formed formulas which are in principal 
normal form is recursively enumerable. 


This follows from Theorems V, VII, XIII. 


THroREM XV. The set of well-formed formulas which have a normal 
form is recursively enumerable.*® 

For by Theorems XII and XIV this set can be arranged in an infinite 
square array which is recursively defined (i.e. defined by a recursive function 
of two variables). And the familiar process by which this square array is 
reduced to a single infinite sequence is recursive (i.e. can be expressed by 
means of recursive functions). 


THEOREM XVI. Every recursive function of positive integers is 
A-definable.* 

THEOREM XVII. Fvery d-definable function of positive integers is 
recursive.'" 


For functions of one positive integer this follows from Theorems IX, 
VIII, XII, XIII, IV, X. For functions of more than one positive integer 


** This theorem was first proposed by the present author, with the outline of proof 
here indicated. Details of its proof are due to Kleene and will be given by him in his 
forthcoming paper, “ \-definability and recursiveness.” 

*°This theorem can be proved as a straightforward application of the methods 
introduced by Kleene in the American Journal of Mathematics (loc. cit.). In the form 
here given it was first obtained by Kleene. The related result had previously been 
obtained by J. B. Rosser that, if we modify the definition of well-formed by omitting 
the requirement that M contain x as a free variable in order that \x[M] be well- 
formed, then every recursive function of positive integers is \-definable in the resulting 
modified sense. 

** This result was obtained independently by the present author and 8S. C. Kleene 
at about the same time. 
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it follows by the same method, using a generalization of Theorem IV to 
functions of more than two positive integers. 


7. The notion of effective calculability. We now define the notion, 
already discussed, of an effectively calculable function of positive integers by 
identifying it with the notion of a recursive function of positive integers * 
(or of a A-definable function of positive integers). This definition is thought 
to be justified by the considerations which follow, so far as positive justification 
can ever be obtained for the selection of a formal definition to correspond to 
an intuitive notion. 

It has already been pointed out that, for every function of positive 
integers which is effectively calculable in the sense just defined, there exists 
an algorithm for the calculation of its values. 

Conversely it is true, under the same definition of effective calculability, 
that every function, an algorithm for the calculation of the values of which 
exists, is effectively calculable. For example, in the case of a function F of 
one positive integer, an algorithm consists in a method by which, given any 
positive integer n, a sequence of expressions (in some notation) By, Eno,*** , Enr,, 
can be obtained; where F,, is effectively calculable when n is given; where 
E,, is effectively calculable when n and the expressions Ey;, 7 < 1, are given; 
and where, when n and all the expressions F,; up to and including Fy,, are 
given, the fact that the algorithm has terminated becomes effectively known 
and the value of (mn) is effectively calculable. Suppose that we set up a 
system of Gédel representations for the notation employed in the expressions 
E,;, and that we then further adopt the method of Godel of representing a 
finite sequence of expressions - +, Eni by the single positive integer 
RemZena- - where * *, are respectively the Gddel representa- 
tions of (in particular representing a vacuous sequence of 


expressions by the positive integer 1). Then we may define a function @ 
of two positive integers such that, if 2 represents the finite sequence 
Eni, +, then G(n, x) is equal to the Godel representation of Eni, 
where 1k +-1, or is equal to 10 if kr, (that is if the algorithm has 
terminated with H,,), and in any other case G(n,x) is equal to 1. And 
we may define a function H of two positive integers, such that the value of 
H(n, x) is the same as that of G(n, x), except in the case that G(n, x) = 10, 
in which case H(n,2) =F (n). If the interpretation is allowed that the 


18 The question of the relationship betwen effective calculability and recursiveness 
(which it is here proposed to answer by identifying the two notions) was raised by 
Gédel in conversation with the author. The corresponding question of the relationship 
between effective calculability and \-definability had previously been proposed by the 
author independently. 
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requirement of effective calculability which appears in our description of an 
algorithm means the effective calculability of the functions G and H,’® and 
if we take the effective calculability of G and H to mean recursiveness 
(A-definability), then the recursiveness (A-definability) of F follows by a 
straightforward argument. 

Suppose that we are dealing with some particular system of symbolic logic, 
which contains a symbol, =, for equality of positive integers, a symbol 
{ }( ) for the application of a function of one positive integer to its argu- 
ment, and expressions 1, 2,3,- -- to stand for the positive integers. The 
theorems of the system consist of a finite, or enumerably infinite, list of 
expressions, the formal axioms, together with all the expressions obtainable 
from them by a finite succession of applications of operations chosen out of 
a given finite, or enumerably infinite, list of operations, the rules of procedure. 
If the system is to serve at all the purposes for which a system of symbolic 
logic is usually intended, it is necessary that each rule of procedure be an 
effectively calculable operation, that the complete set of rules of procedure 
(if infinite) be effectively enumerable, that the complete set of formal axioms 
(if infinite) be effectively enumerable, and that the relation between a positive 
integer and the expression which stands for it be effectively determinable. 
Suppose that we interpret this to mean that, in terms of a system of Gédel 
representations for the expressions of the logic, each rule of procedure must 
be a recursive operation,?® the complete set of rules of procedure must be 
recursively enumerable (in the sense that there exists a recursive function ® 
such that ®(n, xz) is the representation of the result of applying the n-th rule 
of procedure to the ordered finite set of formulas represented by x), the 
complete set of formal axioms must be recursively enumerable, and the relation 
between a positive integer and the expression which stands for it must be 
recursive.2* And let us call a function F of one positive integer * calculable 
within the logic if there exists av expression f in the logic such that {f}(u) =v 
is a theorem when and only when /’(m) =n is true, » and v being the ex- 
pressions which stand for the positive integers m and n. Then, since the 


7°TIf this interpretation or some similar one is not allowed, it is difficult to see 
how the notion of an algorithm can be given any exact meaning at all. 

*° As a matter of fact, in known systems of symbolic logic, e. g. in that of Principia 
Mathematica, the stronger statement holds, that the relation of immediate consequence 
(unmittelbare Folge) is recursive. Cf. Gédel, loc. cit., p. 185. In any case where the 
relation of immediate consequence is recursive it is possible to find a set of rules 
of procedure, equivalent to the original ones, such that each rule is a (one-valued) 
recursive operation, and the complete set of rules is recursively enumerable. 

71 The author is here indebted to Gédel, who, in his 1934 lectures already referred 
to, proposed substantially these conditions, but in terms of the more restricted notion 
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complete set of theorems of the logic is recursively enumerable, it follows by 
Theorem IV above that every function of one positive integer which is 
calculable within the logic is also effectively calculable (in the sense of our 
definition ). 

Thus it is shown that no more general definition of effective calculability 
than that proposed above can be obtained by either of two methods which 
naturally suggest themselves (1) by defining a function to be effectively 
calculable if there exists an algorithm for the calculation of its values (2) by 
defining a function F (of one positive integer) to be effectively calculable if, 
for every positive integer m, there exists a positive integer n such that 
F(m) =n is a provable theorem. 


8. Invariants of conversion. The problem naturally suggests itself to 
find invariants of that transformation of formulas which we have called con- 
version. The only effectively calculable invariants at present known are the 
immediately obvious ones (e. g. the set of free variables contained in a formula). 
Others of importance very probably exist. But we shall prove (in Theorem 
XIX) that, under the definition of effective calculability proposed in § 7, 
no complete set of effectively calculable invariants of conversion exists (cf. § 1). 

The results of Kleene (American Journal of Mathematics, 1935) make 
it clear that, if the problem of finding a complete set of effectively calculable 
invariants of conversion were solved, most of the familiar unsolved problems of 
elementary number theory would thereby also be solved. And from Theorem 
XVI above it follows further that to find a complete set of effectively calculable 
invariants of conversion would imply the solution of the Entscheidungsproblem 
for any system of symbolic logic whatever (subject to the very general re- 
strictions of § 7). In the light of this it is hardly surprising that the problem 
to find such a set of invariants should be unsolvable. 

It is to be remembered, however, that, if we consider only the statement 
of the problem (and ignore things which can be proved about it by more or 
less lengthy arguments), it appears to be a problem of the same class as the 
problems of number theory and topology to which it was compared in §1, 
having no striking characteristic by which it can be distinguished from them. 
The temptation is strong to reason by analogy that other important problems 
of this class may also be unsolvable. 


of recursiveness which he had employed in 1931, and using the condition that the 
relation of immediate consequence be recursive instead of the present conditions on the 
rules of procedure. 

*2 We confine ourselves for convenience to the case of functions of one positive 
integer. The extension to functions of several positive integers is immediate. 


he 
he 
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Lemma. The problem, to find a recurswe function of two formulas 
A and B whose value is 2 or 1 according as A conv B or not, is equivalent 
to the problem, to find a recursive function of one formula C whose value is 
2 or 1 according as C has a normal form or not.”* 


For, by Theorem X, the formula a (the formula b), which stands for the 
positive integer which is the Godel representation of the formula A (the 
formula B), can be expressed as a recursive function of the formula A (the 
formula B). Moreover, by Theorems VI and XII, there exists a recursive 
function F’ of two positive integers such that, if m is the Godel representation 
of a well-formed formula M, then F(m,n) is the Gédel representation of the 
n-th formula in an enumeration of the formulas obtainable from M by con- 
version. And, by Theorem XVI, F is A-definable, by a formula f. If we define, 


(day —y, 1), 


where 9 is the formula defined by Kleene (American Journal of Mathematics, 
vol. 57 (1935), p. 226), then Z, and Z, A-define the functions of one positive 
integer whose values, for a positive integer n, are the n-th terms respectively 
of the infinite sequences 1, 1, 2, 1, 2, 3,--- and 1, 2,1, 3,2,1,---. By Theorem 
VIII the formula, 


p(An- 3(F (x, Z:(n)), f(y, Z2(n) )), 1) } (a,b), 


where » and 6 are defined as by Kleene (loc. cit., p. 178 and p. 281), is a 
recursive function of A and B, and this formula has a normal form if and 
only if A conv B. 

Again, by Theorem X, the formula ec, which stands for the positive 
integer which is the Gédel representation of the formula C, can be expressed 
as a recursive function of the formula C. By Theorems VI and XIII, there 
exists a recursive function G of one positive integer such that G(m) —2 
if m is the Gédel representation of a formula in principal normal form, and 
G(m) = 1 in any other case. And, by Theorem XVI, G is d-definable, by a 
formula g. By Theorem VIII the formula, 


{Az p(an n), 1, 1))}(e) 


*8 These two problems, in the forms, (1) to find an effective method of determining 
of any two formulas A and B whether A conv B, (2) to find an effective method of 
determining of any formula C whether it has a normal form, were both proposed by 
Kleene to the author, in the course of a discussion of the properties of the p-function, 
about 1932. Some attempts towards solution of (1) by means of numerical invariants 
were actually made by Kleene at about that time. 
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where f is the formula f used in the preceding paragraph, is a recursive func- 
tion of C, and this formula is convertible into the formula 1 if and only if 
C has a normal form. 

Thus we have proved that a formula C can be found ag a recursive 
function of formulas A and B, such that C has a normal form if and only 
if A conv B; and that a formula A can be found as a recursive function of a 
formula C, such that A conv 1 if and only if C has a normal form. From this 
the lemma follows. 


THEOREM XVIII. There is no recursive function of a formula C, whose 


value is 2 or 1 according as C has a normal form or not. 


That is, the property of a well-formed formula, that it has a normal form, 
is not recursive. 

For assume the contrary. 

Then there exists a recursive function H of one positive integer such 
that H(m) =2 if m is the Gédel representation of a formula which has a 
normal form, and H(m) —1 in any other case. And, by Theorem XVI, 
H is d-definable by a formula h. 

By Theorem XV, there exists an enumeration of the well-formed formulas 
which have a normal form, and a recursive function A of one positive integer 
such that A(m) is the Godel representation of the n-th formula in this 
enumeration. And, by Theorem XVI, A is A-definable, by a formula a. 

By Theorems VI and VIII, there exists a recursive function B of two 
positive integers such that, if m and nm are Godel representations of well- 
formed formulas M and N, then B(m,n) is the Godel representation of 
{M}(N). And, by Theorem XVI, B is A-definable, by a formula B. 

By Theorems VI and X, there exists a recursive function C of one positive 
integer such that, if m is the Godel representation of one of the formulas 
1,2,3,:--, then C(m) is the corresponding positive integer plus one, and 
in any other case C(m) —1. And, by Theorem XVI, C is A-definable, by a 
formula c. 

By Theorem IX there exists a recursive function Z-1 of one positive 
integer, whose value for each of the positive integers 1, 2, 3,- - - is the Gédel 
representation of the corresponding formula 1, 2,3,---. And, by Theorem 
XVI, Z* is A-definable, by a formula 3. 

Let f and g be the formulas f and g used in the proof of the Lemma. 
By Kleene 15III Cor. (loc. cit., p. 220), a formula d can be found such that, 


b(1) conv Az: 
(2) conv Au: e(f(u, p(Am- g(f(u, m)),1))). 
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We define, 
e—> B(a(nm), 3(m))). 


Then if m is one of the formulas 1,2,3,---, e(m) is convertible into one 
of the formulas 1, 2,3,- -- in accordance with the following rules: (1) if 
b(a(m),3(m)) conv a formula which stands for the Gédel representation of a 
formula which has no normal form, e(m) conv 1, (2) if b(a(m),3(m)) conv a 
formula which stands for the Godel representation of a formula which has a 
principal normal form which is not one of the formulas 1, 2, 3,---, e(m) conv 1, 
(3) if b(a(m), 3(m)) conv a formula which stands for the Gédel representation 
of a formula which has a principal normal form which is one of the formulas 
1, 2,3,- - -,e(m) conv the next following formula in the list 1, 2,3,-- -. 

By Theorem III, since e(1) has a normal form, the formula e has a 
normal form. Let € be the formula which stands for the Gédel representation 
of e. Then, if m is any one of the formulas 1, 2, 3,- - -, € is not convertible 
into the formula a(m), because b(©,3(m)) is, by the definition of b, con- 
vertible into the formula which stands for the Gédel representation of e(n), 
while b(a(m),3(m)) is, by the preceding paragraph, convertible into the 
formula stands for the Gédel representation of a formula definitely not con- 
vertible into e(m) (Theorem II). But, by our definition of a, it must be true 
of one of the formulas n in the list 1, 2,3,- - - that a(m) conv &. 

Thus, since our assumption to the contrary has led to a contradiction, the 
theorem must be true. 

In order to present the essential ideas without any attempt at exact 
statement, the preceding proof may be outlined as follows. We are to deduce 
a contradiction from the assumption that it is effectively determinable of 
every well-formed formula whether or not it has a normal form. If this 
assumption holds, it is effectively determinable of every well-formed formula 
whether or not it is convertible into one of the formulas 1,2,3,---; for, 
given a well-formed formula R, we can first determine whether or not it has 
a normal form, and if it has we can obtain the principal normal form by 
enumerating the formulas into which R is convertible (Theorem XII) and 
picking out the first formula in principal normal form which occurs in the 
enumeration, and we can then determine whether the principal normal form 
is one of the formulas 1, 2,3,:--. Let A,, A, As,--- be an effective enumera- 
tion of the well-formed formulas which have a normal form (Theorem XV). 
Let H be a function of one positive integer, defined by the rule that, where 
m and n are the formulas which stand for the positive integers m and n 
respectively, H(n) —1 if {An}(m) is not convertible into one of the formulas 
1,2,3,---, and H(n) =m-+1 if {A,}(m) conv m and m is one of the 
formulas 1, 2,3,---. The function £ is effectively calculable and is there- 
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fore A-definable, by a formula e. The formula e has a normal form, since 
e(1) has a normal form. But e is not any one of the formulas A,, -, 
because, for every n, e(m) is a formula which is not convertible into {A,}(n). 
And this contradicts the property of the enumeration A,, As, A3,- - - that it 
contains all well-formed formulas which have a normal form. 


Corotuary 1. The set of well-formed formulas which have no normal 
form is not recurswely enumerable.** 

For, to outline the argument, the set of well-formed formulas which have 
a normal form is recursively enumerable, by Theorem XV. If the set of those 
which do not have a normal form were aslo recursively enumerable, it would 
be possible to tell effectively of any well-formed formula whether it had a 
normal form, by the process of searching through the two enumerations until 
it was found in one or the other. This, however, is contrary to Theorem X VIII. 

This corollary gives us an example of an effectively enumerable set (the 
set of well-formed formulas) which is divided into two non-overlapping sub- 
sets of which one is effectively enumerable and the other not. Indeed, in view 
of the difficulty of attaching any reasonable meaning to the assertion that a 
set is enumerable but not effectively enumerable, it may even be permissible 
to go a step further and say that here is an example of an enumerable set 
which is divided into two non-overlapping subsets of which one is enumerable 


and the other non-enumerable.”® 


Corotuary 2. Let a function F of one positive integer be defined by 
the rule that F(n) shall equal 2 or 1 according as n 1s or is not the Gédel 
representation of a formula which has a normal form. Then F (tf its definition 
be admitted as valid at all) 1s an example of a non-recursive function of posi- 
tive integers.”° 

This follows at once from Theorem XVIII. 


*4This corollary was proposed by J. B. Rosser. 

The outline of proof here given for it is open to the objection, recently called to 
the author’s attention by Paul Bernays, that it ostensibly requires a non-constructive 
use of the principle of excluded middle. This objection is met by a revision of the 
proof, the revised proof to consist in taking any recursive enumeration of formulas 
which have no normal form and showing that this enumeration is not a complete 
enumeration of such formulas, by constructing a formula e(m) such that (1) the 
supposition that g(m) occurs in the enumeration leads to contradiction (2) the sup- 
position that e(m) has a normal form leads to contradiction. 

2° Cf. the remarks of the author in The American Mathematical Monthly, vol. 41 
(1934), pp. 356-361. 

26 Other examples of non-recursive functions have since been obtained by S. C. 
Kleene in a different connection. See his forthcoming paper, “General recursive func- 
tions of natural numbers.” 
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Consider the infinite sequence of positive integers, F(1), F(2), F(3),°--. 
It is impossible to specify effectively a method by which, given any n, the 
n-th term of this sequence could be calculated. But it is also impossible ever 
to select a particular term of this sequence and prove about that term that 
its value cannot be calculated (because of the obvious theorem that if this 
sequence has terms whose values cannot be calculated then the value of each 
of those terms 1). Therefore it is natural to raise the question whether, in 
spite of the fact that there is no systematic method of effectively calculating 
the terms of this sequence, it might not be true of each term individually that 
there existed a method of calculating its value. To this question perhaps the 
best answer is that the question itself has no meaning, on the ground that the 
universal quantifier which it contains is tntended to express a mere infinite 
succession of accidents rather than anything systematic. 

There is in consequence some room for doubt whether the assertion that 
the function F’ exists can be given a reasonable meaning. 


THEOREM XIX. There is no recursive function of two formulas A and 
B, whose value is 2 or 1 according as A conv B or not. 


This follows at once from Theorem XVIII and the Lemma preceding it. 

As a corollary of Theorem XIX, it follows that the Entscheidungs- 
problem is unsolvable in the case of any system of symbolic logic which is 
w-consistent (w-widerspruchsfrei) in the sense of Gédel (loc. cit., p. 187) and 
is strong enough to allow certain comparatively simple methods of definition 
and proof. For in any such system the proposition will be expressible about 
two positive integers a and b that they are Gédel representations of formulas 
A and B such that A is immediately convertible into B. Hence, utilizing the 
fact that a conversion is a finite sequence of immediate conversions, the proposi- 
tion (a,b) will be expressible that a and 6 are Godel representations of 
formulas A and B such that A conv B. Moreover if A conv B, and a and b 
are the Godel representations of A and B respectively, the proposition (a, b) 
will be provable in the system, by a proof which amounts to exhibiting, in terms 
of Godel representations, a particular finite sequence of immediate conversions, 
leading from A to B; and if A is not convertible into B, the w-consistency 
of the system means that ¥(a,b) will not be provable. If the Entscheidungs- 
problem for the system were solved, there would be a means of determining 
effectively of every proposition W(a,b) whether it was provable, and hence 
a means of determining effectively of every pair of formulas A and B whether 
A conv B, contrary to Theorem XIX. 

In particular, if the system of Principia Mathematica he w-consistent, 
its Entscheidungsproblem is unsolvable. 


PRINCETON UNIVERSITY, 
PRINCETON, N. J. 
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ASYMPTOTIC SOLUTIONS OF CERTAIN ORDINARY 
DIFFERENTIAL EQUATIONS ASSOCIATED 
WITH MULTIPLE ROOTS OF THE 
CHARACTERISTIC EQUATION. 


By Hucu L. Turrirtin. 


Introduction. A linear differential equation 


(1) £(y) == 


with continuous coefficients that may be represented by convergent series 


j=0 


has under certain well known conditions! a fundamental set of solutions of 


the form 
€(2, 
(3) yi (2, p) -( Yij(@) + Next f 24 (t, p) dt] 
j=0 a 


ySarg.p=0) 


where € is a generic symbol for a uniformly bounded function. The particular 
form of the solutions as exhibited in (3) has been derived in the classical 
theory subject to the hypothesis that the characteristic equation possesses 
distinct roots throughout the fundamental interval (a,b). The object of the 
present paper is to generalize the theory and dispense in part with the above 
mentioned hypothesis. Schlesinger stated * and the analysis below will prove 
that, if multiple characteristic roots occur, it is necessary to modify the right- 
hand member of (3) so as to include fractional, as well as full, powers of the 
parameter p. 


1The development of the theory concerned with solutions of type (3) may be 
traced through the works of H. Poincaré, Acta Mathematica, vol. 8 (1886), pp. 295- 
344; J. Horn, Mathematische Annalen, vol. 52 (1899), pp. 271-292; L. Schlesinger, 
Mathematische Annalen, vol. 63 (1907), pp. 277-300; G. D. Birkhoff, Transactions of 
the American Mathematical Society, vol. 9 (1908), pp. 219-231; O. Perron, Sitzungs- 
berichte der Heidelberger Akamedieder Wissenschaften, Mathematik Naturwissenschaften, 
Klasse 1919 (A. 6); J. Tamarkin, Thesis, Petrograd (1917), and Mathematische Zeit- 
schrift, vol. 27 (1928), pp. 1-54 

2 L. Schlesinger, op. cit., p. 282. 
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The first part of the demonstration is devoted to the construction of 
n formal series solutions. The existence proof proper, which then follows, 
begins with the study of a differential equation satisfied by n functions 2; (2, p) 
created from the formal series by cutting them short at some particular term. 
The asymptotic relation of these functions to actual solutions of the differential 
equation (1) is established by means of a convenient integral equation and 


certain related inequalities. 


The characteristic equation. Previous investigators have shown that to 
each simple root of the characteristic equation 


(4) = 4" + + Poo(x) pr? + Pno(t) =0 


there may be made to correspond a formal solution of differential equation (1). 
In order to procure n independent expansions when multiple roots are admitted, 
it would therefore seem necessary that with each k-fold characteristic root (zx) 
there must be associated & formal series. This will essentially be done, not, 
however, with respect to the single characteristic equation (4), but with 
reference to a sequence of auxiliary characteristic equations. 

Throughout the text it will be convenient to indicate derivatives by super- 
scripts in parentheses. In particular reference will be made to the function 
F'(), the j-th derivative with respect to of the left member of the 


characteristic equation (4). 


Hypotheses. It will be understood hereafter that a root which is distinct 
from all others throughout the fundamental interval (a,b) is to be called 
simple; while the term multiple will be reserved for all those roots, and only 
those, which coincide overxthe entire interval (a,b). It is to be assumed that 
all roots, whether of equation (4), or of the subsequent auxiliary characteristic 
equations, are to be, in the sense just defined, either simple or multiple. This 
paper will not be concerned with roots of a more complicated nature.* 

Furthermore it is presumed that the functions P;,;(@) in series (2) 
possess derivatives of all orders. 

Later on it will be assumed that certain Wronskians do not vanish. Such 
assumptions will be indicated by the letter (@). 

If a change of variable is made by setting y = ve~’®”, where ¢ is a small 
positive constant, the general form of the differential equation (1) remains 
unaltered. However, the characteristic equation is affected and the char- 


2 See, however, in this regard R. E. Langer, Transactions of the American Mathe- 


matical Society, vol. 36 (1934), pp. 90-106. 
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acteristic roots are increased by an amount equal to e. Such a change in the 
equation can always be employed to avoid zero characteristic roots. It there- 
fore can and will be assumed without imposing an additional restriction that 
Pao(z) 0. 

The first change of variable and the Puiseux polygon. As an initial 
step toward procuring formal series solutions corresponding to a k-fold 


characteristic root ¢(x), substitute in (1) 


y = vexp[ p’o(t) dt]. 
7a 
The differential equation (1) then acquires the new form 
(5) + pi (a, p)v"™ + p)u™™ +> + p)v = 0 


where the leading term in the series expansion of the coefficient p;(z, p) is 
formally [p‘"/(n—1) (@). Due to the k-fold multiplicity of ¢(z), 
Fv =0 if t=n,n—1,:-- or n—k-+1. Consequently the coeffi- 


cients have the structure 


with 
for 1—1,2,---,n—k—1; 


ji=(n—k)r for and 
ji Sir—1 for i=n—k+1,---,n. 


Hereafter the leading term in an expansion of a function in descending 
powers of p will be called the principal term. 

The principal terms of the series (6) can be advantageously represented 
by a diagram in the following manner: 

Let pi,o(x) correspond to the point with codrdinates (1, j;); join the 
origin to the point (n,0) not only by a straight line-segment, but also by a 
broken line to form a convex polygon with vertices falling on points (7, j;) and 
enclosing the greatest possible positive area. The result is an adaptation of 
the familiar Puiseux polygon.* By virtue of the construction the slope s; of 
the 1-th line-segment (i.e. the slope of the i-th side of the polygon counting 
from left to right) is less than the slope s;_, of the preceding segment, and 
the points (7, 7;) will all fall on, or below, the broken line. The significance 
of the Puiseux polygon lies in the fact that there can be associated with each 


4V. Puiseux, Journal de Mathématiques Pures et Appliquées, vol. 11 (1889), p. 319. 
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of the line-segments formal solutions of equation (1) in number equal to the 
length of the projection of the respective segment, or side, on the z-axis. 


Case I. Formal solutions pertaining to segments with negative or zero 
slope are derived as follows: 

Let the codrdinates of the right terminus of the chain of segments with 
positive slopes be designated by (m, jm). Then replace the dependent variable 


v in equation (5) by the series 
+ 01(@)/p + V2()/p? +° °°. 


Kquate the coefficients of the various powers of p to zero; and thus derive a 
sequence of linear differential equations, each of order n—m from which 
the v;(xz)’s may be successively determined. The first differential equation of 
this sequence is homogeneous, and therefore yields n — m independent evalua- 
tions of v(x). The other v;(x)’s may be determined by quadratures once 
the vo(x)’s have been found. Hence there exist for the differential equation 


(1) »—m formal solutions of the structure 


(1) (vs0(@) + (j= 
It will be assumed, ((@), that the Wronskian 
(8) W(01,0(%),° AO; 


and the hypothesis (8) would be satisfied, it is to be noted, if pm (a) were 
non-vanishing on (a,b). 


Case II. There remains for consideration only those segments of positive 
slope which lie between the points (n —k, nr — kr) and (m, jm), for the first 
segment pertains to characteristic roots other than ¢(2). Let attention be 
fixed upon any particular one of these segments, the o-th for instance, and 
let po denote the length of the projection of the segment upon the z-axis. 
To obtain formal solutions to the number po, one, or more, transformations 
will be necessary. Let 


(9) v =wexpl (2) dz] 


4 


with A* = p%/8, where «/8 is a fraction in lowest terms equal to the slope sv 
of the segment in question. 

Transformation (9) modifies simultaneously the Puiseux polygon and 
the differential equation (5). Those segments up to and including the 
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(o—1)-th remain unaltered. The chain of segments to the right of the 
(o —1)-th is, however, replaced by a single segment of slope so. The dif- 
ferential equation (5) is reduced by (9) to a form which, in so far as the 
last (yo + 1) terms are concerned, can be indicated as follows: 


++ Go(a, + + A)U = 0 


in which 
AVG 


with (wy) representing the /)-th derivative of the function 


(10) qi (2, A) = 


(11) G(y) Co(x) + Cyo(r)} = 


which, as is indicated, has been set equal to zero in (11) to form the auxiliary 
characteristic equation. The coefficients Co(z) and Cyg(x) are equal to those 
functions pi,o(z) of series (6) which correspond to the vertices at the left and 
right ends respectively of the o-th segment in the polygon. The intermediate 
coefficients of (11) likewise are equal to pi,o(x)’s which correspond to other 
points (1,7;) that fall on the o-th segment. These facts make it clear that 
transformation (9) has in effect shifted the o-th segment of the original 
polygon over to the extreme right of the figure. 

The portion of the auxiliary characteristic equation (11) which is con- 
tained within the braces is a polygon in y®. Hence there are at least B dif- 
ferent non-zero roots of the equation (11). If one root has been found, 
8 —1 others can be computed by multiplying the known one by the various 
B-th roots of unity. When in the subsequent discussion the function y,(z) 
which appears in substitution (9) is identified with a particular root of (11), 
it should be born in mind that 8 such roots can be considered simultaneously 
by allowing the B-th roots of unity to be absorbed into the parameter A. 

The function y,(z) of substitution (9), which as yet has not been speci- 
fied, will be selected as a non-zero x-fold multiple root of the auxiliary char- 
acteristic equation. Such a choice has an immediate effect upon the dif- 
ferential equation causing the leading terms in those series of (10) to vanish 
for which j = po, ws —1,- +--+ and po—x«-+1. The effect upon the polygon 
is even more important to note. One of two things must take place. Hither 
the right-hand portion of the new diagram which corresponds to the old o-th 
segment is broken up into at least two smaller line-segments, or the right-hand 
segment is subject to a decrease in slope. The break-up certainly takes place 


if 8 > 1 and the decrease in slope occurs if B = 1. 
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Since « formal series are to be associated with y,, we need no longer be 
concerned with the original o-th segment, but must concentrate upon those 
segments between « = n —x« and « ~ n, all of which have slopes less than so. 
On the one hand certain of these segments may have zero or negative slope 
and to such segments formal series will at once be associated by the method 
described in Case I, subject of course to a hypothesis (@) that a certain 
Wronskian, the counterpart of (8), is non-vanishing. On the other hand, 
if formal solutions are to be associated with those segments of positive slope 
between x = n—x and «=n, further exponential transformations must be 
made. 

The Puiseux polygon which has undergone two changes, one brought about 
by substitution (9), the other by virtue of a special choice of y,, supplies the 
data for selecting the next exponential transformation; in fact the power of 
the parameter which must appear under the integral sign equals the slope 
of the line segment to which formal solutions are eventually to be associated. 
For instance, if a segment between tc —n—x and «=n has a slope A, 
(0 <A < the proper substitution is 


(12) u—wexpl p'x(2) dz}. 


The effect of this transformation can be readily visualized in as much as the 
effect of (9), a typical transformation, has already been described in detail. 
Transformation (12) introduces, as a rule, a new and smaller fractional power 
of p into the differential equation and the polygon is modified to the extent 
that the segment with slope A is shifted to the right side of the diagram. Then 
a second auxiliary characteristic equation is formed by equating to zero the 
principal term in the series expansion of the coefficient of w in the new linear 
differential equation. The function x(x) is definitely chosen as one of the 
non-zero secondary auxiliary characteristic roots with the result that the 
Puiseux polygon is either broken into smaller segments or the slope of the 
right-hand segment is decreased. Formal solutions are immediately asso- 
ciated with all those segments which have, as a result of the reduction, zero or 
negative slopes. (This reapplication of Case I calls, in general, for another 
assumption of type @.) To associate formal solutions with the segments of 
positive slope still further transformation are required, and hence, mutatis 
mutandis, the whole process is repeated. 

A succession of reductions, each involving a decrease in slope, unaccom- 
panied by a break-up of the segments, must give rise eventually to a segment 
of zero slope and the process is thereby terminated (Case I, @). That the 

9 


r 
| 9 

§ 

y 

n 

1 

e 


370 HUGH L. TURRITTIN. 


zero slope is ultimately attained is made evident by reexamining the typical 
reduction arising from (9) when the appropriate values B =1, A—p, and 
the integer « = r—1 are substituted in (9). The reduction will result in a 
slope = r— 2 for the right-hand segment, because no new fractional power 
of the parameter has been introduced. A second reapplication of the process 
with a new exponent a, = r—2 will result in a slope = r—8, ete., until 
with not more than r—1 successive reductions, with 8 continually equal to 
one, a zero slope is attained for the right-hand segment of the polygon. On 
the other hand a series of reductions, accompanied by a succession of break-ups, 
must finally result in a short segment with unit projection on the z-axis. The 
auxiliary characteristic equation, which comes from a reapplication of the 
process to such a segment, is of the first degree and can not possess a multiple 
root. Therefore from this stage on only decreases in slope can occur when the 
proper exponential transformations are made. Finally a zero slope is attained 
and formal solutions procured. This reasoning establishes the fact that there 
exist n formal solutions for differential equation (1) of the structure 


Zi, (x 2i,2(2) 
(13) ++ expt 0; (t, p) dt] (4 == 
a 
where 0;(t, p) is an abbreviation for the sum 


It is, moreover, allowable to attribute to p'/® any one of its B; values. Further- 
more, if for some particular value of 1, 2;(t,p) is different from all other 
0;(t, p), 147, then it follows as a specialization of (8) that 


(14) Zi,o(Z) 0. 


The related differential equation. In order to obtain an asymptotic 
relationship between the formal series (13) and actual solutions of the given 
differential equation (1), a study will be made of the differential equation 
satisfied by the functions 2;(z,p) defined by arbitrarily terminating series 
(13); i.e., 


p) expl f M(t, 


with 


These functions z;(z, p) are solutions of the differential equation 


d 
e 
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. Zn‘? 2n 


which has been written as a determinant. This determinant becomes, when 


expanded in terms of the elements of the first row, 


(16) M(z) prQs(a, ++ + p)z = 0 


where the coefficients are quotients of two n-th order determinants; 1. e., 
(17) Qi (x, p) = (—1)*Ai(a, p)/pAo(2, p) 


In particular Ao(z,p) is the Wronskian W(z,- - -, Zn). 

Since the various functions 2;(2,p), which are associated with the intro- 
duction of a particular fractional power of p, may be permuted among them- 
selves in (15) without essentially changing the differential equation (16), 
it is evident that the expansions of the determinants A; (2, p) proceed according 
to decreasing full powers. Furthermore these expansions are finite, not in- 
finite series. 


Structure of the coefficients Q;(z,p). To make certain that Qi(z, p) 
can be expanded in convergent power series in p™, it will be sufficient to show 


that Ao(z, p) expl— 


a 


is bounded away from zero as p—> «©. The element in the i-th row and j-th 
column of A(z, p) is 


n 
( > ;)dt], which is later indicated by AAo(a, p). 
i=1 


@ 
= (di/dx + (2, p) (2, p) Q,dt | 
a 
= D (2, p) 
a 


The symbolic operators D; = (di/dx + 9;(z, p)) and d;/dz will be especially 
useful in ascertaining the character of A,(z,p) as p— oo. It should be 
understood, however, that, when the differential operator d;/dx acts upon a 
function with subscript other than 7, it is to be considered equivalent to 
differentiating a constant. For example this notation permits one first to 
think of the Wronskian as a Vandermonde determinant; i.e., 


| 
(15) = 0 
r 
‘ | 
l 
n 
n 
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m 
Tn (1=— 2, 3, 
mon 


and secondly to write 
et-.-- 9, 1 


(18) AAo(2,)=| = {TL (Di — D5) 
i<j 
Dal 


a convenient expression for AA,(z,p). A glance at the right-hand member 
of (18) shows, if we consider the principal terms in the expansions of the 
various factors, that as p—> © the behavior of AAo(z,p) is essentially the 
same as that of the product 


(19) { (Qi —O;)}{ TT (di/da — dj/dz) * 
i<j i<i 


where all those combinations of i and j (1 <j), for which 0; — 2; 40, are 
to be used in the first brace, and in the second all other combinations of 
t1<j<n are to be used. The product (19) and likewise AA,(z,p) are 
bounded away from zero for | p | sufficiently large due to the fact that in (19) 
only non-vanishing factors occur, some of these factors are of type (Q; —);), 
some of type (14), and others are non-zero Wronskians of type (8). Not 
only does the above argument establish the fact that Qi (2, p) can be expanded 
in convergent series in descending powers of p, but it also shows that the 
functions 2,(2,p),° *,2n(Z,p) are independent. 

To demonstrate that Qi(z,p) is uniformly bounded in the neighborhood 
of p= ©, it is enough to show that 


(20) Q:(2,p) = 


Let E;(D1,--+-,Dn) denote the j-th elementary symmetric function 
3D,D.---D; and and then, from the fact ® that the determinant 


5E. R. Heineman, Transactions of the American Mathematical Society, vol. 31 
11929), pp. 464-476. 
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= Dn) TL (Di — Dn), 
i<th 
(j= 


it follows that 
(21) AA; (a, p) = Dn) (D;— Dn) 
<h 


h=—2,---,n). 


If it is taken into account that the power of p in the principal term of 
Bi(D,,° + +,Dn) can not exceed p** and then if formulae (18) and (21) are 
compared, it will be evident that the quotients (17) must have the struc- 
ture (20). 


A comparison of the related and original differential equation. The 
discussion of the last section brings out the structural similarity of the given 
differential equation (1) and the related equation (16). The resemblance 
will be made more striking by showing (see inequality (24)) that the re- 
spective coefficients of these differential equations are to a certain extent 
identical; i.e., 


J 


With this end in view consider the n differences 


(22) M(z:) —L (%). 


Since 2;(z,p) is a solution of (16) 
M (2: (2, p) ) = (0. 


The substitution of 2;(z,p) in (1) must cause a number of terms to vanish 
by virtue of the fact that z:(x,p) is a portion of a formal series solution ; 
those terms which do not in general vanish may be indicated as follows: 


(28) p)) + far +° +) exp[_f Oud] 


The f’s are appropriate functions of x, and 7 designates the power of p 
occurring in the principal term of the expansion of JT (9; —;), where 7 = 
j 
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ranges over all values such that 2; 49; The differences (22) may be 


rewritten by utilizing (23) as 


> (Pi — Qs) = (%) 
j=l 


These identities are treated as m simultaneous equations defining the 
unknowns (P;—Q:),° (Pn—Qn). Each of these unknowns can be 
expressed by means of Cramer’s rule as a quotient of two determinants. The 
symbolic operators D; are used to determine the nature of these quotients, 


just as was done for quotients (17), and it is found that 


A sufficient number of hypotheses have been made to assure continuity in the 
functions under consideration; hence it is possible to select the positive con- 
stants S and #, sufficiently large so that 


(24) | Pi(z, p) — Qi(a, p)| < 
(t—_1,---,n; |p| >R>R3 


Asymptotic approximations to solutions. To determine the way in 
which the functions 2;(z,p) approximate solutions of (1), the original dif- 
ferential equation (1) is first rewritten 

M(y)=N(y) with N(y) = M(y)—¥¢ (y) 


and this formally non-homogeneous differential equation is then replaced by 


the equivalent integral equation ° 
g 


t= a t= 
Here the c¢;’s are arbitrary constants and the adjoint functions Zi (a, p) are 
defined by the system of equations 


> (x, p)Zi (x, p) = { for / 

i=1 1 

It is readily deduced, after applying Cramer’s rule, that the adjoint functions 
have the structure 


Za (2, p) — p) exp[— f 


a 


0, dt] 


®°Cf. L. Schlesinger, Handbuch der Theorie der linearen Differentialgleichungen, 
vol. 1, p. 78. 
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The constants 7; are the same as those appearing in identities (23) and the 
symbols H;(z,p) designate uniformly bounded functions. 
A positive constant H may be selected sufficiently large so that 


| Hi(z,p)| <4 (a<2<b;|p|>R:), 
and also 
| Diini(a, p)| <A | | 
Hence 
(26) | zi (a, p)Zi (Ep) | < H? | expl 


A region defined by the inequalities 
ySargpS8, and |p| 
will be called a =-region, if it is possible to rearrange the subscripts on the 
0,’s in such a way that the real portions of the functions Q;(2,p) can be 
ordered as follows: 
(Mi (x, p)) < (Qin p)) 
unless 2; (2, p) =Qi41(z, p), and then #& (%) = # (M441) 


Within such a region 

(27) Jexpl Q,dt]| S | expl f, 
g 


for => é. i 
The integral equation (25) and inequalities (24), (26), and (27) all 
find their counterpart in a paper by Birkhoff.”. If we follow, therefore, Birk- 
hoff’s line of reasoning, we conclude that the integral equations 


@ 4 
Yi p) = (2, p) + (2 an(x, p)Zn(E, p))N (ys(E, p) ) dé 


(i—1,- 


define a fundamental set of solutions for the original differential equation (1) 
with the property that within a =-region 


7G. D. Birkhoff, op. cit., formulas (32), (29), (43), and (7) respectively. 
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(28) yi? (2, p) = (x, p) + E(x, p) expl 2; (t, p) dt] 


(a=2=)b;|p| > > 2rn—2r—1). 


The constant + is the smallest of the set 1,,72,- + -,7n. It is relation (28) 
that is to replace (3) when multiple roots of the characteristic equation (4) 
are admitted. The functions 2;(2,p) are therefore asymptotic approximations 
to the solutions y;(z, p). 

The solutions indicated in (28) are dependent upon the integer ¢. This 
integer is fixed, it will be recalled, by the point at which the formal series are 
cut short. T’amarkin and Besikowitsch * have shown how a solution yn can 
be chosen to satisfy a relation of type (28) independently of the value of ¢. 
This solution is then used to reduce the order of the given differential equation 
to m—1 and through mathematical induction it is found,® provided the 
characteristic roots are unequal, that a set of n solutions exist satisfying (28) 
independently of ¢ This line of reasoning can readily be adopted to the 
present situation in which multiple roots are admitted. It is possible, for 
instance, that Qn—ms1, Qn-miz,° and Q, (1 = are all identical. In 
this event m solutions Yn-ms1, Yn-ms2,’ °°, Yn Would exist which satisfy (28) 
independently of £. The induction would proceed, therefore, even more rapidly 
than in the classical case, for the m solutions Ynmsi,° * *, Yn would be used 
to reduce the order of the differential equation (1) to n—m. Hence it is 
concluded that there exist n independent solutions of the original differential 
equation (1) which have within a =-region the asymptotic expansions 


@ 
yi? ~ Di + + to inf.) 0; (t, p) dt] 


where D ;/ represents, as before, the symbolic operator (di/dax + 9; (2, p)) here 
applied 7 times in succession; and where the integers #;, and the functions 
O, and 2z;,; are the same as those appearing in the formal solutions. 


UNIVERSITY OF WISCONSIN. 


8 J. Tamarkin and A. Besikowitsch, Mathematische Zeitschrift, vol. 21 (1924), 
pp. 119-123. 
®Q. Perron, op. cit., pp. 14-21. 
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BIHARMONIC FUNCTIONS AND CERTAIN GENERALIZATIONS.' 


By Epwarp KAsNeEr. 


In the following paper we study certain new characterizations of bihar- 
monic functions in terms of conformal transformations; and certain generaliza- 
tions connected with various subgroups of the total conformal group, and also 
with various subsets which are not groups. For example we deal not only with 
the six parameter inversion group, but also with the set of oo* pure inversions. 
The main results are given in Theorems 1-8. I wish to acknowledge the 
vauable assistance of George Comenetz in writing this paper, especially in 
the proof of Theorem 5. 


THE PoINcARE EQUATIONS. 


1, Poincaré applied the term biharmonic to those functions of four real 
variables F(x, y, 71, y¥,) which can be regarded as the real part of an analytic 
function of two complex variables z= x + ty, 2; = 2, + ty,;. The same word 
biharmonic is also in use to denote those functions of two real variables f(a, y) 
which satisfy the double Laplace equation AAf—0O, of the fourth order 
(connected with the problem of the bending of a flat plate) ;? but the two 
meanings have nothing to do with each other. Biharmonic is used in this 
paper exclusively in the sense of Poincaré. 

If F(a, y, yi) is biharmonic, then a conjugate function G(z, y, y1) 
exists such that + iG is an analytic function of the complex variables 
iy and x2, + Hence F and satisfy the Cauchy-Riemann differential 
equations with respect to each of the two complex variables; thus we have 
four equations of the first order: 


(1) Py=—Ge; Pa =Gy Py Gey 


If we differentiate these relations partially with respect to x, y, x, and y,, and 
eliminate G, we find that / must satisfy a system of four partial differential 
equations of second order: 


=F + Py =9, = Foe, + Py, = 9, 


2 
( ) P,P = Fay, — F ye, = 0, = + = 9. 


(The symbols P,, P2, P;, P, can be thought of as differential operators, which 


1 Abstracts in Bulletin of the American Mathematical Society, vol. 35 (1929), 
pp. 290, 444. 
* Love, Hlasticity, 4th ed., p. 135. 
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we may call the Poincaré operators. In fact, P; is identical with the Laplace 
operator A, taken with respect to the variables 7 and y, and P, is A with 


respect to z,, y;.) Since 
(3) PF + + PF /dz,? + #F/dy,? = 0, 


we see that a biharmonic function is necessarily harmonic in the four variables 
©, Y, X,, ¥,; but the converse is not true: a harmonic function of 2, y, 7, y; 
need not be the real part of any analytic function of «+ ty and 2, + iy, 
(in contrast to the case of one complex variable), for equations (2) do not 
follow from (3). Equations (2) are sufficient as well as necessary for F 


to be biharmonic.* They were first given by Poincaré.* 
£ 


THE CONFORMAL GROUP. 
2. If in an analytic function of two complex variables z and z,, we replace 
z, by an analytic function of z, the result is an analytic function of z alone. 
If we consider the real part of the function of z and z,, we see that this remark 
implies the following theorem on biharmonic functions: 
Let 


be a substitution replacing 2, and y, by functions of z and y. Then 
F(a, y,X:, y;) reduces to a function K depending only on z and y: 
(5) F (x,y, 1,41) = Fa, y, o(2,y), |] =K (2, y). 
Now replacing z, by an analytic function of z corresponds to using a conformal 


substitution 7’. Hence the obvious theorem we obtain is this: 


TuHEorEM 1. Jf a conformal substitution 
performed on a biharmonic function F(x, y, £1, y:), then F becomes a harmonic 


function K(x, y). 
We now give two fundamental converses of this theorem: 


THEOREM 2. Biharmonic functions are the only functions of four real 
variables which are converted into harmonic functions by EvERY conformal 


substitution. 


® Osgood, Funktionentheorie II, 1, p. 22. (The region of definition of F must 
satisfy a certain connectivity restriction. ) 

“Comptes Rendus, vol. 96 (1883), p. 238; Acta Mathematica, vol. 2 (1883), p. 99; 
vol. 22 (1898), p. 112. 
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THEOREM 3. The only substitutions which convert aut biharmonic 
functions into harmonic functions are the conformal substitutions. 


To prove Theorems 2 and 3 we need the expression for Ker + Ky, or 
AK, in terms of F, ¢, and y. This is found by differentiating (5) partially 
with respect to x and y (for example, Kz = Fz + Frdz + Pye, ete.). The 
result is found to be 


AK = Pog + Py + + + + + Foye, + $y’) 


+ (dope + + Pym (bo? + Wy?) + + Fy, Ay. 


In the case of a conformal substitution 7, the conformality conditions 
= Wy, dy =— can be used to simplify (6) by the elimination of the 
derivatives. of y. When T is conformal, (6) in fact reduces to our principal 
formula 
(7) AK = P,F + — 26,P3F + (02 + PF. 


Now in Theorem 2 we suppose that F is a function such that K becomes 
harmonic no matter what conformal substitution 7 is used. That is, 


(8) [Pi + 2 Ps dy") Ps | F (2, $, == () 


identically in x and y, for every conformal ¢, y. We must show that I’ is 
biharmonie. 

Since (8) holds for any conformal 7’, we may use, in particular, linear 
conformal substitutions, or similitudes: 


(9) yi = be +ay+d, 


(where a, b, c, d are arbitrary constants). Then (8) becomes an identity in 
the six independent variables z, y, a, b, c, d. In place of ¢ and d, we may 
introduce x, and y, as independent variables by solving equations (9) for c, d 
in terms of z, y, a, 6, 1, y1. Then (8) becomes 


(10) [P, + + 2bP; + (a? + 0?) F (a, y, 41, 41) = 0, 


an identity in 2, y, y1, 4, b. Varying a and b, we see that PiF,: +, PsF 
must vanish at each fixed point z, y, 2, y; in the region of definition of F. 
Hence F must be biharmonic. This proves Theorem 2. 

For Theorem 3, we suppose that 7’ is a substitution which turns every 
biharmonic F into a harmonic K. We must show that 7’ is conformal. 

Since the right member of (6) vanishes for any biharmonic /’, it vanishes 
in particular when F is linear in 2, and y, with constant coefficients (any linear 
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function of 2, y, 2, y, is of course biharmonic). In that case, all the terms 
of (6) drop out except the last two; and the coefficients of these two terms, F’,, 
and F,,, reduce to arbitrary constants. This shows that A¢ = Ay = 0. We next 
employ the particular biharmonic functions = — yy,)— b(zy, + yz,), 
where a and b are arbitrary constants (the real part of (a+ bi)zz,). Sub- 


stituting in (6), we have 
(11) 20 — py) — 2b (dy + po) = 0. 


Hence Ww = + = 0, so that T must be conformal. This proves 
Theorem 3. 
SUBGROUPS AND SUBSETS. 

3. A function F(z, y, x,, y,) which is made harmonic by every conformal 
substitution 7’ is necessarily biharmonic, by Theorem 2. The proof of this 
theorem shows, in fact, that / must actually be biharmonic even if we merely 
require F’ to be converted into a harmonic function by the subgroup of the 
conformal group consisting of all similitudes. 

THEOREM 2’. The only functions of four real variables which are con- 
verted into harmonic functions by every similitude are the biharmonic functions. 


If other subgroups or even subsets which are not groups, of the conformal 
group are used, however, we may expect that other functions of four variables, 
besides the biharmonic, will satisfy the requirement of becoming harmonic 
under every substitution of the subset. Larger classes of functions will thus 
be obtained, which we may then regard as generalizations of the biharmonic 
class. 

We consider this problem in the case of the following subsets. (For 
completeness, we include similitudes in the list. The equations of substitution 
are given both in the complex form and in the equivalent real form (4). The 
letters a, b, c, d, 6 stand for arbitrary real constants; and A =a-+ ib, and 


p=c-+ id.) 
(I) The group of similitudes: + p, or equations (9). 
(II) The group of magnifications: 2, az -+ p, or 


(12) =ar-+¢, yi = ay + d. 
(III) The group of «* rigid motions: z= ez + p, or 
(13) = xcosd—ysiné+¢, y, =xsin6+ ycosé-+d. 


(IV) The group of oo? translations: 2; or 
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(14) 
(V) The set of central symmetries: =—z-+ yp, or 


(VI) The group of 2? translations and central symmetries: 
or 


(16) 6, 


We state the answers obtained in these six cases in a single theorem (the 
symbol bth stands for an arbitrary biharmonic function, the symbol ®t for the 
real part of an analytic function of complex variables, c for an arbitrary con- 


stant; and 2, 1y;). 


THEOREM 4. The class of functions I'(a, y, 2,41) which are converted 
into harmonic functions of x and y by all the substitutions r, = $(z, y), 
4:1 = (2, y) of a subset of the conformal group is, in the cases of the subsets 
I to VI, the following: 


(I) (Stmilitudes): F = bih(z, y, 
(II) (Magnifications): F = bih(a, y, x1, + — 
(III) (Motions): F = bih(a, y, 41, y,) + + — — y,?). 
(IV) (Translations): 41,y— 41), where g 
is harmonic in the pair of variables x+2,, yt+y1, and 
arbitrary in or F=R[f(z, a1, Z—Z,) ]. 
(V) (Central symmetries): 
where g is harmonic in x—2,, y—y,, and arbitrary in 
or F=Rf (2, 21,2 + ]. 
(VI) (Translations and central symmetries) : 
where g is harmonic in the pairs and 
Or 
+ 
or 


F= bth, (2, Y, V1; Y1) + bihs (2, Y1, y). 


5Two other cases may be mentioned: the group of ©? similitudes leaving the 
origin fixed, z, = dz which gives F = If (<, 2,,2/2,)]; and the set of 0? reciprocations 
2, which gives F = §R[f 21, 221) J. 
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Proor oF THEOREM 4. 

Case I has already been settled in Theorem 2’. 

To prove Theorem 4 in cases II to VI we begin as in the proof of 
Theorem 2 (i.e., of case I). Equation (8) must hold identically in 2 and y, 
for every $, y of types (12) to (16) respectively. Substituting (12)-(16) 
into (8), we obtain identities in 2, y and some of the letters a, b, c, d, 6. 
If we solve (12)-(16) for c and d in terms of a2, y,, and the other letters, 
we can eliminate c and d from these identities, introducing z, and y, as 
independent variables instead. Now if we think of z, y, x, y; as fixed, and 
vary a, b, 6, we find that the conditions which F must satisfy are, in the 


various cases, as follows: 


(II) =PF=0. 
(III) =P,F =0. 
(IV) (Pi+2P:+Pi)F=0. 

(V) (P,—2P.+ P,)F =0. 

(VI) (Pi+Ps)F=P.F =0. 


These can be looked on as systems of partial differential equations of 
second order, to be solved for the unknown F’.- Fortunately all these equations 
are linear, with constant coefficients, and can be solved explicitly. 

The solution, in cases II and III, can be carried out most conveniently 


with the aid of the general identities 


(P1) — (Ps)y, (Ps) (P2)a, + (Ps) 
= (P2)y + (Ps)a; (Ps)y = (P2)y, 
These are easy to verify from the definitions of P,,- - -,P, in (2). 

First, under the conditions of case II, we see from (17) that P3F is 
independent of x, y, 2, and y,. Hence = P.F = P,F =0, = 2c 
(an arbitrary constant). A particular solution of this non-homogeneous system 
is: MP —c(ary,—ya,). The general solution of the corresponding homo- 
geneous system = = P,F = P,F =0 is: F = any biharmonic function. 


Hence the general solution of the equations of case II is: 


(17) 


F = bih(a, y, y1) + — y21), 


which is the result given in Theorem 4. 

In case III we find from (17) that P,F depends only on z and y, while 
P,F depends only on gz, and y;. Since P,\F + P,F —0, in view of the 
different variables in P,F and P,F we must have P:F —=—P,F —4c. The 
general solution of the non-homogeneous system of equations is now obtained 


just as in case IT. 


4 
H 
H 
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The equations of cases IV, V, VI are simplified by the introduction of 
the new variables 


(18) =y+n, 


~ 


Transforming the equations to these new variables, we find for IV: 
Fee + Fy = 0, and for V: Fee, + Fa», = 0. Hence in case IV, F is harmonic 
in € and », and in case V, F is harmonic in é, and m, in accordance with 
Theorem 4. 

The first statement under case VI in Theorem 4 follows from the results 
in cases IV and V. Proofs of the remaining statements in Theorem 4 are 
omitted. We remark that the work is simplified by the use of the minimal 
coordinates z, Z, 2, instead of y, 21, F then being assumed analytic 
(see the proof of Theorem 5 below). In the proofs above it was sufficient to 
assume the existence of continuous third derivatives of F. (Actually all the 
results are valid without assuming analyticity.) 


ANTI-BIHARMONIC FUNCTIONS AND REVERSE CONFORMAL TRANSFORMATIONS. 


4. The real part of an analytic function of z and 2, is, by definition, 
biharmonic; and the real part of an analytic function of the conjugate complex 
variables Z and Z, is also biharmonic, since in the latter case equations (1) 
hold with G replaced by — G, and then equations (2) still follow. But the 
real part of an analytic function of z and Z,, or of Z and 2, is in general 
not biharmonic; we shall term it “ anti-biharmonic.” The sign of @ is changed 


in only one pair of equations (1), and then instead of (2) we find 


= Pez Py 0, P’,F Fee, 0, 


(19) = + F yz, — 0, P,F F,,2, =0 


as the defining equations of anti-biharmonic functions. 

A “reverse conformal ” substitution 7 is one obtained by setting z, equal 
to an analytic function of Z. It is easy to modify the pioofs of Theorems 1, 2, 
and 3 so as to show that the same theorems still hold with “ anti-biharmonic ” 
and ‘‘reverse conformal” in place of “biharmonic” and “ conformal,” 
respectively. 

The question considered in Theorem 4 can also be raised here: given a set 
of reverse conformal substitutions, to determine the functions of 7, y, %, 41 
which are turned into harmonic functions of x, y by every substitution of the 
set. Theorem 5 answers this question for the following important sets of 


substitutions: 


of | 
6. 
as 
id 
1e 
of 
1s 
y 
C 
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(VII) The total set of line symmetries: z,; Z + or 
(20) Lr, == — © cos 26 — y sin 26 + acos 8, 
= — sin 26 + y cos 26 + asin 6. 
a2 
(VIII) The total set of «* inversions: z, = ; + A, or 
r? (x — a) 
>+a, 
r(y— b) 


(y—b) 

(Equations (20) represent a reflection in the line whose normal makes an 

angle @ with the z-axis, and which is at the distance a/2 from the origin; 

(21) are the equations of an inversion in the circle of radius r, with center 

at the point A=a-+ ib. This can be seen directly from the complex forms 
of (20) and (21)). 


SYMMETRIES AND INVERSIONS. 


THEOREM 5. The class of functions F(a, y,%1,y,) which are converted 
into harmonic functions of x and y by every one of a set of reverse conformal 
substitutions is, in the case of sets VII and VIII, the following: 


(VII) (Line symmetries) : F=R [7 


(VIII) (Jlnversions) Fo [ Z,) + const. - log 
that is, F = antibth (2, y, x1, y1) + ¢ tan” 


These two problems seem important on account of their possible con- 
nection with automorphic functions. It will be noticed that in both cases we 
are dealing with subsets which do not have the group property. The analytic 
work is complicated since it turns out that we must solve linear partial dif- 
ferential equations with variable coefficients. 

To prove Theorem 5 we first derive the condition, analogous to (8), for 
a given function F(z, y, x1, y,) to be reduced to a harmonic function of x and 
y by a reverse conformal substitution. This is found from (6) by using the 
reverse conformality conditions, ¢2 = — Wy, ¢y = Wz. The result is 


(22) P,F + 2¢yP’sF + ($22 + PsP = 0. 


*The functions which are made harmonic by line symmetries include those made 
harmonic by inversions. This is because line symmetries are the limiting case of 
inversions, when the circle of inversion becomes a straight line. 
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Now following the procedure explained in the proof of Theorem 2, we 
substitute into (22) the special ¢’s of (20) and (21), and then eliminate 
a, b, 8 by solving (20) and (21) for these parameters. In case VII we find 
the single equation 
(23) [(e—2)? +(y—ys)?] (Pi + Pa) F—2[ 21)? —(y — 

(y—y1) PF = 0. 
In case VIII, by varying the remaining parameter r we arrive at the system 
of three equations 
(24) 
+ 2(a@— 21) (y— P's F = 0. 

As before, these are all linear partial differential equations of second order 
in the unknown F(z, y, 21,41), but the coefficients are no longer constants. 
However, it is still possible to integrate the equations explicitly. The first step 
is to simplify them by introducing the minimal variables 


(the notation w, v, u;, v; is more convenient than z, Z, z:, Z,). When this change 
of variables is carried out + Py =4F w, ete.), the equations 


assume the forms 


(26) (VII) (v— 11) (Pur + + (v 
(27) (VIII) Fue, =(u— -+- (v ov, 0. 


Now in case VII we find that equation (26) can be factored symbolically 


as follows: 
0 0 0 
(28) [ (v — (v — 1) | = 0. 


Hence if we denote by # the function obtained by applying to F the operator 
in the second pair of brackets, we may replace (28) by the pair of linear 


equations 
(29) (u— u,) Fu, — (v—v,) Fy = LE, 
(30) (u— Hy — (v — v,) Ly, — =0. 


The second of these is easily solved, with the result 


7T.e., F is assumed analytic in the four real variables «, y, 7, y;, and this analytic 
function is extended to complex values of 2, y, 7,4; Thus F stands for a function of 
complex variables from this point up to the last step of the proof, when @, y, ;, y; are 
Specialized to real values again. 


10 


V1)*F 0, 


386 EDWARD KASNER. 


31 = U 1 v Uy; 
( ) ( i)f ? 
where f; is an arbitrary function of three variables. Substituting (31) into 
(29) and solving this in turn (for instance, with the aid of ~ as an 


1 


independent variable in place of w), we find 


32 I =f, u, —— 34 2, tt, 
( ) 2 ’ + fs 


Here 


and f; are arbitrary, except of course that their sum must be real when 
we now restrict z, y, 7;, y; to real values. Since the three variables appearing 
in f; now become the conjugates of those in f., an equivalent form of (32) is 


(33) F = [f (w, V1, )] 


where f is arbitrary (this follows from the fact that the real part of an 


analytic function of complex variables is also the real part of some analytic 
function of the conjugates of those variables). The result given in Theorem 5 
is identical with (33). 

In case VITI, Puy = Fu, = 0 by (27). This means that 


(34) F =f, (u, ts) + fo(u, 0s) + falv, ts) + fav, 01), 


where the f’s are arbitrary. Substituting (34) into the third equation in (27) 
and noting the separation of variables, we have 


(35) (u— U1)? (fi) wu: = — — 01)? (fa) =A, 


where A is a complex constant. Integrating (35) and substituting in (34), 
we find 

Uy 
(36) F = f,(u, 01) + fo(v, U1) ° 
The functions f, and f; and the constant A in (36) are arbitrary, subject to 
the condition that when we now make 2, y, 2, y, real, F also becomes real. 
Since the variables in f; are now the conjugates of those in f,, and since the 
coefficient of A is now a pure imaginary, it follows that a form of the answer 
equivalent to (36) is 
(37) +8 | Alog— 


v—1, 


where the function f and the constant A are completely arbitrary. The results 
stated in case VIII of Theorem 5 are readily derived from (37). This con- 


eludes the proof of Theorem 5. 
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MIXED GROUPS. 

5. The previous theorems deal either with groups and sets of conformal 
substitutions, or else with sets of reverse conformal substitutions. There 
remains the case of mixed groups or sets, consisting of both direct and reverse 
conformal substitutions. In particular, we may ask: what functions are 
rendered harmonic by all the substitutions of the total (direct and reverse) 
conformal group? By Theorem 2 and its analogue for reverse conformal 
substitutions, the required functions are those which are at once biharmonic 
and anti-biharmonic; that is, they are those functions which satisfy equations 
(2) and also (19). Hence we must have 


(388) Bae + Fy = Fee, = Fey, = Frye, = = Fae, + = 0. 

The solution of (38) is 

(39) + 1); 

where f and g are arbitrary harmonic functions of two variables. This proves 


THEOREM 6. The only functions F(z, y, 21, 4:) which are converted into 
harmonic functions of x and y by every substitution of the total (direct and 
reverse) conformal group, are those which are equal to the sum of a harmonic 
function of x and y and a harmonic function of x, and y;. 


Finally, we take up the question of determining what functions are made 
harmonic by all the substitutions of a subgroup of the total conformal group, 
in the case of these two mixed subgroups: 


(IX) The total group of 20* rigid motions, generated by the set VII 
of line symmetries (the group of ordinary plane geometry). 
(X) The inversion group, generated by the set VIII of transformations 
by reciprocal radii vectores. This consists of the 200° linear fractional trans- 
formations of z and linear fractional transformations of 2. 


A function F which is made harmonic by the total group of motions IX 
must satisfy the equations deduced in case III for direct motions, together 
with the corresponding equations for reflected motions. The latter equations 
are derived from the former by replacing P., P; by P’2, P’z, as we see by com- 
paring (22) with (8). Hence F’ is determined by the system 


(40) Fae + + Foye, + Fay, = Poe, = Foy, = Frye, = Py, = 9. 


The last four equations mean that F is separable in the pairs 2, y and a, 44. 
Then using this separation of variables in the first equation, we see as in the 
proof of III that F equals the sum of a harmonic function of z and y, 


0 
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n 
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a harmonic function of x, and y,, and a function of the special form 
c(a*? + — 2,7 — y,”). 

In case X, it is sufficient to recall that the inversion group contains all 


similitudes, both direct and reverse. Then by Theorem 2’ and its analogue 
for reverse similitudes, # must be both biharmonic and anti-biharmonic, 
Hence the answer for the inversion group is the same as for the total conformal 
group. We have now proved 


THeoreM 7%. The class of functions F(a, y,%,y;:) which are converted 
into harmonic functions of x and y by every substitution x, = (z, y), 
yi = (x,y) of a mixed group of (direct and reverse) conformal substitutions 
is, in the case of the groups 1X and X, the following: 

(IX) (Total group of motions) : 

F=f(z,y) + + — y,”), where f and g 
are arbitrary harmonic functions and c is an arbitrary constant. 
(X) (The inversion group): F =f(x,y) + 9(%, 41), where f and g 


are arbitrary harmonic functions. 


Since the group of motions IX is generated by the set of line symmetries 
VII, and therefore includes this set, the class of functions F which are made 
harmonic by the group IX must be included in the class of functions made 
harmonic by the set VII. The same thing may be said for the inversion 
group X and the set of inversions VIII. That is, the answers in Theorem 6 
should include, respectively, the answers in Theorem 7. For VIII and X 
this is evidently so, for the answer to case X can also be written in the form 


(41) F=R[fi(z) + fe(4)], 
and this is of the type VIII in Theorem 5. For cases VII and IX the fact 


is less obvious, but it follows from the relation 


(42) +9? — 2, = — 47 | 


Z— 2 
QUADRATIC BIHARMONIC FUNCTIONS. 


6. By Theorem 2, not every (direct) conformal substitution can reduce 


course F#’ happens to be biharmonic). But for a given non-biharmonic F, 
there may still be some subset of the conformal group which makes F harmonic. 


* This relation can be derived by following the steps of the proof of VII, taking 
F to be 2 + y?— a«,?— y,*. Of course it can also be verified directly. 


a given function F(z, y,z,,y,) to a harmonic function of x and y (unless of 
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We determine this subset in the case that F' is a quadratic polynomial. There 
is no need for the subset to constitute a group, and we find that as a rule 
groups do not appear. We first establish the following 

Lemma. If F is a quadratic polynomial in four variables, and if a con- 
formal substitution T reduces F to a harmonic function, then T must be 
linear (unless F is biharmonic). 

For (8) must hold, with the P,F reduced to constants since FY is a 
quadratic polynomial. Differentiating (8) with respect to x and y, and re- 
arranging terms, we have: 

+ + bry (dyPs P;)F 0, 

poy + Po) + dy Ps) F = 0. 
Now since 7’ is conformal, zz + dy =0. If the determinant dradyy — day” 
of (43) vanishes, then using = — we have dex? + zy? = 0, so that 
ber = hry = 0. Then dy, is also zero, and 7’ must be linear. If the determinant 


(43) 


of the homogeneous system (43) does not vanish, then 


This means that ¢, and @¢, are constants, so that ¢, and therefore y, is linear ; 
unless = P;F = 0. In the latter case we have from (8), P:F = 0; 
hence F is biharmonic. This proves the lemma. 

Now if a linear conformal substitution (9) makes F harmonic, the con- 
dition which the coefficients a, b in (9) must satisfy is, as in (10), 


(44) (a? + b?) PF + 2aP.F + 2bP.F + =0, 


where P,F,- --,P,F are independent constants, not all zero unless F' is 
biharmonic. If we interpret a, b as the cartesian codrdinates of a point in the 
plane, (44) is the general circle * equation; its (real) graph is either a circle, 
or a straight line, or a point, or does not exist in the real domain. Corre- 
sponding to each point (a,b) of the graph there are «* similitudes (9), 
since c,d are unrestricted. We can state this result in the following way: 


TueroreM 8. If F is a quadratic polynomial in x, y, 2,41, the set of 
(direct) conformal substitutions which make F harmonic ts one of four kinds, 


depending on the coefficients of F: 


* This may be called the auviliary circle and we shall use it elsewhere. The proof 
of Theorem 2 can easily be changed to yield this stronger form of Theorem 2’: If F is 
made harmonic by 4%? similitudes situated “at four points” (a,b), and if these four 
points are not co-circular, then F is biharmonic. For any given function F(a, y, 2, Y1) 


and any given bipoint (2, y), (#:,y:) we have a definite auxiliary circle. 
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(A) The entire conformal group (namely, when F 1s biharmonic). 
(B) * similitudes “on a circle” or “ on a straight line.” 
(C) * similitudes “ at a point.” 


(D) None. 


We remark that (B) and (D) constitute the general case; (C) is special, 
and (A) is still more special. For (C) arises only when the constants P;F 
satisfy a certain relation, expressing the fact that the radius of the circle (44) 
is zero; and (A) requires the four conditions P;F = 0. 

The only groups under (B) are the group of rigid motions III (“on the 
circle” a* + b* =1), and the group of magnifications II (“on the line” 
b =0, excluding the origin); under (C) there is only the group of trans- 
lations IV (“at the point” (1,0)). ‘To prove this we use the fact that if 
a,, b, and ds, b, are the coefficients of two similitudes (9), and if a3, bs are the 
coefficients of the product of those two similitudes, then 


ibs (a, -{- 1b; ) (dz -+- ibe). 
This is evident from the complex form of (9), namely: 
2, = (a+ (c+id). 


Hence if the «* similitudes corresponding to points (a,b) on a circle are 
to form a group, the set of complex numbers a + ib must form a group with 
respect to the operation of multiplication. Now it is easy to see that the 
successive powers of a complex number cannot lie on any circle, unless the 
modulus of the number is unity (or zero). Therefore the unit circle a* + b? =1 
is the only one possible; and this circle does in fact correspond to the group 
of motions. Similarly, the only straight line group is the real axis ) =0 
(excluding 0); and the only point group (other than zero) is the point unity. 
These correspond, respectively, to the magnifications z, = az + (c+ id), and 
the translations z, = z-+ (c+ id). 


EXTENSIONS. 

%. We remark in conclusion that most of our theorems can be extended 
to multi-harmonic functions connected with functions of n (instead of two) 
complex variables. There is also a somewhat analogous theory of the reduction 
of polygenic (non-analytic) functions of complex variables to monogenic func- 
tions by monogenic substitutions. 


CoLUMBIA UNIVERSITY, 
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THE PROBLEM OF BOLZA IN THE CALCULUS OF VARIATIONS 
IN PARAMETRIC FORM.* 


By Maenus R. HESTENES.? 


1. Introduction. In a Riemannian space @ as defined by Morse (X, 
pp. 107-108)* with local codrdinates (x) = (2°,a',---+,a2") the problem 


of Bolza can be defined as follows. Let (2!) = (2%,a2"4,---,a™) and 
(a?) = (x°*, v*,- - -,a"*) be respectively the end points 1 and 2 of the arc 
(1.1) = (t) (P StS; imG,1,- + 


We seek to find in a class of arcs (1. 1) and sets of constants («%) = (@',:--, a") 
satisfying the differential equations and end conditions 


(1. 2) =0 
(1. 3) am - af) (s=1, 2) 


one which minimizes a functional of the form 


+ 


The problem of Bolza in non-parametric form has been studied by a number 
of writers. The only treatments of the parametric problem known to the 
author are those of Eshleman (III) and Hefner (VII) in the problem of 
Lagrange. 

Sufficient conditions for a minimum in the non-parametric problem with- 
out normality assumptions on the subintervals were first obtained by the author 
while he was a Research Assistant to Professor Bliss. These results were later 
extended (XIII) to the case in which no normality assumptions were made. 
This extension is a trivial one. More recently, Morse (XIV) and Reid (XV) 
obtained independently further sufficient conditions involving conjugate points 
which are equivalent to those given by the author (See XVI). In the present 
paper we give similar sufficiency conditions for a minimum in the para- 
metric case. 


1 Presented to the American Mathematical Society, September 6, 1934. 

? National Research Fellow 1933-4. 

Roman numerals in parentheses refer to the list of references at the end of this 
paper, 

‘For references other than those given at the end of this paper see (XIII). 
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2. Preliminary remarks. In the present paper we shall assume that 
two systems of codrdinates (~) and (z) which admissibly represent the same 
neighborhood of a point of our Riemannian space @e¢ are connected by an 
equation of the form 


(2. 1) gt = 2! (2°, -, 2") (i=0,1,- -,n) 


in which the functions z‘(x) are of class® C* and possess a non-vanishing 
jacobian. Let (7) = (7°, 7',- -,7") be a contravariant vector, that is, sup- 
pose that under the transformation (2.1) the vector (7) is transformed into 


a vector (o«) according to the law ° 


(2. 2) of (4,7 = 0,1,---,2). 
The functions f(z, 7), ¢g(z,7) appearing in equations (1.2) and (1.4) are 
assumed to be defined over @ for all sets (r) ~(0) and to be invariants 
under the transformations (2.1) and (2.2). Moreover these functions are 
assumed to be of class C* and to satisfy the homogeneity relations 


(2.3) f(a,kr) =kf(a,r), kr) > 0). 


By a regular arc is meant a set of points in @ defined locally by equations 
of the form (1.1) of class C* and having (#) (0). By a differentially 
admisssible arc is meant a continuous succession of a finite number of regular 
arcs satisfying the differential equations (1.2). By an admissible arc is 
meant a differentiably admissible arc (1.1) and a set of constants 
(a) = (a',a?,---,a") which satisfy the end conditions (1.3). 

We are concerned with a particular admissible arc g without corners. 
As was noted by Morse we may assume without loss of generality that the 
arc g does not intersect itself. We suppose further that the matrix || ¢g,' | 
has rank m along g and that the set («) belonging to g is the set (a) = (0). 
The functions x(a), #*(a), O(a) appearing in equations (1.3) and (1.4) 
are assumed to be of class C? near (a) = (0). 

Our problem is then that of finding under what conditions the are g will 
furnish a minimum to the functional J relative to neighboring admissible arcs. 
These conditions must be independent of the admissible codrdinates (x) and 
of admissible parameters ¢ and (#) used. Moreover, it can be shown that a 
neighborhood of g can be covered by a single codrdinate system. In fact this 


5A function f(@°, .,a") is said to he of class if it pessesses continuous 


partial derivatives of the first n orders. 
® The tensor analysis summation convention is used. 
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codrdinate system can be chosen so that @ >0 along g. In our proofs we 
shall suppose that such a codrdinate system has been chosen. Our results, 


however, are valid for all codrdinate systems. 


3. First necessary conditions. If we consider our problem as a non- 
parametric problem in tz-space we obtain at once the results of this section 
from the non-parametric case (XIIT). 


THEOREM 3.1. Jf g is a minimizing arc then there exists a function 
F = + AP(t) dg such that the Luler-Lagrange equations 


(3. 1) P, = (d/dt)F,* — = 0, op = 0 (4=0,1,---,n) 
hold at each point of g. Moreover on g the equation * 
(3. 2) + A°dd = 0 


is an identity in day, when the differentials dx’, dx*, dO are expressed in terms 
of day. The multiplier »° is a constant. The multipliers 8(t) are continuous 
and the elements of the set r°, A8(t) do not vanish simultaneously at any 
point of g. 


It is readily proved that under the transformation of admissible coérdi- 
nates (2) the functions P; in equations (3.1) are covariant components of a 
vector and that the first member of the identity (3.2) is an invariant. It 
follows that the multipliers \°, A°(¢) belonging to g are invariants. Moreover 
the number of linearly independent multipliers of the form A° = 0, A(t) with 
which a subare g, of g satisfies the equations (3.1) is clearly a numerical 
invariant and is called the order of anormality of g on g, relative to the 
equations (3.1). Similarly the number of linearly independent multipliers 
of the form A° = 0, A’(¢t) with which g satisfies the conditions (3.1) and 
(3.2) is also a numerical invariant and is called the order of anormality of g 
relative to the equations (3.1) and (3.2). if there are no multipliers of the 
latter type g is said to be normal and the multiplier A° in Theorem 3.1 can 
be taken to be unity and in this form the multipliers are unique. 


We come now to the necessary condition of Weierstrass (see Graves, VIII). 


THEOREM 3.2. Jf g is a normal minimizing arc then at each element 
on g the inequality 
20 


7 Here and elsewhere the symbol [ ],? denotes the value of [ ] at the point 2 
minus the value of [ ] at the point 1. 
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must hold for every set (x,r) ~ (2, (k > 0) which satisfies the equations 
op = 0 and gives the matriz || dgr* || rank m, where 
(3. 3) E (2, A,r) = F(a, r, 4) —r'F;*(a, £, 2). 
The necessary condition of Clebsch is described in the following theorem: 
THEOREM 3.3. If g is a normal minimizing arc then at each element 
(x,Z,r) on g the inequality 
(3. 4) = 0 = 0,1,- --,2) 
must hold for all sets (7) A(rz) which satisfy the equations 
(3. 5) = 0. 


The Weierstrass H-function (3.3) is clearly an invariant. So also are 
the first members of the relations (3.4) and (3.5) provided that (7) is a 
contravariant vector. 

We shall now define a new analogue of the Weierstrass function /;. 


In order to do so we first note that the determinant 


F,+,3 


3.6 
(3.6) 


is identically zero along g, as follows readily from the equations 
(3.7) =0, dp = riders 


which are found by differentiating the equations (2.3) for k and ré and 
setting k=1. Let b,*(z,r) be a set of nm contravariant 
vectors homogeneous of order zero in (7) and having its determinant | bp‘ r* | 
different from zero. By the Weierstrassian function F, is meant the determinant 
bp | 

One readily verifies that the function F’, is different from zero along g if and 
only if the matrix (3.6) has rank n + m on g. It can be shown further that 
the function F, here defined differs from the function F’, used hitherto by a 
non-vanishing factor (cf. VII, p. 104; X, pp. 112-113). Moreover the func- 
tion F, here defined is an absolute invariant whereas the function /’; used 


hitherto is a relative invariant of the second order. 
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By an extremal arc is meant a differentially admissible arc and a set of 


multipliers, not vanishing simultaneously 


possessing continuous derivatives z+, %‘, A® and satisfying the equations (3.1). 
An extremal is said to be non-singular if the function F, is different from zero 
at each point on it. 

If the arc g under consideration satisfies the equations (3.1) with a set 
of multipliers A*(¢) and is such that F(z, 72,2) is different from zero 
on it, then g is an extremal arc. Moreover the parameter ¢ can be chosen 
so that the functions z‘(t) defining g are of class C* and the functions A(t) 
of class C? (cf. VII, p. 103). 

In the sequel we shall assume that g is an extremal arc having ° = 1 and 
satisfying the transversality condition (3.2), unless otherwise expressly stated. 
It will be understood further that the parameter ¢ has been chosen so as to 
give the maximum number of derivatives. 


4, The second variation and the accessory minimum problem. By 
considering our problem as a non-parametric problem in ta-space with ¢' and 
(? fixed it is found that along g the second variation of the functional J takes 


the form 


(4. 1) w) = + 
where 
— + 2F F,+,4n'n), 
Ont = Oni + 


the subscripts h, 1 in the second member of the last equation denoting dif- 
ferentiation with respect to a, %: and setting («#) (0). The variations 
n‘(t) are assumed to be continuous and to have continuous derivatives except 
possible at a finite number of values of ¢ on ¢'¢? and to satisfy with the con- 
stants w" the equations 

(4. 2) = + darn’ = 0, 


(4.3) — = 0 (s=—= 1,2), 


where the coefficients of y*, 74 in (4.2) are evaluated along g and the sub- 
script h denotes differentiation with respect to a, at («) = (0). Such varia- 
tions (y,w) will be termed admissible variations. As was seen by Morse 
(X, p. 123) the variations y', 2,41, an‘? define respectively contravariant vectors. 
It follows that the condition (4.3) is independent of the codrdinate system 
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(x) used. Similarly the functions ®g(7) are invariants and the functional 
J.(y,w) is an invariant subject to the condition (4.3), as can be seen from 
the way in which they were derived. The functions 2w and bj; however are not 
invariants, as one readily verifies. 

The following necessary condition follows at once from the non-parametric 
case (XIII, p. 797): 


THEOREM 4.1. Jf g is a normal minimizing extremal arc the second 
variation (4.1) of J must satisfy along g the condition J2(yn, w) = 0 for every 
set of admissible variations (yn, w) having continuous second derivatives except 


possibly at a finite number of points on Ut?. 


The theorem just described suggests the study of the problem of mini- 
mizing the functional J2(y,w) in the class of admissible variations 7‘, w". 
The problem is a non-parametric problem of Bolza and will be termed the 
accessory minimum problem. The analogues of equations (3.1) and (3. 2) 


are the following: 


(4. 4) Li(n, p) = (d/dt)a,* — 2, = 0, ‘bs = 0, 
(4. 5) — + =0 
where 


=o+ pP De, = 0,;'. 


Here we have taken the constant »° analogous to A° in (3.1) to be unity, 
which is permissible since the accessory minimum problem can always be made 
normal. ‘The equations (4.4) are known as the accessory differential equa- 
tions, the equations (4.5) as the secondary transversality conditions. The 
extremals with »° = 1 for this problem will be called secondary extremals. 

By an argument like that given by Morse (X, p. 123) it is readily seen 
that on g the functions L;(y,) are covariant components of a vector and that 
the first members of equations (4.5) are invariants subject to the conditions 
(4.3). The multipliers »’ belonging to a secondary extremal 7, »* are there- 
fore invariants, the functions y‘ being contravariant as was seen above. 

If +(¢) is a continuous function possessing a continuous derivative except 
possibly at a finite number of points on /'/?, then as is well known (VII, 


p. 114) the functions 
(4. 6) = pP == rah 


satisfy equations (4.4). It follows that if 7’, w® is a secondary extremal 
so also is »'—-ré‘, w8—-+* provided the function r(¢) is of class C*. It 


| 
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should be noted also that the equations (4.4) are not all independent since 
the equation 
(4.7) (9, = 


is an identity in the variables 7‘, 7‘, 4, w®, w8, as one readily verifies with the 
help of known consequences of the homogeniety conditions (2.3) such as 
equations (3.7). 

The following formula will be useful in the next section: 


(4. 8) J» ri, Ww) = J, (n, Ww) +- |1?. 


This relation holds for all functions y‘, w", + having the continuity properties 
described in the above paragraphs and satisfying equations (4.2). In order 
to establish this relation we note that 


(4.9) 20(n — 72) 
= 20(q) + (rd) + + 20(r8) 


the multipliers w® in O being 7A%. Noting that by virtue of equations (3. 7) 
and (3.1) 
(4. 10) Os (rd) = 7(d/dt) = 


and recalling that the functions (4.6) satisfy equations (4.4) it is found that 
(4.11) + = (d/dt) (74) ] = (d/dt) 
Similarly from the well known identity 


202 = + + 
we find that 
(4. 12) 20 (rz) = (d/dt) (7°F 


The relation (4.8) now follows at once from the equation (4.9), (4.11), 
and (4.12). 


5. The second variation in normal form. Since the determinant (3. 6) 
is always zero it is clear that the accessory minimum problem described in the 
last section is singular. In the present section we shall set up an equivalent 
accesscry minimum problem which is always non-singular whenever the func- 
tion Ff, is different from zero along g. The method used is essentially a 
generalization of a method due to Weierstrass (See I, pp. 224-226) and seems 
to be particularly adaptable to the present paper (cf. II, IV, VII, XII). 

Let ai?(x) (p=1,:-+,n) be a set of n linearly independent covariant 
vectors of class C? near g and satisfying the equations a,°¢+ =0 along g. For 
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example we may choose these vectors so as to form on g a set of n mutually 
orthogonal vectors normal to g, as does Weierstrass in the two dimensional 
case. It is clear that the functions w*(/) defined along g by the equations 


(5.1) UP = (p=1,---,n) 


are invariants relative to transformations of admissible codrdinates (2). 
Moreover the variations y‘ and »!—7z* determine the same functions w?. 
If now we select a covariant vector a;(z) such that along g we have ajz' 4 0, 
then there exist a set of n linearly independent contravariant vectors b,‘(z) 
of class C? with a;b,4 = 0 along g and such that the equations 


(5. 2) nt = b,‘u? + aint 


hold along g, whenever the equations (5.1) are satisfied. It follows that a 
set of admissible variations »‘(t), w* determine a unique set of functions 
w(t), w", r(t) of class D* satisfying the equations 


(5. 3) (u) = (bpw” + = = 0, 
(5. 4) UP? — 0), = 
where (s not summed) 


(5.5) 
Conversely every set of functions w(t), w", r(¢) of class D* satisfying equa- 
tions (5.3) and (5.4) determines by means of equations (5.2) a set of 
admissible variations y‘(t), w". A set of functions w®(t), w” of the type just 
described will be said to be a set of normal admissible variations. 

Under the transformation (5.2) the second variation takes the form 


(5. 6) Jo°(u, W) = + u) dt, 
where 
(5.1) 20° = 2w(bpw*), 

Dnt? = Bar + + Pet + 


as is easily seen with the help of the formula (4.8). The expression (5. 6) 

will be termed the normal form of the second variation. It is invariant subject 

to the conditions (5.4), although the functions 6;1°, 2w° are not invariants. 
The following result is immediate : 
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Lemma 5.1. The functional J2(y,w) is positive (non-negative) for all 
admissible variations (yn, w) if and only tf the functional J,°(u, w) 
is positive (non-negative) for all normal admissible variations (u, w) (0,0). 


In view of this last lemma it is clear that the accessory minimum problem 
is equivalent to that of minimizing the functional J,°(u,w) in the class of 
normal variations (w,w). This new problem will be termed the normal ac- 
cessory minimum problem. It is of the type already studied by the author 
(XIII, p. 798) and its properties are known. It remains to interpret these 
properties in terms of the original problem. The analogues of equations (4. 4) 
and (4.5) are the following 


(5. 8) (u, p) = (d/dt) — Qy”” = 0, — 0 
(5.9) Vp? Cre? — + = 0, 
where 


0° = w° Vp = 


An extremal (u,p) for the problem just described will be termed a normal 


secondary extremal. 


Lemma 5.2. Every secondary extremal (n,p) determines a unique 
normal secondary extremal (u,p) and a function r(t) of class C? such that 
the equations (5.1) and 


(5.10) nt = + ph = pf + = dint 


hold along g, and conversely. The corresponding values of £;, Vp are connected 
by the formulas 


(5.11) = + Up = —7F oe‘). 


This result will follow at once if we note that under the transformation 
(5.10) the functions Z;, L,° of equations (4.4) and (5.8) are connected 
by the formulas 
(5.12) Ly? = = 


This result is readily established by substitution. 

In view of equations (5.12) it is clear that the functions L,°(u, p) are 
invariants. Similarly the first members of equations (5.9) are invariants 
subject to the conditions (5.4) since under the transformation (5.10) they 
are equal to the first members of equations (4.5), as one readily verifies with 
the help of equations (5.5), (5.7), and (5.11). 
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Suppose now that g is non-singular. The determinant (3.8) is then 
different from zero along g and the normal secondary extremals (u,p) are 
therefore also non-singular. The following result is an immediate consequence 
of Lemma 5. 2 and known theorems concerning the solutions of equations (5. 8), 


THEOREM 5.1. If the extremal g is non-singular then the rank of the 


matrix 


(5. 13) ? bij = (7), pj) 


formed for p secondary extremals nj‘, pj (j =1,: + +, p) ts the same at each 
point on t't?. Moreover every secondary extremal (xy, ») 1s expressible linearly 
in the form 

(5. 14) ni =njtai + ret, = 4 


in terms of p= 2n secondary extremals n;*, wj® whose matrix (5.13) has rank 
2n + 1, the a’s being constants and the function r(t) being of class C?. The 
corresponding value of is 

(5. 15) == + 


With the help of the last theorem and Lemma 5. 2 one can readily estab- 
lish analogues of necessary conditions for the second variation to be non-negative 
as given by the author for the non-parametric case (XIII, pp. 801-803). 

We come now to the notion of conjugate points. A value t® ~ ¢* will be 
said to define a point 3 conjugate to 1 on g if there exists a secondary extremal 
having =0 and on By virtue of the 
equations (5.10) this is equivalent to the condition that there exists a normal 
secondary extremal (u,p) with w(t?) = w(t?) =0 and (0) on 
The following theorem is an immediate consequence of equations (5.10) and 


a theorem of Hestenes (XIII, p. 804). 


THEOREM 5.2. Suppose the extremal g is non-singular. If j*, pj? 
(j =1,: + -,2n) form 2n secondary extremals whose matrix (5.13) has rank 
2n + 1 then a value (®? At' defines a point 3 conjugate to the point 1 on g 
if and only if the matrix 
nj'(#*) (t*) 0 


has rank r < 2n —q + 2, where q is the order of anormality of g in its subare 


determined by #0. 


6. The accessory boundary value problem. Let Ki;(z,r) be a set of 


sg 
ni‘(t*) 0 (t*) 


ch 
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functions of class C* in a neighborhood of the values (2,7) = (2,2) on g, 
and such that along g we have Ki; = Kj; and 


(6.1) > A (rk), =0. 


Moreover these functions are assumed to be positively homogeneous of the 
first order in (7) and to be the components of a covariant tensor of the second 
order. For example, we can in general select Kij = F,',4.. By the accessory 


boundary value problem is meant the system of equations 


Mi(n, = Lily») + oKiini =0, 
(6.2) = (4,7 = +, 238 ==1, 2) 
— + briw' = 0 (h,l= 


where Li(n,), ®g, & are the functions appearing in equations (4.4) and 
(4.5). By a characteristic root is meant a value of o for which there exists 
a solution (7, of these equations having continuous derivatives 4%, 
and with (y) ~ (rz). In view of our remarks in Section 4 and the choice 
of the functions K;; it is clear that the system (6.2) is independent of the 
codrdinate system (2) used. It follows that the characteristic roots o are 
invariants. 

The following theorem can be established by the usual method (See, for 


~ 


example, VI, p. 524). 


THEOREM 6.1. Jf the second variation J2(n,w) of the functional J is 
non-negative along g for every set of admissible variations (n, w), then there 
can be no negalive characteristic roots of the accessory boundary value prob- 
lem (6.2). 

The end conditions (1.3) will be said to be regular on g if the matrix 
obtained by deleting the last two columns of the matrix 
0 | 


0 a(t?) || 


(6.3) 


has rank r. The are g will be said to satisfy the non-tangency condition in 
case the last two columns are not linearly dependent on the first + columns, 
The matrix (6.3) accordingly has rank r+ 2 if and only if the end conditions 
are regular and the non-tangency condition holds on g. 

The extremal g will be said to satisfy the Clebsch S-condition if the 


relation (3.4) with the equality sign excluded holds along g for every set 
(x) A (rz) satisfying the equations (3.5). 
We can now prove the theorem: 
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THEOREM 6.2. Suppose the end conditions are regular and the non- 
tangency condition holds on the extremal g. If g is non-singular, then the 
second variation J2(yn,w) of J 1s positive (non-negative) for every set of 
admissible variations (yn, w) ~ (r£,0) if and only if the Clebsch S-condition 
holds and all the characteristic roots of the accessory boundary value problem 
are positive (non-negative). 


To prove this we first note that under the transformation (5.10) the 
system of equation (6.2) are equivalent to the system 


M,° (u, p,o) = L,°(u, p) = 0, = 0, 
(6. 4) — — 0 (p,9=1,° s=—1,2), 
— v4'ca + = 0 


where the functions L,°(u, p), vp, cn**, are those appearing in equations 
(5.8), (5.9) and 


K — by K Ki; Ai? K 


We may suppose further that the functions b,‘(z) have been chosen so that 
Kpq° is equal to the Kronecker delta along g. The system of equations (6.4) 
is then the boundary value problem usually associated with the functional 
J2°(u,w). Its characteristic roots are defined to be the values of o for which 
there exists a solution (u,p,w) having continuous derivatives 1”, ii?, p® and 
with (w) ~ (0). It is clear that the functions M;, M,° satisfy equations (5. 12) 
with Z replaced by M. It follows that a value o is a characteristic root of the 
boundary value problem (6.2) if and only if it is a characteristic root of the 
system (6.4). Moreover the analogue of Theorem 6.2 is true for the 
functional J,°(u, w) in the class of normal admissible variations (uw, w), as has 
been shown by the author (XIII, pp. 812-813). The theorem now follows 
from Lemma 5. 1. 


7. Sufficient conditions for relative minima. In this section we shall 
show that sufficient conditions as well as necessary conditions can be derived 
with the help of known theorems for the non-parametric problem. To this 
end we introduce the notion of a Mayer field. 

A Mayer field is a region F in & together with a set of slope functions 
and multipliers with the following properties: 


(a) The slope functions r‘(z) are the contravariant components of 4 
vector of class C’ and with (r) (0). The multipliers \*(z) are invariant 
functions of class C’. 
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(b) The elements (2,7) satisfy the equations dg = 0. 
(c) The Hilbert integral 


formed for these functions and A° = 1 is independent of the path in ¥. 

It is well known that a solution x‘ = x‘(t) of the equations ¢‘ — ri(x) =0 
together with the multipliers A*[ z(t) ] define an extremal, called an extremal 
of the field F. 

If g is an extremal of a field ¥ then the conditions (3.2) for g can be 
written in the form 
(7.1) [d/*],? + dd=0. 


In view of this fact it follows readily that the second differential 
(7. 2) [ d*I*],? + 


is a quadratic form in da, whenever the relation (7.1) holds identically in dap. 
The Weierstrass H-function H(a,7r,A,£) is defined by equations (3.3). 

By an argument like that used by Hestenes in the non-parametric case 
(XIII, pp. 805-806) we can prove the following theorem: 


THEOREM 7.1. Jf g is an extremal of a Mayer field at each point of 
which the inequality 


(7.3) Bla, r(x), (a), #] > 0 


holds for every set (a, kr) (k > 0) satisfying equations og = 0 and 
if the endpoints of g and the set (a) = (0) are such that the equation (7.1) 
is an identity in da, and the quadratic form (7. 2) is positive definite, then the 
arc g affords a proper minimum to the functional J relative to admissible arcs 
C in § with sets (a) near (a) = (0). 


An extremal are will be said to satisfy the Weterstrass S-condition if at 
each element (2, %,A) on it the inequality 


(7.4) > 0 


holds for every set (z,r) ~ (2, kx) (k > 0) satisfying the equations ¢g = 0. 
The Clebsch S-condition has been defined in the paragraph preceding Theorem 
6. 2. 


Lemma 7.1. Jf an extremal g satisfies the Weierstrass and Clebsch 
S-conditions then the inequality (7.4) holds for all sets (a, %,) in a neigh- 
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borhood of those belonging to g and for every set (a,r) A(z, kz) (k > 0) 
satisfying the equations og = 0. 

The proof is well known and can be made by the arguments like those 
used by Morse (X, p. 121) for the case in which there are no differential side 
conditions. 

We come now to the following important result: 


THEOREM 7.2. In order that an admissible arc g without corners and 
not intersecting itself afford a proper strong relative minimum to the func- 
tional J it is sufficient that there exists a set of multipliers °° =1, AP (x) with 
which g satisfies the Euler-Lagrange equations (3.1), the transversality con- 
dition (3.2), the Weierstrass S-condition, the Clebsch S-condition, and that 
the second variation (4.1) of J be positive along g for every set of admissible 
variations (yn, w) (rz, 0). 

In order to prove this theorem we shall construct an auxiliary non- 
parametric problem of Bolza as follows: Let a neighborhood of g be repre- 
sented by a single admissible codrdinate system (x) with z°(t) > 0 along as 
described in Lemma 2.1. The codrdinates (2°, - -, a") will also be termed 
(2, 41," Yn). Since the Clebsch S-condition implies that g is a non- 
singular extremal, the function <°(t) is of class C* for admissible parameters ¢. 
We can accordingly choose t = 2° =~ as the parameter ¢ defining g. The 
equations for g can then be written in the form 


(7. 5) Yn = (m4 
Moreover the functions ¢, f can be written in the form 


This suggests the problem of minimizing the functional 
+f 


in the class of arcs (7.5) and sets (a) which satisfy the differential equations 
and end conditions 


—=25(4), = Yon (2) (s—1,2), 

where 


This problem is of the type already studied by the author. Clearly g is also 
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an extremal for this new problem, its multipliers being A° 1, A*(x). The 
analogue of the Clebsch S-conditions also holds along g.‘ Moreover if in 
Section 5 we select the functions a,” so that for the codrdinate system here 
used the equations (5.1) take the form 


UP = — (2°) n° (p 2) 


and the functions a; so that (do, +, dn) = (1, 0,- - -,0) then by setting 
¢=~z it is found that the functional (5.6) is the second variation of the 
functional J°, that the equations (5.3) are the equations of variation of the 
equations og° = 0, and that the equations (5.4) are the secondary end con- 
ditions for the problem just described. It follows from Lemma 5.1 that the 
second variation J.°(u,w) is positive for every non-null set of admissible 
variations (uw, w). 

As a second step in the proof of Theorem 7. 2 we note that it is sufficient 
to prove the theorem for the case in which the end conditions (1.3) and the 
function 6(a) are of the form 


O(a) =O(al,- ah) - ar), 


The proof of this statement is like that given by the author for the non- 
parametric case (XIII, pp. 815-816). The end conditions for the auxiliary 
non-parametric described in the preceding paragraph will also be in this 
separated form. It follows from the Clebsch S-condition and the positiveness 
of the second variation that there exists for this non-parametric problem a 
Mayer field ¥ such that the analogue of equation (7.1) holds and that the 
quadratic form analogous to (7.2) is positive definite. But when these con- 
ditions are interpreted in terms of the parametric problem it is found that 
F is also a Mayer field for the parametric problem and that the condition 
(7.1) holds and that the quadratic form (7.2) is positive definite. By 
taking F sufficiently small the condition (7.3) will also be satisfied by virtue 
of the Weierstrass S-condition and Lemma 7.1. Theorem 7.2 now follows 
Theorem 7. 1. 
Combining Theorems 6. 2 and 7. 2 we obtain the following result: 


THEOREM 7.3. Suppose the end conditions are regular and the non- 
tangency condition holds on an admissible arc g without corners and not inter- 
secting itself. If there exists a set of multipliers ° =1, »8(t) with which g 
satisfies the Euler-Lagrange equations (3.1), the transversality condition 
(3.2), the Weierstrass S-condition, the Clebsch S-condition, and tf all the 
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characteristic roots of the accessory boundary value problem are positive, then 
g affords a proper strong relative minimum to J. 


Similarly the analogues of the sufficient conditions of “Theorems 9. 1, 
9.3, 9.4” of Hestenes (XIII, cf. XVI) and also those of Morse (XIV) and 
Reid (XV) can be established without difficulty. 


HARVARD UNIVERSITY. 
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ON EXPANSIONS IN TERMS OF A CERTAIN GENERAL CLASS 
OF FUNCTIONS. 


By W. T. Martin. 


Introduction. The object of this paper is to define certain generaliza- 
tions of Appell polynomials and to study the problem of expanding a given 
function in a series of these generalized functions. A set of Appell poly- 


nomials {P,(x)} is defined by paz" ~ Pn(x)2" where the series Xpn2" 
0 0 


may or may not have a region of convergence. The functions {P,(z) } are such 
that Pn(x) is a polynomial of degree n in and P’,(x) = n> 0. 
Polynomials of this character were introduced by Appell and they, together 
with certain generalizations of them, have been studied by various writers.? 
When = z/(e* — 1), the polynomials {n! Pn(x)} are the Bernoulit poly- 
nomials {B,(x)}. The Bernoulli-Hurwitz functions (n, r= 0, 1, 2,---), 
are defined by 


zet*/(e*—1) = Bar (x)2"/n!}, Qar << |z| < 2n(r+1). 
n=-00 


Carmichael has developed the theory of the expansion of functions in series 
of Bernoulli polynomials and of Bernoulli-Hurwitz functions.? Many of the 
ideas of the present paper were suggested by a study of his paper. 

Replacing the function e”* by a function H(z,z) of a given character 
and denoting by g(z) an ‘analytic function having specified zeros, we define 
functions An,,(x) by means of the Laurent’s developments of (2, z)/g(z) 
in annular rings. In part I we study convergence properties of series of the 


©) 
sort ¢nAn,r (a), where r is a fixed non-negative integer. 
0 


In part II we study the properties of the functions represented by con- 
vergent series of the above sort and determine necessary and sufficient con- 
ditions on a given function in order that it be expressible in a series of this sort. 


1P. Appell, Ann. Sci. Norm. Sup., ser. 2, vol. 9 (1880), pp. 119-144; H. Léauté, 
Journal de Mathématiques, ser. 3, vol. 7 (1881), pp. 185-200; G. H. Halphen, Bulletin 
des Sciences Mathématiques, ser. 2, vol. 5 (1881), pp. 462-468; A. Angelesco, Comptes 
Rendus, vol. 176 (1923), pp. 275-278; I. M. Sheffer, Transactions of the American 
Mathematical Society, vol. 31 (1929), pp. 261-280; I. M. Sheffer, American Journal 
of Mathematics, vol. 53 (1931), pp. 15-38. 

?R. D. Carmichael, Annals of Mathematics, ser. 2, vol. 34 (1933), pp. 349-378. 


407 


oO CO 


408 W. T. MARTIN. 


In part III we introduce an operator B which is such that 
BAn =An+,r(z). The problem of expanding a given function in a 
series of the above sort may also be viewed as a problem of solving a certain 
functional equation. We give existence theorems for these associated func- 
tional equations. When (z2,z) the function BF(z) is the derivative 
F’(z) of functions F(x) of finite exponential type. For this case the theory 
furnishes solutions of exponential type of differential equations of infinite 
order, yielding results previously obtained by Pincherle and Perron.’ As a 
corollary we obtain the solutions of a class of infinite systems of linear equa- 
tions in an infinite number of unknowns treated previously (by different 
methods) by Perron.4 When E(z,z) = (1-+-2)* the function BF(z) is the 
difference AF (x) =F («#+1) — F(z) of a certain class of integral functions. 


I. CONVERGENCE THEORY. 

1.1, Definition of the functions A,,,(z). Let u(x), ui(x),° -, be 
any infinite sequence of integral functions possessing the following two 
properties: 

1°. lim sup | S=1/f (0<fS o), for all z; 

n=00 


2°. if a function F(z), representable by a series of the form > entn(z) 
0 


for which 
lim sup | én |1/" < f, 
n= 
is identically zero, then en =0, n=0,1,-°-. 


Examples of such sequences with interesting connections are: 


where An ~ 0, lim | An | = © and in the fourth example | A | S|A2|S- - 


Let us form the function F(z, z) = > un(x)z" which, we see, is analytic 
0 


for all |z| and for all Let g(z) =D Bnz”, Bo 0, be an analytic 
0 


function regular for |z|<p (0<pXf). Let g(z) have zeros® of multi- 
plicities sm at points am, | <p, (m=1,2,: 


*S. Pincherle, Acta Mathematica, vol. 48 (1926), pp. 279-304 (first published in 
1888); O. Perron, Mathematische Annalen, vol. 84 (1921), pp. 31-42. 

*O. Perron, ibid., pp. 1-15. See in particular Satz 1. 

° We will carry through the theory based upon the assumption that g(z) has an 
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As a matter of notation we assume that the zeros &m of g(z) are arranged 
according to increasing absolute values and that those of the same absolute 
value are arranged according to increasing arguments, where the argument 0m 
of %m is taken to be in the range 0 = @m < 27. Let there be &(1) zeros of 
smallest absolute value y;, k(2) of next smallest absolute value ys, etc. Let us 
denote by »(r) the sum &(1)+---+k(r). We define = k(0)—2(0)—0. 
Let C, be a circle of radius C’,, yr << C’r < yri1, about the origin as center. 

Let us consider the expansions ® 


E(z, 
We see that the A,,,(z) are expressible as 
E(z,2) dz 


Denoting by the residue of z)-""1/g(z) at z = Gm, We see 
that Ry(z, %m) has the form 


(1.8) By(2, am) (2,2), (n= 0,1, *), 


k=0 Can 


where fm,x(t) is a polynomial of degree sm — 1—k in ¢ and Dm is an operator 
defined by 


(1. 4) (x, 2) = H(2, 2) 


2=Am 


1.2. Convergence theorems. Let us contemplate series of the form 


(1.5) cnAnr(2), 


where r is a fixed non-negative integer. Let us assume that this series con- 
verges [converges absolutely] for h points 2,,:--,a, for which the de- 
terminant A is non-vanishing. The determinant A contains h rows whose j-th 
one we indicate: 


infinite number of zeros. No essential modification is necessary for the case where 
g(z) has a finite number of zeros a,,- - -,@p, hel. 

functions (@), (n,r=0,1,---), generated by e#z/g(z) are Appell 
polynomials (r=0) and associated Appell functions. Bird has introduced the func- 
tions P_yy(®), (n,r=1,2,..-.-), as the coefficients of the Laurent’s expansion of 
exz/g(z) in a certain annular ring. See M. T. Bird, On generalizations of sum formulas 
of the Euler-Maclaurin type, Illinois dissertation (1934). 


| 
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where 
(7. — 
m=(r)+1 


Let us assume temporarily that 


(1.6) lim sup | ¢n 


From (1.1) we see that 
(1. 7) lim sup | An,r (x) = 


and hence in view of (1.6) each of the series 


n=0 


converges absolutely and uniformly in every finite region. Forming (1.8) 
for p= 1 and subtracting from it the series (1.5), we see that the difference 


i(nt1)0 (— 1)* k 
(1. 9) > & ) Dm) L(x, Zz) 
n=0 Y rey +1 k=0 Om 


converges [converges absolutely] for +, a. 

The determinant A, obtained from A by replacing by pm,k (Dm) (2j,2) 
is non-vanishing since it is obtainable from A by means of a finite number 
of elementary transformations of determinants. Since A, is different from 
zero the convergence | absolute convergence | of the series (1.9) for z= ,-*+, 2 
implies the convergence [absolute convergence] of each of the series 


n=0 Pina 


+,8m—1; m=—p(r) +1,- +--+, n(r+1)). 


Hence the series (1.9) converges [converges absolutely] and uniformly in 
every finite region. Using the absolute and uniform convergence of the series 
(1.8) for p=1, we obtain uniform [absolute and uniform] convergence of 
the series (1.5) in every finite region. 

The preceding work depends upon the assumption that (1.6) holds. We 
show now that (1.6) must hold if the series (1.5) converges at the h points 


n+1)O0m 

1 

ti 

il 
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*,%. Assume for the moment that (1.6) does not hold.’ Let be a 
constant such that 
n=00 
Consider the series (1.5) formed with c, replaced by ¢nén where 
=1, bn == 1/n? if | | Sy", bn = 9"/(n? | en |) if | | > »*. 
It surely converges absolutely for x = 2,,- - -, 2, and furthermore we have 
lim sup | ¢nén |?/" = 
n=00 


From these facts we see that the series (1.8) formed with c, replaced by 
Cnén converge absolutely and uniformly in every finite region. Reasoning as 
before, we have convergence for each of the series (1.10) with c, replaced 
by But 

lim | | 0. 


So we are led to a contradiction and (1.6) must hold. 
We have proved the following theorem and corollary: 


THEOREM 1.1. Jf the series (1.5) converges [converges absolutely] for 
h points 2,,- --,2, for which the determinant A is non-vanishing, then in 
every finite region of the x-plane each of the serves (1.5) and (1.8) converges 
[converges absolutely| and uniformly. 


CoroLLARY 1.1. Under the hypotheses of the preceding theorem the 
series 
n=0 
converges [converges absolutely] for z=am (m=—p(r) 
and hence the series (1.11) converges absolutely for |2| > yr. Indeed, 
each of the series (1.10) converges [converges absolutely]. 
Let R be any finite region of the z-plane. We want to show that there 
exists in R a set of h points 2,,- - -,a, for which A is non-vanishing. We 


use a special case of the following lemma: 


LemMaA 1.1. Jf are any distinct non-zero constants, 
(k=1,---,p), and if 
q 


Cox (08/02) E(x, 2) | 2-0, = 0, 


8=0 


k= 


then Co. == 0, (8 =0,---,q; 


™The fundamental ideas of this argument are due to H. J. Miles. I am also 
indebted to Miles for much of the notation of this part. 


8 
f 
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The truth of this lemma is an immediate consequence of the property 2° 
of the functions {u,(z)}. Using this lemma and making an easy induction 
argument, we obtain the following lemma: 


Lemma 1.2. Jn every region R of the x-plane there exists a set h points 
y reg 
* for which the determinant A is non-vamshing. 


Theorem 1.2 follows from the preceding lemma. 


THEOREM 1.2. The hypotheses of Theorem 1.1 are satisfied whenevcr 
] 


there is any region in which the series (1.5) converges [converges absolutely |. 


IJ. Expansions In TERMS OF THE FUNCTIONS Ayn,r(Z). 


2.1. A class of integral functions. Let F(a) be any integral function 
enjoying the property that it has an expansion of the form 


(2.1) = > 

with 

(2. 2) lim sup | én |1/" = q, < f. 
n=00 


We shall, in such a case, say that F(z) is of sort {un}, type g. The proof of 
the following lemma relating to functions of sort {wn}, type q is immediate. 


Lemma 2.1. A necessary and sufficient condition that a function F(z) 
be of sort {un}, type not exceeding q, is that tt be expressible in the form 


F(a) = (1/2zi) f, E(x, 2)a(z) dz, 


where a(z) is analytic for z in the annular ring q<|2|SsS o and C's 
a circle of radius g+«¢«<s about the origin as center and e is a positive 
constant such that gq <f. 


2.2. Properties of series of functions A,,-(2). Suppose we have a 
series 
(2.3) enAnr(2), 
where r is a fixed non-negative integer, satisfying the conditions of Theorem 
1.1 as to convergence. We seek to determine the class of functions F(z) 
represented by such convergent series. Let us set 


(2. 4) lim sup | ¢n |?/" = q. 
n=00 


t 


| 
| 

( 
] 
| 
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Then, as we have seen, g = yrs: and the function ¢(z) defined by (1.11) is 
analytic for |z| >. Let us form the function 


(2.5) H(a) J, (2) dz 


which by Lemma 2.1 is of sort {un}, type not exceeding yr,1. Integrating 
term by term the expression obtained by substituting the expansion (1.11) 
of (z) into (2.5), we see that 


(2.6) H(2) 


The difference H(z) — F(x) is given by the expression (1.9). By Corollary 
1.1 the convergence of the series (2.3) implies the convergence of each of 
the series (1.10) and hence we may separate the sum in (1.9) into a finite 
number of terms of the sort 


Cn n+ Cus 
Dnt 2) & ( 
From the form of D»*E (x, z) we see that it is of sort {un}, type | am|. Thus 
the function (x), being expressible as a finite sum of functions each of sort 


{un}, type not exceeding yr41, is itself of sort {wn}, type not exceeding yr41. 


THEOREM 2.1. If a function F(x) has the convergent expansion (2.3) 
then F(x) is of sort {un}, type not exceeding yrs. 


Expressing the series in (2.3) as a series of the form (2.1) and using 
property 2° of the sequence {w,(z)}, we have the following theorem: 


THEOREM 2.2. No function F(x) can have two distinct expansions in 
series of the form (2.3) for the same value of r. 


Let F(z) be a given function of sort {wn}, type g, where yr = q < yrat- 
We study the problem of expanding F(x) in a series of the form (2.3). The 
function F(z) does have an expansion of the form (2.1) with (2.2) holding 
and hence we may write 
E (a, 2) 


g (2) 
n=0 


where C’, = + € < yrs: and is positive. Writing 


g(2) = == + Piz), q<|zl<p, 
n=0 =-00 n=0 


n 


we have 


} 
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1 E(a,z) 


(2. 8) F(z) = 


Integrating term by term, we have (see (1. 2)) 


LOY) 8m-1 


(2. 9) F(z) = = Amu Dm*E (x, 2) + Sond nr(Z); 


m=1 k=0 n=0 


where the c’s and d’s are uniquely determined constants. If r= 0, the finite 
sum on the right of (2.8) vanishes since Cy contains no zero of g(z). 


THEOREM 2.3. Any given function F(x) of sort {un}, type q, such that 
Sq < yrii has an expansion of the form (2.9) where the c’s and d’s are 
uniquely determined constants. 


We may also write F(x) in the form (2.8) with C, replaced by Cr), 
where p is any positive integer. Since the Laurent’s series in (2.8) is valid 
for z in an annular ring which includes the circle Cr,» we have the following 
corollary : 


CoroLuary 2.1. The function F(x) has an expansion in the form (2.9) 
with r replaced throughout by r+ p, where p is any positwe integer. The 
constants Cn (n =0,1,---), and dmx (k 
are the same in every case. 


Suppose F(z) is a given function of sort {un}, type yr. Then, by 
Theorem 2.3, it has an expansion of the form 


8m- 
(2. 10) F(z) = > 2 “dnaD nt E (x,2) + > 
m=1 0 n=0 


If F(x) also has an expansion of the form (2.9) it is easily seen that the 
coefficients c, be the same in the two cases. Since the series (1.9) represents 
the difference X¢nAn,ri1(%) — XenAn,r(x) the expansions (2.9) and (2.10) 
can coexist only if the series (1.9) converges. In section 1.2 we proved that 
the convergence of the series (1.9) implies the convergence of each of the 
series (1.10). From its form we see that if (1.9) converges it gives the 
negative of the terms for m —y(r) + 1,---,y(r-+1) in the finite sum in 
(2.10); furthermore, when the series (1.9) converges the two expansions 
(2.9) and (2.10) coexist. 
This completes the proof of the following theorem: 


THEOREM 2.4. Let F(x) = Xenun(x) be any given function of sort 
{Un}, type yri1. Write 
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1 


r n=0 


Then a necessary and sufficient condition that F(x) have an expansion of the 
form (2.9) ts that each of the series (1.10) shall converge. 


These theorems give necessary and sufficient conditions for the expansion 
of functions in series of the functions Ay,-(z). 


III. FuNncrionat EQuatTIONs. 


3.1. The operator B. We define the operator B to be such that if 
F(z) be any given function of sort un, type less than f, that is, if 


(3. 1) F(x) =Dientn(x), lim sup | en < 
n=0 n=00 
then 
(3. 2) (2) am >; Cnemtin (2) (m = 0, 1,: 


Expanding (r=—0,1,---; n=0,+1,+ 2,-- -), im series of the 
form (3.1), we see that B = An-1,r(Z). 

3.2. Existence theorems. Let h(z) = ¥ bnz", bo) #0, be a series con- 


vergent for |z| <o where 0<oXf. Let q be any positive number less 


than o. Let 6(x) = > ¢nun(x) be any given function of sort {un}, type not 
0 


exceeding g. Let us seek solutions 


(3. 3) F(2) = > Cntn(2) 
of the linear functional equation 


(3. 4) (x) + b,BF(2) + b.B°F(x) +: 
under the following hypothesis on the coefficients: 
(3.5) . lim sup | én |/" S q. 


n=CO 
The trial solution (3.3) may be written in the form 
(3. 6) F(z) = E (a, 2) "dz, 


n=0 


where C is any circle about the origin as center of radius g +e<o andeisa 
positive number such that h(z) has no zero in the ring g<|z|Sqt+e 


| 

ie. 

| 

, 

] 

n=0 
0 
@) 
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Substituting the trial solution (3.6) into the equation (3.4) and performing 
an interchange of operations, we see that a necessary and sufficient condition 
that (3.3) or its equivalent (3.6) be a solution of (3.4) is that 


(3. 7) 6(z) = aS, E (a, z)h(z) Cnt 


which holds if and only if the e’s satisfy the conditions 


(3. 8) = Cn (n=0,1,-- 


A particular solution of (3.4) of sort {wn}, type not exceeding q is obviously 
given by 


BE 


and hence a set of solutions {e,} of (3.8) of the character described by (3. 5) 
is given by setting en —d, (n =0,1,- - -), where the dy are defined by 


[h(z)]7 dye + q<|z|Sqte 


n=0 


If we write the trial solution (3.3) (or (3.6)) in the form 


= E (a, 2) 
= (2) h(z) dz 


then we see that F(x) is a solution of (3.4) if and only if 8, —c,. In such 


a case 


1 (2,2) 


F(z) = en2*dz. 


If h(z) has no zero for | z| <q, then F,(2) is the only solution of (3.4) of 
sort {Un}, type not exceeding g. If h(z) has zeros of multiplicities om at points 


(3. 10) Am, | am | Sq (m =1,- “,k), 


then by the theory of residues it follows that F(x) must be of the form 
(3. 11) P(2) —F,(e) +> 2) 
m=1 j=0 


Every solution of (3.4) of sort {un}, type not exceeding gq, is expressible 
in the form (3.11) where the d’s are constants. But each of the functions 


oS 
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(3. 12) E (2, 2) = —1)-- + 
(j= m=<1,---,k), 


constitutes a solution of the homogeneous equation, that is, of equation (3. 4) 
formed for 6(z) =0. These solutions are linearly independent (see Lemma 
1.1) and each is of sort {un}, type not exceeding q. 

This completes the proof of the following theorem: 


ie, 
THEOREM 3.1. Let h(z) => dn2", bo 40, be a series convergent for 
0 


fo 
Let q be any positive number less than o. Let = > Cnn(2) 


be any function of sort {un}, type not exceeding q. If h(z) has no zero for 
|z| Sq, then the only solution of the equation (3.4) of sort {un}, type not 
exceeding q, is given by (3.9). If h(z) has zeros of multiplicities om at the 
points (3.10) then the most general solution of (3.4) of sort {un}, type not 
exceeding q, is given by (3.11) where the d’s are arbitrary constants.§ 


For the case where h(z) = g(z) the solutions F(x) are expressible in the 
form (2.9) where r is the integer defined by yr Sq < yrat- 

Noting that every solution F(x) of (3.4) of the desired character, when 
expressed in the form (3.3), furnishes a set of solutions {én} of (3.8), 
verifying (3.5), we obtain as corollaries certain results relating to infinite 
systems of linear equations in an infinite number of unknowns. We state 


only the following one relating to homogeneous systems: ° 


oO 
CoroLtary 3.1. Let h(z) = > bz", bo AO, be a series convergent for 
0 


|z2|<o. Let q be any positive number less than o. If h(z) has no zero for 


|2| <q, then the only set of solutions {en} of 


(3. 13) = 0, (n=0,1,--°), 
verifying (3.5), is the identically zero one. If h(z) has p zeros (multiple 
zeros counted multiply), p > 0, for | z| <q, then there exist exactly p linearly 
independent sets of solutions {en} of (3.13) of the character described by 
Since may be identically zero the theorem applies also to homogeneous 


equations. 
®* Perron (loc. cit.) by different methods has obtained the results contained in this 


corollary. 


12 
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n 
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(3.5). If these p zeros are given by (3.10), where am is of multiplicity o,, 
then p such sets of solutions are given by 


(3. 14) €n =n(n—1)-+ 
(j m=—1,---,k), 


or by a linear combination of these, namely 
(3. 15) = Nha,™ (j = 0,- 


3.3. <A particular case of the operator B. Let 2o,Ai,A2,° + +, be an 
infinite sequence of non-zero constants such that 


(3. 16) lim | * * An |?" = lim | An = 1. 
The sequence {Un(2) forms a sequence possessing the 


two properties 1° and 2° in the introduction. We give here a definition of the 

operator B associated with this sequence which is an extension of the one 

already given. If F(a) be any single-valued analytic function regular at 
= 0 then we define 


1 F(z) Anem 2" 
where C’ is any circle about the origin as center within the region of analyticity 
of F(z) and z is any interior point of C. In view of (3.16) each of these 
integrals is defined for any point z interior to C and the Maclaurin’s expansion 
of B™F (x) has the same circle of convergence as has the one representing 
F(x). We note the following additional properties of the operator B: 


Ba" = n>0; Bc = 0, ¢ any constant. 


If 
then 
(3. 18) (z) 2 Baca < 


7° Pincherle and Hadamard have studied operators of this sort. See S. Pincherle, 
Giornale di Matematiche, vol. 32 (1884), pp. 62-74; J. Hadamard, Acta Mathematica, 
vol. 22 (1899), pp. 55-63. Hadamard introduced and used a contour integral representa- 
tion of the form (3.17) in his study of the Hadamard product. Carmichael suggested 
to me the above contour integral representation for the operation. 
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We may and will also consider (3.17) and (3.18) defined for m a nega- 
tive integer provided that we agree to replace by zero any term which contains 
aA or a 6 with a negative subscript. 

For the case Ay = 1, An = 1, n > O, the operation B F(x) furnishes the 
derivative of an analytic function regular at 0. For negative values of m, 
say m —=-—k, equations (3.17) and (3.18) represent generalizations of the 


f, f. I ( 21: ) dz, dzo.dz, 


We place a further restriction on the d’s, namely that 


Carmichael ** has obtained a general expansion theorem relating to a set of 
non-zero constants verifying (3.19) and such that lim |A, |=. I state it 


here for future reference. 


GENERAL EXPANSION THEOREM. Let be finite or 
infinite sequence of functions each of which is analytic in the interior of the 
circle |x| =p. Let a be a positive number less than p. Denote by My the 


maximum absolute value of ax(x) in the region |e|Sa. Suppose the 
following series converges 
(3. 20) 


M M 


Let F(x) be analytic for |a|Sa. Then F(x) has a unique expansion in 


either of the following two forms: 


(3.22) F(x) = Cn + a,(2) > 


11R. D. Carmichael, “A general expansion theorem with applications to certain 
integral equations of infinite order.” An abstract of this paper is given in Bulletin 
of the American Mathematical Society, vol. 40 (1934), p. 211. The theorem, although 
actually stated for the case of positive \’s, carries with it the case of complex 2’s, 
under the above conditions. 


multiple integrals 
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Hither of the expansions of F(x) converges absolutely and uniformly in any 
whatever circle interior to the circle | «| =a, and is valid for every interior 


potnt of the latter circle. 


In the following paragraph we will use the operator B defined as in 
equation (3.17) where the ’s satisfy the additional conditions (3.19). By 
a method analogous to that used by Carmichael (op. cit.) we obtain theorems 
with reference to the operator B similar to those obtained by Carmichael with 
reference to the differential operator. Because of their similarity as to proof 


and statement we merely state one. 


THEOREM 3.3. Under the hypotheses on F(x), a,(%), d2(x),° +, stated 


in the General Expansion Theorem, the mixed equation 


(3.23) F(x) = + 
+ an(x) + (x) + +° °°, 


where n is a positive integer, has one and just one solution v(x) which is 
analytic at «=O and which satisfies the initial conditions v(0) = %, 
Bv(0) = +, = bn. where 0, are any preassigned 
constants. This solution is analytic in the interior of the circle | x | =a. 
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ON THE BOUNDARY OF THE RANGE OF VALUES OF {£(s). 


By Ricnarp KERSHNER and AUREL WINTNER. 


In connection with his investigation of the distribution of the values of 
the Riemann zeta function,! Bohr? has studied the vectorial addition? of 
convex curves and has proven, among other things, that if the vectorial sum 
of a finite or infinite sequence of convex curves is a bounded set, then it is 
either a closed convex region or a ring-shaped region bounded by two non- 
intersecting convex curves. The method of Bohr is entirely geometrical and 
it is, therefore, impossible to apply it to a discussion of smoothness properties 
of the boundary of the vectorial sum, at least if the sum is infinite. Following 
a suggestion of one of the present authors, Haviland * applied the supporting 
function (Stiitzfunktion) of Brunn and Minkowski to the study of Bohr’s 
problem, using the fact that the supporting function of the outer boundary 
of the vectorial sum is the sum of the supporting functions of the added curves. 
Bohr and Jessen ® have recently shown that, with the use of the supporting 
functions, it is possible to determine the set of those a) >1 for which the 
closure of the values attained by the logarithm of the Riemann zeta function 
on the line oo» is a convex region; for the remaining values of o, > 1 
this closure is ring-shaped. It has been shown by one of the present authors ° 
that a rule similar to the above mentioned rule for the supporting function 
of the outer boundary holds for the supporting function of the inner boundary, 
at least on ares of the inner boundary which are free of corners. 

In the present paper the method of supporting functions will be applied 
to the question of regular analyticity of the boundary curves of the infinite 
vectorial sum in cases of the type of the logarithm of the Riemann zeta func- 
tion. In particular, it will be shown that the outer boundary of the closure 


1Cf. E. C. Titchmarsh, The Zeta Function of Riemann, Cambridge, 1930, Chapter IV. 

2H. Bohr, “Om Addition af uendelig mange konvekse Kurver,” Danske Videns- 
kabernes Selskab, Forhandlinger, 1913, pp. 325-366. 

3 By the vectorial sum A; + A, of two sets A; and A, is meant the set of all points 
2=2,+ 2%, where z,C A; and z(C A, It is clear that this addition is associative 
and commutative. By an infinite vectorial sum A,+ A,+-.-- is meant the set of 
points z which may be expressed in at least one way as a limit of points 
== 2,-+2,-+-.--2,, where z, C A,. 

*E. K. Haviland, “On the addition of convex curves in Bohr’s theory of Dirichlet 
series,” American Journal of Mathematics, vol. 55 (1933), pp. 332-334. 

°H. Bohr and B. Jessen, “On the distribution of the values of the Riemann zeta 
function,” American Journal of Mathematics, vol. 58 (1936), pp. 35-44. 

°R. Kershner, “On the addition of convex curves.” To appear later. For an 
abstract, cf. Bulletin of the American Mathematical Society, vol. 42 (1936). Record 
of the February, 1936, meeting. 


421 


n 

ry 

8 

h 

yf 

d 

AY 

|| 


422 RICHARD KERSHNER AND AUREL WINTNER. 


of the values attained by log {(s) on a fixed line oo, >1 is a regular 
analytic curve. Due to the explicit formula for the supporting function of 
the inner curve, the analyticity of the inner curve may be treated similarly.® 
The result is of particular interest in view of the fact that the density of the 
asymptotic distribution cannot be analytic at points of the boundary. The 
transition from the range of log (0, + it) to that of (oo + tt) requires but 
a trivial exponential mapping. 
It is known that if the power series 

(1) p(w) =aw+aw?+---, where a,50, 

is convergent in the vicinity of w 0, then there exists an R > 0 such that 
p(w) is regular and schlicht in | w |< and that’ the curve z= p(re*), 
where 0 = 6 < 2z, is, for every fixed positive value of r= R, a regular analytic 


convex Jordan curve in the (2, y)-plane, where z=a2-+ ty. Let 1ri,12,° - - be 
an infinite sequence of positive numbers such that r, < FR for every n and that 
is convergent. Let C, denote the convex curve 

and T,,(6) the tangent to C,, at the point z= p(rne*”). Then the equation 
of T,(@) is 

(3) Ecos $ +7 sin ¢ —hn($) =0, 

where 

(4) cos ——n(8)/ | #n(8)|, sin (8)/ | 2n(8) | 

and 

(5) = 2n(8) cos + yn(8) sin ¢, 


it being understood that zn = %» + iyn and that the dot denotes differentiation 
with respect to 6. Since 

of? {— yn() + }/ | 2n(8) | = | 2n(8) |, 
it is clear from (2) that 
(6) ot? — — / | (tne) |, 
where the prime denotes differentiation of p(w) with respect to w. On placing 
p(w) =a,w + aw? +-- -, it follows from (6) that 

— — (re!) (re!) (rae?) 

so that 


(7) Gn (8) =a + 0—ilog 
| + (1/2) log (me!) + (1/2) log 


7Cf., e. g., G. Pélya und G. Szegé, Aufgaben und Lehrsétze aus der Analysis, vol. 1, 
Berlin, 1925, p. 105, no. 108. 
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Hence 
dé 2p’ (Tne*®) 2p (Tne?) 
Now p(w) and, consequently, p(w) are regular and schlicht in |w|SR, 
which implies that the absolute values of their first derivatives have a positive 
lower bound £ in this circle. The absolute values of the second derivatives 
of p(w) and p(w) have in this circle a finite upper bound y. Consequently, 
since r = R, it is seen from (8) that 
(8) 
dé 
where the positive number « = 2y/f is independent of both n and 6. Thus, 
since Tf, — 0, there exists a sufficiently large n) such that 
| dpn(9) 
Now the equation (6) may be considered as defining 6 as a univalued, 


| = 1— arn, 


=4 whenever 


(9) 


continuous function 
(10) 6 = On(¢) 


of the normal inclination ¢ of Tn(@). In fact, since C, is a regular analytic 
convex Jordan curve, the two angular parameters @ and ¢ are in a continuous 
one-to-one correspondence, so that (10) is the inverse function of the function 
(7). Finally, it is seen from (3) and (5) that the supporting function 
of Cy is 

(11) hin(p) = ) COS + Yn(On(P) ) sin 


Let p > 0 be so small that the functions (2), where n —1,2,---, are 
regular and uniformly bounded functions of the compleaz variable @ in the 


rectangle 
(12) —p<RO<2r+p, 


The existence of such a p > 0, which is independent of n, is obvious from (2), 
since, on the one hand, every rp is chosen less than the convergence radius of 
(1) and, on the other hand, r, — 0 in view of the convergence of r; + 12 -+°°:. 
Since p’(w) and p’(w) do not vanish in | w | = R, one may choose ny so large 
that not only does (9) hold but also the functions 6 = ¢n(@), when defined 
in the complex region (12) by the explicit formula (7), are regular and in 
absolute value less than a number M which is independent of n(= no). 

Let 6 = 4, be a fixed real angle in the interval 0 = 6, = 2m and let dp be 
the corresponding angle ¢. Then, in the circle |@—6,| <p, the functions 
¢ = dn(O), where ¢o = on(O), are regular analytic and in absolute value less 
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dé we? by (9). Hence, 


by the proof of the local theorem on the inverse function of an analytic func- 


than M for every n= mn. Furthermore, 


tion, there exists * a positive constant + which is independent of @) and of 
n(=n,) and is such that the inverse function 6 = 6n(¢, 4,0), where 
do = $n(%), is regular analytic and | 6— | < p in the circle | ¢— $0 | <7. 
Now it is obvious from the monodromy theorem that 6n(, 40, 0) is independent 
of 6, and of dy = ¢n(4%), so that it may be denoted simply by 6,(¢). Thus, if 
n = mo, all functions are regular analytic and 6 = 9@,(¢@) is within the 


rectangle (12), hence the functions 6n,(@), Oni(¢),° are uniformly 
bounded, if ¢ is in the rectangle 
(13) p—2/2S 7/2, —1/2<3b<7/2, 


where »=@n(0) is the normal inclination of 7,(0). Consequently, the 
functions 6,(¢), which were defined for w= oo S p+ 2a by (10), are regular 
and uniformly bounded in the rectangle (13) of the complex ¢-plane for every 
Finally, since the intervals p= 2a and 0= 4 2m are 
in a one-to-one correspondence, and since the derivative d@/dé@ is, for real 6, 
distinct from zero for every n, it is clear from the definition (10) of 0:(¢) 
that there exists, for every fixed n, a rectangle R, in the complex ¢-plane such 
that F#, contains the interval w= ¢ = p»-+ 2z in its interior and the func- 
tion (10) is regular and bounded in R,. Consequently, there exists in the 
complex ¢-plane a rectangle &y in which all functions 6,(¢) are regular and 
uniformly bounded and which contains the interval pS ¢o S p+ 2z in its 
interior. In fact, if Q denotes the rectangle (13), the common part of the 


finite number of rectangles Y; Rno-1 will be such an Ro. 
Now it will be shown that 
(14) H($) = 


is regular analytic in the interval p= ¢ =p- 2z, i.e., in an open rectangle 
of the complex ¢-plane which contains this interval. It has been shown above 
that if ¢ is in the rectangle Ro, then | 0,(¢)| < L for some positive constant L. 
On the other hand, it is clear from (1) and (2), where zn = 2p + iyn, that, 
since 1, —> 0, one may choose a sufficiently large K = Ky, and then a positive 
constant A = Ax such that, if |6| << LZ and n= K, the functions z,(6) and 
yn(@) are regular and in absolute value not larger than Ar». Consequently, 
In(On(p)) and yn(On(p)) are regular and in absolute value not larger than 


® Cf. e. g., E. Landau, “ Der Picard-Schottkysche Satz und die Blochsche Konstante,” 
Sitzungsberichte der Preussischen Akademie der Wissenschaften, Physikalische-mathe- 


matische Klasse, 1926, p. 470. 
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Arn if is in the rectangle Ry and n= K. Hence, since r; + 72 is 
convergent by assumption, the series 
OO oO 

have regular analytic terms and are uniformly convergent in the rectangle 
R, of the ¢-plane. It follows, therefore, from (11) that the function (14) 
is regular in fy. This completes the proof of the analyticity of (14) in a 
rectangle which contains the interval p= ¢@ XS p+ 2z in its interior. 

Now H(¢) is® the supporting function of the outer curve. On intro- 
ducing into the regular analytic functions —2(¢), y=y(¢) the new 
independent variable 


instead of ¢, it follows that the outer boundary of the region C,; + C.+--: - 
is a regular analytic curve. 
If p(w) is the power series 
p(w) =—log (1—w), where p(0) —0, 
then p(w) is regular and schlicht for | w | <1 and the image of the circle 
| w | =r is convex for every r <1. Now it is known 7° that the closure of the 
values of the logarithm of the Riemann zeta function, log £(s), on a fixed line 
ts =o > 1, is the region + C. -, where C,, is the curve 
z= — log (1 — 
and pn, is the n-th prime number. Since p,% <1 for every n and 
pr? + po? ++ + - is convergent for o > 1, it follows that the outer boundary 
of the closure of the values of log €(s) on a fixed line o >1 is a regular 
analytic convex curve. The inner curve, if any, is similarly treated up to its 
possible corners. 
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ERRATUM. 

Professor H. Cramér has kindly pointed out to me that Theorem X VIIT 
of my paper “ On a class of Fourier transforms ” (pp. 45-90 of vol. 58 (1936) 
of this JouRNAL) is false unless one reads at the end of this Theorem “a Gauss- 
Maxwell law” instead of “the Gauss-Maxwell law of radial symmetry.” This 
change is necessitated by the fact that on p. 81 the statement “the matrix 
| —4ppq || is C(ex) times the unit matrix” is erroneous. That Theorem 
XVIII becomes correct by omitting the restriction of radial symmetry is seen 
from the central limit theorem. A. WINTNER. 


®°Cf. E. K. Haviland, loc. cit. 1° Cf., e. g., E. C. Titchmarsh, loc. cit., pp. 64-67. 
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THE SAMPLING THEORY OF SYSTEMS OF VARIANCES, 
COVARIANCES AND INTRACLASS COVARIANCES. 


By 8S. 8S. WILks. 


It is well known that the type of data to which the method of intraclass 
correlation is applicable can be effectively and accurately treated by the method 
of the Analysis of Variance. The connection between the two methods has 
been given by Fisher * for the case of one variable, and it is quite evident that 
the latter method has the greater practical value in determining, statistically, 
the relative importance of two groups of factors causing variation. However, 
the method of intraclass correlation has theoretical value in that it provides 
estimates of the parameters which characterize the distribution of the variates 
which constitute a “family.” For example, under the assumption of nor- 
mality, if the mean and variance of each of the variates 2%2,° is 
m and o* and the coefficient of correlation between any pair is p, then the 
distribution of this k-variate “ family ” is the normal multivariate distribution 
characterized, however, by only the parameters m, o? and p. p is called the 
intraclass correlation coefficient for the k variates. The method of intraclass 
correlation consists essentially in estimating m, o* and p and making a signifi- 
cance test appropriate to the hypothesis under consideration. 

In the present note we shall demonstrate a general method for handling 
the sampling theory of systems of variances, covariances and intraclass co- 
variances, and illustrate the method on the generalized intraclass correlation 
problem, 

In order to present the essentials of the method, we shall consider 
the following general problem. Let a system of variates yp —=2%p— mp 
(p =1,2,- + +n) be distributed according to the law 


| Apa 
(1) Un(Aow ¥p) = exp (— SA dYp 


where the matrix || Apq || is positive definite with determinant | Ap,|. The 
characteristic function of the quantities 7 = ypYq is given by 


(2) = ) = exp (13tpa€pa) *Un(Apa Yp) 
= | Apg | Apg — 


1R. A. Fisher, Statistical Methods for Research Workers, 4th edition (1932), p. 205. 
Also see R. A. Fisher, Metron, vol. 1, no. 4 (1921), pp. 3-32. 
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where tpg = tgp and the integral is taken over all values of the yp. Now suppose 
¢ factors into determinants of order m as follows 


g 

a=1 
where the k, are positive integers, || B%,, || is positive definite and 


g 
(4) Bry, = CapAF uv, = —1 Capt Pur, | Cap | 0 


the A®y» (where A%,, =A) being elements of the matrix || Apq ||. The 
corresponding elements in || tpg || will be denoted by tu». {A%uv} and {tur} 
will be the sets of distinct elements in || Apg || and || tpg || respectively. There- 
fore, since the py, are all distinct, we have 


DG 
where 7%yy» = Sé¢, summed over all values of p and q for which tpg = hyp. 
g g 
Now if we let > cagt?u, = s%,. we find t?4» = > Cags*uy where || Cag || is 
§=1 a=1 
the reciprocal of || cag ||. To find the system of quantities of which 
(6) | Buy |#a/2 | — 18%yy 
is the characteristic function, we express the ¢,, in the right side of (5) in 


terms of the s*,,. Accordingly, we find that ¢, is the characteristic function 
of the quantities 


(7) — uv. 


9g 
Since ¢ = [] the systems =1,2,- -,g) are independently dis- 
a=1 


tributed. If k, >m-+1, the distribution of the quantities {b%,,} can be 
shown ? from ¢, to be 


(8) Vin (Bru, b%uv, ka) 
| By, |#a/2 | exp (— > Bt, yy) 
U,V 
m II 
gpm (m-1) /4 II (ka+1-4) /2] 
i=1 


The distributions given by (8) for all «’s for which kg > m are the basic 


2 J. Wishart and M.S. Bartlett, Proceedings of the Cambridge Philosophical Society, 
vol. 29 (1933), pp. 260-270. 
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distributions from which distributions of systems of variances, covariances and 
intraclass covariances can be found by transforming the b%,,. The foregoing 


method can be conveniently summarized in the following 


If the characteristic function | Apg | Apqg— ttpg 
(p,9 =1,2,--+,3 || || positive definite) of a system of second order 


products Yp¥q = pq factors into the form 


a=1 B B 


ties A¥ yy, uy, and Puy» are defined as in (4) and (5), then the systems 
{b%v = > Capy®uv} are independent of each other in the probability sense 
B 


where u,v =1,2,: -m; | cag | #0, and || Cag || cag and the quanti- 


and if kg >m--1, the distribution of the system {b%q,v} its given by 
B 


Now, as an illustration of the method, let us consider an interrelated 
system of families /’,, of k variates each, where Tu2,° * Tux are 
the variates in F',. Suppose the system is normally distributed such that my 
and o,” are the mean and variance of each variate in Fy, puy the correlation 
(cuovpuv the covariance) between zy; and 2,4 (1 =—1,2,---k) and p’uy the 
intraclass correlation (oxvovp’uv the intraclass covariance) between zy; and 2; 
(t,j=1,2,---k; 4547). Here, of course, puv = prs, p'uv = pou pus = 1. 
The elements in the symmetric and positive definite matrix A of correlations 
can be arranged so that A will consist of m? square blocks of k? elements each 
such that if @x.i; is the general element in the matrix then 

=—l, t= 
(9) Ouvij Pury 


If we let the reciprocal of the matrix || o,0.4u.i; || of variances and covariances 
| A|, then the distribution of the zy; is 


be || Auvij || whose determinant is 


(10) Omi Lui — Mu) 


are 
= (2a) exp (-— (Tus My) — My) ) II 


where the sum and product are to be taken for all subscripts. It can be readily 


verified that Ay,i; is of the form 


i 


vs 
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(11) { Aue 

=A'w, 1A] 
where the Ay» and A’y, are functions of the o’s and p’s which need not be given 
for our purposes. Now suppose observations have been made on WN sets of 
families distributed according to (9). Denoting the values of the a’s for the 
t-th set of families by tuir (w= 1, - 1=—1,2,- - the probability 


of obtaining such a set of observed values of the 2’s is 


(12) P= Il uvijs Vuir — My). 
T=1 


Now let us consider the product sums 


Auvij = DX (Luis — Lui) (Lvjr — 
(13) (u, v= 1,2---m; 1,7 


buvig = N (Zui — mu) — My) 
where Zui = (1/N) S\cuir. It is known from the sampling properties of 
normally distributed variables that the distribution of the system of means is 


independent of that of the second order product moments of deviations from 
means. The characteristic function of the a’s and b’s is given by the expression 


(14) p exp (Suvi + | 


| 4A | — | — Buvij 


To adhere to the usual definition of a characteristic function the @’s and f’s 
will be purely imaginary numbers; all other numbers will be real. We now let 


= 


Making use of (11) we find that ¢ becomes the characteristic function of the 


quantities in the square brackets in the following expression 


(15) 


(16) ¢’ = E {exp ( Auvii | + tuvis | 
iAj 
Burl buvii | + z >> buvis] ) 
i 


Using equations (11) and (15) in (14) we find that ¢’ factors into the form 


--1) /2 


| 4Duv — Bur |-[(N-1)/2] | 4Duy — 


(17) 


1 
) 
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where 

(18) Yuv == Suv — sv, Suv = Suv (k 1) uv, Cu = Aww — A’uv 
Buv — Buv + (k 1) Bur, Dav + (k 1) A’ up. 
In terms of the ou, puv and pu» the matrices || Cuy || and || Du» || are the 
reciprocals of || cuev(puv — p’uv) || and || + (4 —1)p’uv) || respectively. 
Let the @’s and f’s in (16) be transformed to the y’s and 8’s by the equations 
(18), afterwards setting = -yuv. becomes 


(19) E {exp ( [yuvCuv + Surduy + )} 
where 
k—1 1 
Cur = (Quvit + Duvii) D + 
4 iAj 
1 
(20) duy = Auvij 
1 
Cuy = k 


Thus, the value of ¢” in (19) is given by (17) with the yu» replaced by yur. 

Since the characteristic function of the systems {Ccuy} and {dyy} is the 
product of the characteristic functions for the two systems, each having the 
form of ¢q as given by (6), the distributions of {cyy} and {duy} are therefore 
Vin(4Cuv, Cuv, N(&—1)) and Vin($Duv, duv, N—1) respectively. If we let 


(21) Tu 


then = mx) my) and the quantities V Nk (au — Mz) are 
distributed according to the normal law Um(4Dur, VNk(zu— mu) ) whose 
functional form is given by (1), and independently of the cu» and dur. 

Let the values of the a’s and b’s given by (13) be substituted in (20), 
and let 


= x (Zuta Tu) — Lv) 
Suv = (Luia — Fu) (Loja — 
Then 
(23) 


1 , 
duy (Suv uv). 


The sample values of the variance o,”, covariance oyorpuy and intraclass 
covariance oyovp uv are given by 


k 
k i=1 
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The sample values of py» and p’yy are respectively 


Suv 
7 
Uv 
V SuyuuSvv (k 1) V SuuSvv 


Incidentally, it should be remarked that Z,, s,?, Tuv, and ?yy are the 
optimum estimates of the parameters my, ou?, pur, and p’u»; that is, the values 
of the parameters which maximize P in (12) for a given set of 2’s. 

The distribution of the Sy, and Sy, will be given by the product 
Vin(4Cuv, Cuv, N(k —1))- Vm(4Duv, dur, N—1) after applying the trans- 
formations (23) and (24). The result is 


(26)  V'm(ZCuv, — 1) (Suv — Suv), —1)) 
N (Suv + — 15'yv), N — 1) — 1) ] TT diyrd 


where V’m( ) denotes Vm( ) with differentials omitted. Similarly, the dis- 
tribution of the s,*, ru» and 7’y» can be found by applying the transformations 
(24) and (25) to (26). 

The problem of testing from the sample, that is, the information contained 
in the Sy, and §y,, that the intraclass correlations p’y, are all zero can be solved 
by considering the Neyman-Pearson®* criterion for this hypothesis. The 
criterion is 
| Suv — | Sun + —1) 

Suv 


(27) = 


and is the ratio of the maximum of P in (12) for variations of the parameters 
Mu, Sy? and puv (with the pu, = 0) to the maximum of P for variations of all 
parameters. (27) is clearly a function of generalized variances. The sampling 
moments and the distribution of A, under the assumption of zero intraclass 
correlations, can be found by a method discussed by the author elsewhere.‘ 
The criterion actually used in the one variable problem (w= 1) to test the 
hypothesis that the p’ = 0 is 


The analogous criterion for m variables is 


* J. Neyman and E. S. Pearson, Philosophical Transactions of the Royal Society of 
London, Ser. A, vol. 231 (1932), p. 295. 
4 Annals of Mathematics, vol. 35 (1934), p. 323. 


(25) 
e 
11 
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(29) | Suv — 5 wv | 
| Suv 
which is a generalization of ey ane The moments and distribution of the 


expression in (29) can also be found by the methods just cited. 

The methods used in this paper can be applied to problems of finding the 
reneral sampling distributions of systems of variances and covariances asso- 
ping 
ciated with Latin Squares, “ equalized ” random blocks, and various other 

| 


lay-outs used in experimental agriculture. 
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TOTALLY DISCONNECTED LOCALLY COMPACT RINGS. 


By N. Jacosson. 


Introduction. 

1. Miss Taussky and I? have recently considered the theory of locally 
compact separable (l.c.s.) rings and shown that it could be reduced for the 
most part to the consideration of two essentially different topological types, 
the connected and the totally disconnected. Furthermore the connected 
l. c. s. rings satisfying mild algebraic conditions were shown to be hypercomplex 
systems with finite bases over the field of real numbers and hence their struc- 
ture could be given by means of the classical results on hypercomplex numbers. 

In this paper I consider the totally disconnected (t.d.) Le.s. rings 
restricting myself in the main to simple rings and particularly to fields. The 
work is divided into two parts which are quite independent of each other. 
Part I is concerned with the nature of the additive abelian group of a locally- 
compact separable totally-disconnected (1. c. s. t. d.) simple ring S. GS may 
be non-commutative and non-associative. It is necessary to distinguish two 
cases: (1) the characteristic of S, y(S) =p a prime and (2) x(S) = 0. 
In (1) the additive group of © is a direct sum of cyclic groups of order p. 
(The precise meaning of this type of direct sum usually involving an infinite 
number of summands is given below (§5).) In (2) © is additively a finite 
dimensional vector space over the field of p-adic numbers P,. It follows that 
S is a hypercomplex system with a finite basis relative to Pp. 

Now if © is associative and x(©) = 0, the above result together with the 
known theory of hypercomplex systems over a p-adic field gives a complete 
solution of the problem of determining the algebraic structure of ©. For, 
by Wedderburn’s theorem © is a system consisting of all matrices of a fixed 
finite degree with coefficients in a p-adic division algebra %. By the results 
of Hasse* % is cyclic over its centrum © and the precise nature of the latter 
can be described. 

On the other hand there is no such well-developed theory which will apply 
directly to solve the structure problem for the case x(€) =p. It is necessary 


1 Presented to the Society, April 19, 1935. 
2“ Locally compact rings,” Proceedings of the National Academy of Sciences, vol. 21 


(1935), pp. 106-108. 
*H. Hasse, “ Uber JB-adische Schiefkérper etc.,” Mathematische Annalen, vol. 104 


(1931), referred to below as H. 
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to develop new methods for the solution of this problem. This has been done 
in part IJ under the further assumption that © = % is a field (not necessarily 
commutative). Moreover the methods apply at the same time to fields of 
characteristic 0 and thus afford a new treatment of p-adic division algebras. 
The main idea underlying this treatment is that the orders (Ordnungen) of a 
p-adic division algebra are compact and open (c. 0.) subrings and conversely. 
Since the existence of c. 0. subrings of 7% can be shown directly the procedure 
is as follows: We first consider the ideal theory of any c.o. subring ® of } 
and then prove the existence of a unique maximal c. o. subring {tj. By means 
of §t., a valuation (Bewertung) of % is defined. We then use the methods of 
Hasse to show that % is a cyclic algebra over its centrum ©. The structure 
of the valued commutative field © can be determined as, indeed, it has been 
by v. Dantzig * and by Hasse and Schmidt.°® 


2. For a comprehensive account of the foundations of topological algebra 
the reader is referred to the paper by v. Dantzig (D. 1.c. in footnote 4). We 
recall a few of the important definitions at this point. 

By a space © we shali always mean a Hausdorff space.® - S is said to be 
compact if every infinite sequence of points in it has a limit point. © is 
locally compact (l.c.) if every point has a neighborhood whose closure is 
compact. © is separable (s.) if it contains a denumerable set of neighborhoods 
which generate all the open sets by logical addition. © is connected if it is 
impossible to decompose it into a logical sum ©, v S, of the open and non- 
intersecting sets ©, and S,. © is totally disconnected (t.d.) if for every 
pair of distinct points a,,a, there is a decomposition of the space into a 
sum of non-intersecting open sets ©, and S, such that ©; Da;. If © is lic. 
and t. d. then it is zero-dimensional, i. e., every point has arbitrarily small open 
and closed neighborhoods.’ 

A locally compact separable ring © is a 1. ¢.s. space in which there is 
defined two binary operations + and - such that 


1. © is an abelian group under +. 


*D. van Dantzig in Studien over topologische Algebra, Dissertation, Amsterdam, 
H. J. Paris, 1931, determines the structure of all 1. c. commutative and associative fields. 
The foundations of topological algebra may be found in this paper (in Dutch) or in 
van Dantzig, “Zur topologische Algebra,” Mathematische Annalen, vol. 107 (1933), 
referred to as D. 

°H. Hasse and F. K. Schmidt, “ Die Struktur diskret bewerteter Kérper,” Journal 
f. d. reine u. angew. Math., vol. 170 (1933), pp. 4-63. 

°F. Hausdorff, Grundziige der Mengenlehre, 1914, p. 213. 

7K. Menger, Dimensionstheorie, Teubner, 1928, p. 207. 
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2. a(b =ab+ac, (b+ c)a=ba+ea. 

3. +, —,°, and (when it exists) are continuous operations: If a, >a 
(converges to a) and bu—>b, then ay + bd and If 
and a” exist, then a". 


I. The additive group of a simple ring. 


3. A l.c.s. t.d. ring © is a l.c.s. t.d. abelian group under addition. 
It is therefore natural to begin our investigation with an account of the theory 
of l.¢.s. t.d. abelian groups (§ 3 and § 4). It may be noted in the sequel 
that for our present purpose (the classification of simple rings) only a portion 
of the group theoretic results are needed. However, we may justify the more 
complete discussion on the ground that it shows up the precise extent to which 
the ring restrictions effect the structure of its additive group, and it should 
be useful for future generalizations. The main results on |. cs. t. d. 
abelian groups are due to v. Dantzig (dissertation) and independently to 
Alexander and Cohen.® 

In the remainder of this section © will denote a 1. ¢.s. t. d. abelian group 
with addition as the group operation. 


THEOREM 3.1. © ts complete. 


The completeness is meant in the following sense: if d1,d2,° °° is a 
Cauchy sequence, i. e. has the property that for any given neighborhood U of 0 
there exists a positive integer N(U) such that a,—aeU if » and v>N, 


then a;, @2,° - - converges. To prove this property suppose U is compact, i. e., 
has a compact closure. Since — dw, all belong to U, they 


have a limit b. It follows easily that a,— ay + b. 


THeEorEM 3.2. If U is an open and closed compact neighborhood of 0, 
then there exists an open and closed compact subgroup & C U.® 


Denote the set of elements {— u} where we U by —U and V =U (—U) 
(logical intersection). Since —U and U are open and closed, so is their 
intersection V. We denote the complement of V in S by S| V. 


8 J. W. Alexander and L. W. Cohen in “A classification of the homology groups 
of compact spaces,” Annals of Mathematics, vol. 33 (1932), pp. 538-566, deal with 
groups with generators, which may be shown by virtue of Theorem 3.2 to include 
the ¢.s. t.d. groups. 

*°This theorem is due to v. Dantzig cf. his dissertation, p. 18, and also E. R. 
v. Kampen, “ Locally compact abelian groups,” Proceedings of the National Academy 
of Sciences, vol. 20 (1934). 
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If U, 0U,U;: -- is a decreasing sequence of neighborhoods of 0 
whose intersection is 0 (Uy,—> 0) then for » sufficiently large (Up + V) > (S| V) 
is vacuous. Otherwise we have for every » a upe Up and wpe V such that 
Up + SV. Suppose vp, ve V. Since 0, v which is 
impossible since S|V is closed. 

Let @ denote the set of elements g of © such thatg+VCV. Gisa 
group C V and by the above remark & > U, for y sufficiently large. Hence 
is open. Being a group is also closed.’° 

By Theorem 3. 2 there exists a sequence of compact open and closed sub- 
groups G@,— 0. The cosets of G, constitute a fundamental set of neighbor- 
hoods for S. In the rest of I we will therefore mean by a neighborhood of 0 


a compact open and closed group neighborhood. 


CoROLLARY. > dp exists if and only if du— 0. 


n co 
Set } a. = sn. By the completeness of S, > ap exists if and only if {sn} 


is a Cauchy sequence. Let U be a (compact group) neighborhood of 0. If 
> N(U), U and hence also for n, m > N 
+ Om+2 + An if n > m 
Sn = 0 if n= 


On+1 + An+2 Om if n <m 


is contained in U. Thus {s,} is a Cauchy sequence and Say exists. The con- 
verse is obvious. 
4, A group © is called a p-gioup (pa prime) if for every ae S, p4a— 0. 


Let & be a compact t. d. group and 
GO” = 6° 


Lemna 4.1. A necessary and sufficient condition that an element he @® 


is that there exist a sequence of integers pi —> such that 


(1) Suppose pth—>h. Since phe p*@ for pi =p and is closed, 
we have p*~G Oh. Hence he lp*G G™. 


(2) Let he @™ so that h=—p’g (v=—1,2,---). If then 
h=lim pg. For if k& is sufficiently large (gv,—g)«U where U is an 
arbitrary (group) neighborhood of 0. Hence 


»°D. p. 609. That @ is closed may also be seen directly. 


e 
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(9y.—g) = (h— pg) 


or lim pg =h. Set By dropping enough terms of the 


k-00 
sequence we may suppose that We assert that puhoh. If 
k is large enough, (h — p”*g) e U and hence 


(h — = — U 
(h — path) = (h — pag) — — U 
i.e. — h. 


Lemma 4.2. If p'g—>0 then —>0 


If & is large enough so that p4«geU then p“geU also for p= px. 
According to this lemma we have that the elements g for which the 
sequence {p“g} has 0 for limit point form a closed subgroup @p. 


Lemma 4.3. @ 


Let g be an arbitrary element of @ and p”*g—>h. Since p#h > h where 
Pk = — veg he G@™. Suppose > h’ Then p”th’ oh. For if U 
is a neighborhood of 0 and k > K,(U), (h’ — p#’«g) «€U and hence also 
(p"*h’ — If k > K2(U) we have besides (p”*g —h) U. Hence 


(h— pth’) «U, or oh. 


Thus p””*(g —h’) +0 and by Lemma 4. 2 p’(g —h’) > 0. 

Set g=h’+ (g—W’). and (g—h’) Evidently this 
decomposition is unique, i.e., » —0 and so G6” @ G). (This 
shows that h’ determined above is unique and in particular p**g —>h’ not 


merely 


Lemma 4.4. There exist primes p such that © ~© and hence such 


that ~ 0. 


If §, is an open subgroup of & then G — §, is compact and discrete and 
hence it is finite. Let p be a divisor of its order. @—, has a subgroup 
of index p. Hence G6—H = (G—GH,) —(H— Ho) has order p 
and p§& C H < @G (< means properly contained in). It follows from 
Lemma 4. 3 that G, ~0. 


THEOREM 4.1. @ is a direct sum of p-groups.™ 


11 Alexander and Cohen, loc. cit.,® p. 557. 
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Let p, be a prime for which @),~0. We have 6 = G, @ G™. Since 
G7» is closed, it is compact and may be treated as G, i.e. G9 —G™ GH Gr, 
Continuing this process we obtain 

where 0 fori <n if We must show that this 
process is uniformly convergent in the sense that G@™--- 2 C U where U is any 
neighborhood of 0 and n > N(U). Choose N so that {p1, po,- - >, pn} for 
n > N includes all the distinct prime factors of the order m of ®©—U. Let 
he Then there exist sequences of integers {yx}, {vz},- {px} such 
that p,“*h > h, po”*h >h,- pn?*h—>h. It follows that p,“*p.”* h. 
and hence hem@ C U or @™:--™ CU. Hence we may write 

The components G™--- 7" are characteristic subgroups of G, i.e. they 
are carried into themselves by every automorphisms of @. 

5. Let S be a l.c.s. t.d. simple * ring (not necessarily associative or 
commutative). Since S is homogeneous it is either discrete or dense in itself. 
The first case is, of course, uninteresting for the present considerations and 


hence we restrict ourselves to the second. 


~ 


THEOREM 5.1. © is a p-group. 

Let S, denote the subset of elements a of S such that p’a—>0. Gy is an 
ideal 1* and hence either ©, = S or ©, = 0. © contains a compact and open 
subgroup &. Since © is not discrete G~0. By Lemma 4.4 @ contains 
elements g ~ 0 such that p’g > 0 for some p. Thus S,~0 and so G,—G. 

pis unique. For, suppose that p,’a— 0 and p.”a—> 0 where (p;, p2) = 1. 
Integers ay and fy can be determined so that ap,” + Bvpo” =1 (v—=1,2,3,--°). 
If U is an arbitrary neighborhood of 0, there exists an N(U) such that p,’a 
and p2’aeU for alv=N. Then a= wp,’a+ Since is arbi- 
trary a must be 0. 

We now distinguish two cases: 


(1) Characteristic p. pS =0. 
Let 6, > G, > G, >- - - be a sequence of compact and open subgroups 
of S whose intersection is 0. @G,— Gy. has order a power of p and hence 


2 A ring © is said to be simple if (0) and (1) = © are its only (two-sided) ideals. 
18 The term ideal will refer exclusively to two-sided ideals. 
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by inserting a finite number of compact and open subgroups between @, and 
Gy. and changing the notation, we may suppose that ©, — Gy. has order p. 
If zp is an element of then = where (zp) denotes the 
group of order p generated by zp. Hence 6; =(2,) (t2) Gn 
and since &, 0 

= (z,) (22) (4s) 

Suppose 41, Y2,Y3,°** is a denumerable dense set in ©. Then 
(G6.+ 4%) v (Gi+y2) If yp, is the first yx @, set 2-1 
and form &_, = (z,) ® G,. Again if yp, is the first y x G_, set yp, = v-2 and 
form @_, = (x-.) G@ G_,. Continuing in this way we obtain the theorem: 


THEOREM 5.2. © has a denumerable set of generators 2,,%2,° - - and 
L-1,2-2,° * * such that every element 1s expressible uniquely as an infinite linear 
combination of the x’s with coefficients mod p and in which only a finite number 
of the x_y’s occur. Every such expression is an element of S. 


(2) Characteristic 0. pS 


Lemma 5.1. © is a hypercomplex system over the field of rational 


numbers 


If m is a positive integer, then m€ is an ideal and hence is either = © 


or =0. But mS — 0 is impossible: If m = kl, mS = k(IS) 0 and hence 
either kS —0 or IG =0. We obtain in this way that a prime q exists for 
which gq = 0. Since p is the only prime such that p’a— 0 for every a in G, 
p=q and we have a contradiction of the assumption pS 0. 

The elements of order m form an ideal A S. Hence this ideal is = (0), 
i.e., every element of © has infinite order. From mS = © follows that for 
every a there exists a unique a’ such that ma’ =a. We denote a’ by (1/m)a 
and define (n/m)a—na’ where n is any integer. If n/m —=n,/m,, then 
(n/m)a = (n;,/m;)a. Using the fact that S has no elements of finite order 
we can easily verify the following rules: 


a(a+b) =aa+ ab 
(a+ B)a=aa-+ Ba a(Ba) 


a(ab) = (aa)b =a(ab) 


where « and £ are rational numbers. 


14 This is the only point in the entire discussion at which the assumption of separa- 


bility seems to be necessary. In the rest of the paper it may be replaced by the weaker 


Hausdorff first denumerability axiom. 
1° S does not have a finite basis over P, however. 
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Let @ be a compact and open subgroup of S. Then © > pO > p’*>B>--:- 
and I(p’G) =0. For otherwise by Lemma 4.1 @ would contain an element 


h AO for which the sequence {p’h} has h for a limit point. Let p-“@ denote 
the compact and open subgroup of p4#-th parts of the elements of @ and 
Since p’a—> 0 for every a, there exists an integer N such that p¥ae@ and 
hence ae pN@. Thus Gv - -—G. 

If ae Ty, evidently p’aeTy,v for any integral vy. If @ is a rational number 
prime to p (numerator and denominator in the reduced form of « are prime 
to p), then aaeTy. For, if « is an integer prime to p, a@e Ty, where « = 0. 
But « > 0 is impossible since in this case aa « p“*'Y contradicting the fact that 
the order of the coset of a in p*G — p*"& is p. The result for reciprocals of 
integers follows from symmetry and hence it follows for all rational @s by 
combining the two special cases. 

If ae we denote the real-valued function of a by || We have 
then: 

[a+b | <max (jal, |) 
fal 
| || =| a | if (a, p) —1. 


If we set dist (a,b) = || a—b ||, we obtain a metric which gives the topology 


of S. 


Lemma 5.2. If {av} is a sequence of rational numbers, {aya} (a~0) 


converges tf and only if {av} converges in the p-adic topology.*® 


Because of the completeness of S and of the p-adic field P, it is necessary 


to show only that aa — 0 if and only if a, 0 (in the p-adic topology). This 
. . 
is evident from the above considerations. 


LemMA 5.3. © is ahypercomplex system over the field of p-adic numbers. 


If # is a p-adic number, say « = lim a where the a are rational numbers, 
then we define aa lim aa. This is independent of the particular sequence 


{ay} approaching « From the continuity of addition and multiplication we 
obtain the validity of equations (*) for all p-adic a, 8. Finally, if {av} is a 
sequence of p-adic numbers converging to and then aa, 1.€. 


aa is a continuous function of & and a. 


** For a definition of the p-adic field P, and the p-adic topology of P see v. d. 
Waerden, Moderne Algebra I, Springer, 1930, pp. 218-220. 
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We denote the p-adic vector space determined by the elements a, a2, -** , dr 


of S by (a1, a2,° - -,ar). 


LEMMA 5.4. 1s closed. 


We may suppose that a,,° - -,a, are linearly independent (with p-adic 
coefficients). Let +: We must show that 
be (Qi, For each v choose A(v) =1,2,° such that 


| || = || || for A. Since A(v) has only a finite range one 

of its values, say A(v) = 1 occurs infinitely often. By restricting ourselves 

to a subsequence we may suppose that || Bvid; || = || Bvpdy || for all v and p. 

Then || (|| Bvids ||) || S 1 and hence we may suppose that lim || || 

exists and = yydp. Since || (|| ||) || = 1, y1 40. If lim || Bria, || 

then || || 0 and hence + y.d2 =0 contrary to the 


linear independence of the as. Thus lim || || exists since 
p 


| || = || || we may suppose that Brpdp— Bpdp. Then 


b = Bid, Bray € (a, (lo, ar). 


THEOREM 5.3. © is a hypercompler system with a finite basis over the 


field of p-adic numbers. 
Choose a, in Ty. If © ~(a,), then there exists an a,¢T, such that 


dz < (a) + For if every b in Ty, (a,) + p@ then every by in 
Tye + p’"G. Thus 


b, = 4.a, + I'm, mM: > mM, 
by = ava, + dvi, > My 
and hence b= (a, +: - -+ay)a,-+0v.;. Since lim by =0 and (a,) is closed, 


é.. Now cl se Se 0 


The sub- 


group generated by a, and a, mod p& then has order p®. If SA (a, a2), 
we repeat the process and obtain an a,¢T, such that the order of the group 
generated by ,, d2, a4, mod p& is p* and so on. Since G — pG is finite this 
process breaks off and we obtain a finite basis for ©. 

Before leaving this part we note that the above methods are applicable 


to cases other than the one we have considered. We shall not attempt to give 
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the maximum generality of this group-theoretic method but mention certain 


extensions which are readily made. 
A compact t.d. ring & 1s a direct sum of p-rings. 


This follows at once from the remark that the G™--- ge in Theorem 4. 1 
are characteristic subgroups. For, then they are ideals and the sum is direct 
in the sense of rings as well as of groups. 

Theorem 5.3 may be stated under the more general assumptions that © 


is a hypercomplex system over P and is a p-group. 
II. The structure of associative fields. 


6. Let % be al.c.s. t.d. associative field (not necessarily commutative). 
For the present we may drop the distinction between the two types characteristic 
0 and characteristic p. We assume, of course, that % is not discrete. 

There exists a y 0 sufficiently near 0 such that yU < U where U is a com- 
pact neighborhood of 0 and U is its closure. Hence U >yU >y?U>--:-. 
Suppose y”*—>z~0. Then y“* where px = — vx. If wis any element 


of U, for » = px and hence u = lim y“tw is contained in the closed 
set y*U. Thus U C y#*U which is impossible. Hence y’ > 0. 
We require the existence of such a y in proving 


LemMA 6.1. If av—o then 0." 


Evidently {a1} can have no limit point other than 0 and hence it is 
sufficient to show that 0 is really a limit point of this sequence. Let y~0 
be an element such that y’—>0 and U a compact neighborhood of 0. If in- 
finitely many avy for v=1,2,--- and j fixed were contained in U, then 
the corresponding a would be contained in the compact set Uy~/ and hence 
would have a limit point. It follows that a sequence {bv} may be extracted 
from {av} so that byy’e%|U. Since y*—0 we may determine for each r 
an integer ky such that but U. Evidently ky (=v) > @. 
Because of the compactness of U we may suppose that bvy*”**—>z. Then 
by > zy = and hence is From and 
follows by* > 0. 

Let © be a compact and open subgroup of % and #t(@) the set of 
elements a of ¥ such that a& C G. 


17q,,70 means that {a,} is absolutely divergent, i.e., has no convergent sub- 
sequence. Lemma 6.1 is the “ Perfektisierungsaxiom” for fields of van Dantzig 
(D, p. 612). The present proof holds for all locally compact fields satisfying the first 


denumerability axiom. 
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Lemma 6.2. 9i(G) is a compact and open domain of integrity (d.0.i.). 


That 9(G) is a ring may be verified directly. Since } is a field R has 
no zero-divisors. By the continuity of multiplication we have that Rt contains 
a neighborhood of 0 and hence is open. If {ay} is an infinite sequence of 
elements of ft and g ~ 0 belongs to & then {ag} is a sequence in & and hence 
has a limit point h. Thus {a} has hg™ as limit point and § is compact. 


7. In this section we consider the ideal theory of a compact and open 
(c. 0.) d.o. i. % contained in %. The existence of such subrings has just been 


shown. 


THEOREM 7.1. {ft satisfies the chain conditions for left-(right-) ideals.1® 


If is a left-(right-) ideal then ¥ Mb where be J. If Rb is 


open and hence ¥ = is open. Let < << Ys be an increasing 
sequence of ideals and 1, v2, v3, the orders of the finite quotient groups 


R— MW, R—F., Then vy, +. Hence the sequence 
of 3s is finite. Similarly, every decreasing sequence of left-(right-) ideals 
> > Ys >: > containing a fixed ideal is finite. 

Let $ be the totality of elements b of }t for which DR < Rt. We propose 
to show that 8 is a prime ideal in ft and that $ > ¥? >- - -—> 0. 


Lemma 7. 1. %|8 contains arbitrarily small ideals. 


If U is any neighborhood of 0, there exists a z 0 sufficiently near 0 
such that CU. is evidently an ideal. 


LemMA 7.2. R/$ is a compact group relative to multiplication. 


consists of those elements a,a’,- - of % which satisfy aft — 
aR It follows then that a’ah R, — MR, ie., aa’, R|P. 
Hence R| is a group. Since R/$ is closed and contained in # it is compact. 


Lemma 7.3. An element b of Kt belongs to B if and only if b” > 0. 


Since has an inverse and Rt > we have R > > If 
0, then where px But this is impossible for 
the reasons given in § 6. The converse is obvious. 


18 The conditions referred to are the “ Teilerkettensatz ” and the “ eingeschrankte 
Vielfachenkettensatz” of E. Noether, cf. “ Abstrakter Aufbaue der Idealtheorie in 
algebraischen Zahl-und Funktionsenkorper,” Mathematische Annalen, vol. 96 (1926), 
p. 26. 
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If B, is the set of b’s such that {tb < Ft, we may show as in Lemma 7. 3 
that ¥, consists of those elements b of }t whose power sequence 6” 0. Hence 


= Ff. 


Lemma 7.4. If U is a finite ring, its radical N consists of the properly 
nilpotent elements, i.e., the elements z such that za and az are nilpotent for 
all a in Mf. 


This lemma is well known for rings with a finite basis over a field and 


it may be proved in exactly the same manner for our case of finite rings.’° 


THEOREM 7.2. 9B is a prime ideal in Rt and IP’ = 0.?° 


If be B and aeR then ab and bae $Y. Hence $B is invariant. Since ¥ 
contains a sufficiently small neighborhood of 0, it contains an ideal ¥ of §. 
Consider the finite ring J. In the isomorphism ft ~ the elements 
of $ are precisely those elements of Jt which correspond to properly nilpotent 
elements of 2%. Hence $ corresponds to the radical 9 of MW. It follows that 
% is an ideal and ¥" =0(J) for sufficiently high n. Since ¥ is arbitrarily 
small, /%” 0. is evidently prime. 


From this theorem and Wedderburn’s theorem on finite fields 74 we obtain 
THEOREM 7.3. R— P is a commutative field. 


8. Let Rt, be ac.o.d.o. i. contained in & and §, its prime ideal defined 
as in the last section. (It is easily seen that $8, is the only prime ideal in §t,). 
Consider = R(P,) the largest d.o. i. in which is contained as a left-ideal, 
i. e., Jt, consists of the elements a of such that C Evidently Rt, 
and isc.o. Determine Rt, = R(P.) where ¥. is the prime ideal of Jt, and so 
on. We thus obtain a sequence of c.o. d.0.i. R, CR. CR; C---. Then 
Jt = lim == Mv RM. v- is an open d.o. i. 


We wish to show that 8 is compact. This will follow from the following 


definition and lemma. 


Definition. An element ae% is integral if its power sequence {a’} has 


no divergent subsequence. 


1° For a proof for hypercomplex systems with a finite basis see L. E. Dickson, 
Algebras and their arithmetics, Chicago, p. 47, or German edition, p. 97. 

*° Wv is the smallest ring containing all the products 6,b,- - -b, where 6 ef. 

21. J. H. M. Wedderburn, “A theorem on finite algebras,’ Transactions of the 
American Mathematical Society, vol. 6 (1905), pp. 349-352. 
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Lemma 8.1. A subring MR of % containing only integral elements is 


compact. 


If {av} C Rand ay— then Hence for a sufficiently large N, 


aye and so limay“=—0. But this implies that lim ay4—= « which is 


impossible. 

Since Jt = lim fy as well as the Jt, contains integral elements only, it is 
compact. Since #t is c.o., it follows by the argument of Theorem 7.1 that 
— My for N sufficiently large and hence — where is the prime 
ideal of Rt. 

Let $%* denote the set of inverses of the elements of ¥. 


THEOREM 8.1. P*. 


If be F/R — F|R(P), then there exists an element c, of ® such that 
b, = be, If we may repeat this process and obtain a cz in 
such that and so on. Since the sequence 


C1, C1C2, if infinite, converges to 0 contradicting 
Thus the sequence of c’s breaks off after, say, r steps and we obtain 
=WER|P. Hence -c-wte since ute R|P. Thus 
It = 


This theorem shows that 9 may be characterized topologically as the 
totality of integral elements of %. We have then 


THEOREM 8.2. the only maximal c. 0. d. 0.1. in &. 


If fe P’|P", we say that f has exponent v and if fe P’|P"", f has 
y*Pf where f 0 and 0<y<1 


exponent —v. Define the value | f | 
and |0| = 0. 


THEOREM 8.3. |f| gives a non-archimedean valuation (Bewertung) 
of &: 


We choose an element « in 8/8? and we shall show that if f has exponent v 
then f = fox” where foe R/¥. First if f and g have exponent v, fg and g'f 
have exponent (0). It is sufficient to prove this for v > 0. Now fg! « % implies 
fe Bg C which is contrary to exp f—v. Similarly is impossible 
and hence fg and exp fg 0. For the same reasons exp = 0. 
We observe next that expz”’=y. For if v>0 expa’ =v and if >v then 
= yp  whereye Pandp>v. Then 1 = - yp and since 
eR this implies that 1 % which is impossible. Thus exp (fa’ = = 0 


and f = fo € P. 
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Suppose f = foz’, g = gor" where fo, goe and Then 
f+9= (fot (fo + gor") 


Hence 


exp (f+ g) 2min (expf,expg) | 


fo = (foa’gor”) (fox’gox) RIP 
and so 
exp (fg) =expf+expg 


is a fractional left-(right-) ideal in & if it is a subgroup and 
RIC F(FRCFH). It follows easily that Y is open. The inverse J of 


is the set of elements a such that a¥ CM, or J°F CR. YF is evidently 
a fractional left-ideal. If ¥ ~ (0), #1 then J is called proper. 


THEOREM 8.4. LKHvery proper fractional left-(right-) ideal is two-sided, 


principal and a power of §. 


If be ¥ and has exponent = expb, then expcb+=0, and chet. 
Hence ce §. If contains elements of arbitrarily small exponent, 
3% =%. Otherwise let b have the smallest exponent of the elements of ¥. 
It foliows that Y is the set of elements of % of exponent = exp b—k and 
hence = = (bd). 

It follows directly from this theorem that JJ = as well as J7Y. If 
& has characteristic 0, pt is an ideal 4 0 and hence is = $8 where e = 1. 


9. In this final section we shall apply the arithmetic results obtained 
in § 8 to obtain the structure of %. 

Let p” be the order of the finite field % — $B of characteristic p. R—¥P 
contains a primitive q-th root of unity where qg = p"—1, i.e., there exists 
a ue R such that 1(%) and gq is the smallest power for which such 
a congruence holds. Let c==0(%) but #0(*). Then the correspondence 
a<>xax"' where ae§t determines an automorphism of the Galois group of 


R—P. It follows that 
= where s— pt. 


THEOREM 9.1. % contains a primitive q-th root of unity. 

We shall determine we such that and u=u,(P). Since 
uo is a primitive g-th root of unity mod § it will follow that u is primitive. 
Let r be the exponent of s mod q, i. e., r is the least positive integer for which 
s’==1(q). Then r is also the least positive integer satisfying 
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= uo (PB). 


If 1, suppose uot =1(P*), 41(P*"). Then where 
Since voto = Uovo(P) and (uo? —1) uy = Uo(Uot—1), we have 
a*uoa* = and hence by (**) K=0O(r), say k=rl. Thus 


Uo! = 1 + (Pr) wF0($). 


Set wu, =U + ya" where y is to be determined eR so that u,2=1(%"4) for 
1, >1. This requires in particular that 


(x*«) == 1+ (w+ quot ty) ar! == 


by (**) and the commutativity of uw) and ymod ¥%. Since and 4 0(), 
y may be chosen so that (w + quo%*y) =0(%) and will then satisfy (,*,). 
But then we will necessarily have u,2==1($"") for 1, >1. If uw, is not a 
q-th root of one we may repeat this process with it in place of wu. In this 
way we either obtain a q-th root of one after a finite number of steps or else 
an infinite sequence {wv} such that 


Uv = UW-1 uyt = 1 (Pr) 


where 1 <1, <1,<-+-. The {wv} converge to a limit w having the desired 


properties : 
ut = 1 U = Uy (Pr) =u($). 


THEOREM 9.2. may be normalized so that cua? cre 


This theorem has been given by Hasse for p-adic fields. Moreover his 
proof (H. p. 511) goes over word for word for the present more general case. 


THEOREM 9.3. Every element of & may be represented uniquely in the 
form v = + + ve? +: -)a* where k= 0 and vy =u or 0. 


If for k = 0, then = 0(R) and hence va" = where 
=u or 0. Now — =v,($%) where v; = or 0 and so on. 
We obtain thus a sequence vy = wu» or 0 such that 


vak = V9 + + +: 
and hence 


Vv = (Vo + + 


If ( > =e ( v’ ya’) a", evidently k = 1 so that = Hence 
v=0 v=0 
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Vp (PB) and so vo =v’, since vo and are members of the complete set 
of incongruent residues 0, u, u?,---,u¢mod 8. Likewise v; = 


TuHeorEM 9.4. The centrum © of & consists of all elements of the form 


(Go + + +--+ +) where cy = 0 or and commutes with a. 


OO 
If c= > ce’, wieu—c implies cy. —cyu*. Hence if c 0, 
v=-k 


— 1 and s’=1(q) orv=0(r). Further = c implies that cy? = cy 


and hence cy commutes with « Thus the two conditions that ¢c commutes with 


x and with u imply that ¢ has the form cya = acy. Since these two 
v=-k 


conditions insure that c belongs to the centrum ©, we have the theorem. 
The above proof shows also that the elements of % commutative with u 
are all of the form wat where vy =u or 0. These elements form a 


v=-k 
commutative subfield ©’ > ©. Since ©’ = €(u) it has a finite basis over ©. 


THEoreM 9.5. GW’ is a cyclic field of degree r over ©. 


The automorphism a< ax" of & leaves © invariant (though not 
element-wise) and hence induces an automorphism S in ©’. The elements of 
©’ invariant under S are precisely the elements commutative with z and hence 
belonging to © Since x” is the smallest power of x commutative with 4u, 
the order of Sis r. Hence @ is cyclic of degree r over © with S as generating 


automorphism of its Galois group relative to ©. 
THEOREM 9.6. % is a cyclic algebra over its centrum. 


For, by Theorem 9.5, w satisfies an irreducible equation of degree 1, 


or(u) = 0 having coefficients in ©. Thus 
or(u) = 0 ru = use (s = p*) == 


gives a description of the algebra % relative to its centrum @. 

To complete the description of % it is necessary to give the structure of @. 
Since © is closed it is a l.c.s. t.d. commutative field and hence as mentioned 
in the introduction its form has been described by v. Dantzig and by Hasse 
and Schmidt. We shall merely state the results here and sketch briefly their 
derivation. 

For the case x(%) = 0 we have seen that % and hence also © has finite 
order over the p-adic field P,. From considerations analogous to those of 


H 
i 
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Theorems 9.1 and 9.2 it follows that © is generated by a p"—1 (m 21) 
root of one and a second element z (= 2"). Certain additional normalizations 
may be made. The reader is referred to Hasse’s paper (H. p. 514) for these. 


If x(%) = p, we have 


THEOREM 9.7. The powers of u and 0 form a finite field K,» of p” 


elements. 


It suffices to show that v= + uk =u! or 0 and —u* Suppose 
v0. Since v is algebraic mod p (satisfies an algebraic equation whose 
coefficients are in the field K, of residues mod p), it is a root of unity and 
hence e R/P. If v =u! (mod $), v — uw! is algebraic mod p and = 0 (mod §). 
This is impossible unless v-—u!=—0O. Similarly we may show that — u* 


is = some w™, 

By the same argument we see that x is transcendental mod p. Thus @ is 
uniquely determined by the field Ky» and its automorphism a@a* (s =p’). 
For when these are given we have ¥ determined as the set of integral power 
series in x with a finite number of negative powers and coefficients in Ky 


where the multiplication is determined by za = a’x(ae Ky"). 
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ON SINGULAR FOURIER-STIELTJES TRANSFORMS. 


By RicHAarD KERSHNER. 


Let o(xz), where — <2 < + be continuous, bounded and mono- 
tone non-decreasing and not a constant. If »(S) denotes the measure of the 
set S of points x at which o(z) is actually increasing then p(S) > 0 is a 
necessary condition for the absolute continuity of o(z). If o(x) is absolutely 


continuous, then 


(1) L(t,a) as {> + ~, where L(t, oc) 

co 
The question, under what additional condition does (1) imply the absolute 
continuity of a(x), is related to the problem of sets of uniqueness in the theory 
of trigonometrical series;* hence it is to be expected that the absolute con- 
tinuity of « must depend on arithmetical details. The present note furnishes 
among other things, an illustration to this situation. 

It is known? that there exists for every positive a< 1 a continuous 
monotone o(z) = such that 
(2) L(t, oa) cos(a"t), —ao<ct<c+o, 
n=1 

and that * the measure »(S) of the corresponding set S = Sa is zero whenever 
0<a<1/2. Now it will be shown that if a is a rational number in the 
latter interval, then (1) is satisfied by oo if and only if a is not an 


integer. More precisely 


(3) L(t,oa) =O[(log|¢|)7], 


log (2 log g/log p) 

if 0<a=p/q < 1/2, where p and q are relatively prime and p>1. In 

particular there exist continuous monotone bounded functions o which satisfy 

(1) and p(S) =0 and are not absolutely continuous. This implies a result 

of Menchoff * who considered the corresponding question for the case of the 

Fourier-Stieltjes coefficients where {> + oo through integral values, rather 


than continuously. 


1Cf. A. Zygmund, Trigonometrical Series (1935), p. 291 et seq. 

2Cf. B. Jessen and A. Wintner, “Distribution functions and the Riemann zeta 
function,” Transactions of the American Mathematical Society, vol. 38 (1935), pp. 48-88. 

Cf. R. Kershner and A. Wintner, “On symmetric Bernoulli convolutions,” 
American Journal of Mathematics, vol. 57 (1935), pp. 541-548. 

*Cf. A. Zygmund, ibid. 
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If a=1/3, then oq is the Cantor function for which it is known that 
(1) does not hold.® That (1) does not hold for (a=1/4,1/5,: -), 
can be shown in exactly the same way as is usually done for the Cantor func- 
tion. Hence it may be assumed that p > 1. In the proof of (3) it will not be 
necessary to assume that 0<a< 1/2 but only0O<a<l,iieaeg>p. Itis 
clearly sufficient to consider ¢ > 0 since L(t, oa) is an even function. 

Let A denote the set of all points ¢ > 0 which are within a distance 1/2q 


of an integral multiple of w so that 
| cos t | > cos x/2q 
if and only if ¢ is in A. Let ¢ >a and let ho —=h,.(t) 20 be the unique 


integer for which 
(4) > t/a > 


Now either ¢ is not in 4 or there is a unique integer k = k(t) such that 
(5) t=kr+8, |8| <2/2q 

where k < q** by definition of ho. In the latter case write 

(6) k=q'l 


where J —J(t) is the exponent of the highest power of q contained in k, so 
that O=J=h,) +1 and q does not divide 1. By (5) and (6) we have 


= + 8(p/q)". 


Since p and q are relatively prime and q does not divide J then p’*l/q must 
differ from an integer by at least 1/g. And since 


| 8(p/q)"*2 |< |8| < 


we see that ¢(p/q)/* differs from an integral multiple of a by at least 
—2/2q =2/2q and hence that t(p/q)’*? is not in A. Thus for any ¢ 
satisfying (4) we know that ¢(p/q)™ is not in A for some mp such that 
+1. Furthermore from (4) we get 


(7) pr"? /q > = pro? 
Now let ¢ be chosen so large, for a fixed n> 2, that ho =ho(t) satisfies 


ho +2 = (2 log q/log p)” 


5 Cf. B. Jessen and A. Wintner, ibid., where further references are given. 
*Note that this proof breaks down in the case a= 1/2 since cos 7/2 =0 and in 
fact in this case (1) holds. Cf. B. Jessen and A. Wintner, ibid. 
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this choice of ¢ being possible in view of (4). Then 


(ho + 2) (log p/log q) = 2(2 log g/log p)"* > (2 log g/log p)*** + 1. 


Hence we can find an integer g = g(t) = 0 such that 
(ho + 2) (log p/log q) = 9 +2 = (2 log g/log p)””. 
The first of these inequalities may be written 
pe? /q? = 
and comparing this with (7) we see that there is a unique integer h, = h,(t) 


such that 
qh) > = 


and 
(hi +2) = (9 +2) = (2 log g/log p)””. 


Applying to t(p/q)"* the argument that we applied above to ¢ we see that 
t(p/q)™ is not in A for some m, such that hy + 2SmSh,+h,+ 3 and 


that 


where 
he + 2 = (2 log q/log 


Applying the above argument n —1 times it follows that if 
(8) t/r >q* where h > (2 log q/log p)” 
then there are at least n —1 distinct values of m such that 

and that ¢(p/q)™ is not in A and consequently 


(9) | L(t, oa) | < 
Let 
(10) t/r = q4"" where A = (2 log g/log p) > 2. 


Then certainly there is an h satisfying (8). 
Let n(t) be the largest integer satisfying (10). Then 


n(t) > {log[log t — log x] — log log gq — 2 log A}/log A 
and substitution into (9) gives the required appraisal (3). 
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